The Complexity of Multiplication in Finite Fields
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Over an infinite field quadratic complexity is the
right measure (no divisions needed).
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X ¢>W
/ Y
X ¢>W’

¢ can be simulated by ¢’
R(¢) < R(¢)
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Karatsuba-Ofman = Interpolation
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X — FP [$]<m—|-k’—1

Need m+k-| evaluation points
One can be infinity
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Case closed for large fields
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if pairwise co-prime and sum of degrees is 2n — 1
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8 64 27 27 |6
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F, = O(nlog™(n))
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Brown and Dobkin, 1980
p=2 — F, >3.52Tn — o(n)

Baur, Bshouty and Kaminski, 1990
F,, > 3n — o(n)
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Algorithms of length 2n-1 correspond to
Reed-Solomon codes

Reed-Solomon codes can be generalized to
Algebraic-Geometric codes

Algorithms?
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F, [z Functions with only pole at infinity
PIPIST of order < n
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Points P, ..., P, on the curve

£(D)









deg(D) > n+2g9 = L(D)—>Fn

Curve has at least r points and deg(D) < g
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g bounded = F,, = O(n)



Modular curves
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Ballet et al. - 1999 - 2005
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Some Open Questions

Exact asymptotic order of F},

Better lower bounds

Use of triples of codes rather than one
Are F), and P, ,, equal?

Applications to the MDS conjecture?



