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R(φ) ≤ L(φ) ≤ R(φ)
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Over an infinite field quadratic complexity is the 
right measure (no divisions needed).
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Asymptotic values



Φk,m : Fp[x]<k × Fp[x]<m → Fp[x]<m+k−1

Pk,m := R(Φk,m)
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P2,2 ≤ 3
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Wingorad, deGroote
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F3 ≤ 6
p = 2

f1 = x

f2 = x− 1

f3 = x−∞

f4 = x2 + x + 1

P3,3 ≤ P1,1 + P1,1 + P1,1 + P2,2 = 6



F3 ≤ 6

p = 3

Similar deal



9 = 1 + 1 + 1 + 3 + 3

F5

F5 ≤ 1 + 1 + 1 + 6 + 6 = 15



F6

11 = 1 + 1 + 1 + 2 + 3 + 3

F6 ≤ 1 + 1 + 1 + 3 + 6 + 6 = 18
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Fn = O(n log∗(n))
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0 != a⇒ dim aFpn = n
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∀a ∈ Fpn , b ∈ Fpn : ab =
r∑

i=1

fi(a)gi(b)wi

C = {(f1(a), f2(a), . . . , fr(a)) | a ∈ Fpn}

r ≥ min{m | ∃ [m,n,≥ n]2-code}



min{m | ∃ [m,n,≥ n]2-code} =: N(n)



min{m | ∃ [m,n,≥ n]2-code} =: N(n)

N(4) = 8

N(5) = 12

N(6) = 14

N(7) = 17
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p = 2 =⇒ Fn ≥ 3.527n− o(n)
Brown and Dobkin,  1980

Fn ≥ 3n− o(n)
Baur, Bshouty and Kaminski,  1990
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Fn = O(n log∗(n))

Fn = Ω(n)



Fn = O(n log∗(n))

Fn = Ω(n)

gap



End if ideas?
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Algorithms of length 2n-1 correspond to
Reed-Solomon codes

Reed-Solomon codes can be generalized to
Algebraic-Geometric codes

Algorithms?



Gregory and David Chudnovsky

1988
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p Fr
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pointwise
mult.
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R(Πn) ≤ R(Φn,n) ≤ R(〈r〉) = r

=⇒=⇒
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Fpn × Fpn Fpn
Πn

Fp[x]<n Fp[x]<2n−1× Fp[x]<n
Φn,n

Fr
p × Fr

p Fr
p

pointwise
mult.

〈r〉

Fp[x]<n
Functions with only pole at infinity
of order < n
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Smooth projective algebraic curve

P1, . . . , PnPoints on the curve

Fp[x]<n
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Smooth projective algebraic curve

P1, . . . , PnPoints on the curve

L(D)
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×
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p × Fr

p Fr
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〈r〉

L(D) L(2D)L(D)

deg(D) ≥ n + 2g ⇒ L(D) Fpn

deg(D) <
r

2
Curve has at least r points and
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Fpn × Fpn Fpn
Πn

×

Fr
p × Fr

p Fr
p

〈r〉

L(D) L(2D)L(D)

n <
r

2
− 2g ⇒ Πn ≤ r

g

r
bounded ⇒ Fn = O(n)



Modular curves



Fn = O(n)
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Some Open Questions

Exact asymptotic order of Fn

Better lower bounds

Use of triples of codes rather than one

Applications to the MDS conjecture?

Are      and        equal? Fn Pn,n


