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Abstract— KrishnaMurthy, Rao and Subramanian described a
finite number system in 1975, which enabled exact computations
of rational numbers which came to be known as Hensel
codes.Hensel codes show promising potential for the future of
computer arithmetic of infinite accuracy.This paper gives a brief
overview of some of the basic principles of Hensel codes and
elucidates various advanced techniques of arithmetic for Hensel
codes that have been proposed over the years.

I. INTRODUCTION

Early attempts to implement arithmetic of infinite accuracy
were found in the form of multiple modulus residue arithmetic,
as in [5],[2].Since an automatic digital computer is a finite
machine, it is capable of representing, internally, only a finite
set of numbers [2]. Real numnbers have most commonly been
represented as floating point numbers, which is nothing but
an approximation.p-adic arithmetic makes infinite accuracy
arithmetic possible on a finite machine.It appears to combine
the best features of residue arithemtic with the best features
of fixed-radix arithemetic [2].Introductions to p-Adic numbers
are contained in [1],we do not include a full discussion of
p-adic numbers in this treatise.

For a given prime number p, every rational number ���������
can be represented uniquely by an infinite sequence of digits,
periodic in nature.[2],[8]. Where a,b are positive integers,
gcd(a,b)= 1, and �
	��� .

� � ���� 
� �������� ������ �������� ������ �!�"� (1)� � $#&%(')�*% �+� �,% ��� �.-"-!-0/ (2)�213��4657� for 8 ��9.:;9 �=< : -"-!- and ��>	�=� . [6].

The abbreviated notation������?������@������ -"-!- (3)

or equivalently �A� -0%@'B% � % � -"-"- (4)

where only the coefficients of the powers of p are exhibited
is called the p-adic expansion of x [6]. For example, for�C�ED , the rational �C� < �GF has the 5-adic expansion

< ��FH�I� -KJ F < F < F -!-"- . The truncated r-digit expansion of � is
termed the Hensel code for � denoted L # ��:NM�:N� / [6].

The arithmetic operations on Hensel codes L # ��:NM�:N� / are
almost similar to the conventional p-ary arithmetic [6]. All the
basic operations proceed from left to right. Division of p-adic
numbers, unlike that of p-ary numbers is deterministic, with
no trial and error.A description of basic arithmetic operations
on Hensel codes can be found in [1].

Order N Farey fractions are defined as the setO�P �RQS�����UT�V %(WX# �Y:Z� / � < :Z�[1 �\13]H:N�25_^ ��^�13]7`
[4].If N satisfies the following inequality,]a1 #b# ��c <�/ � Jd/ �;eN� (5)

then every order N farey fraction x = a/b with gcd(a,b) = 1
can be represented uniquely by an r-digit ordered sequence.
[2],[4],[1].

A. Fast Iterative Division of Hensel Codes

Krishnamurthy, Venu and Murthy propose in [6] a fast iter-
ative scheme for division of Hensel codes based on Newton’s
method for finding roots of an equation f # � / ��� .This section
gives a brief overview of their scheme. Newton’s method
describes an iterative scheme that converges to the root of
a function f # � / �g� [10]. More specifically, it consists of
computing the sequence of iterates � � :Z� � : -"-!- :Z�ih -!-"- using the
scheme �ih ��� ���ih�c f # �ih / � fkj # �ih / (6)

where � ' is an appropriately chosen initial approximation.
The reciprocal of a given real number � can be found using:

f # � / � #b< ���2c7� / (7)

so that f # � / ��� is equivalent to �A� < �G� when convergence
is obtained. hence;� h ���l��� h c #�< �G� h c7� / � # c < �G� �h / � #mJ c7��� h / ��n (8)

Quadratic convergence can be obtained using (8)
As shown in [6], (8) can be written for p-adic numbers as:



�Yh ��� �po J c L # ��:@q=:N� /@- L # ��:NM�:N��r �!/+sm- L # ��:NM�:N�$r �"/ (9)

where L # ��:@q=:N� / denotes the infinite p-adic expansion of x.
This results in:

L # ��: J M�:N� h ��� / ��� h ���@tHu W � �Nv � L # ��: J M�:N� r � / (10)

for a proof see [6].
For example, Let �w�RD and �2� L # D�:Nx�:ZF�� <d<B/ �R� - F�x���F ,

to find ����� r � writting a as � ' ���(���B��y ,� ' �=� r �' tzu W D
��F r � tzu W D
�=� -0J � L # D?: < : <�< �GF /��� ' tHu W D � �=� -KJ �l{)� - F�x
��� -|< x
(where * denotes multiplication of Hensel codes, see [1] for
basic arithmetic operations on Hensel codes)#mJ c7��� 'G/ tHu W D � ��� -KJ �}c7� -~< x��=� -|<�<#mJ cI��� '�/ � ' tHu W D � � � -|<�< {�� -KJ � � -0JdJ � �X���L # D?: J : <�< �GF /��� � tHu W D����=� - F�x���F�{)� -KJ�J ���6��� -~< � < F#mJ c7��� � / tHu W D � ��� -|< ��x <#mJ c7���X� / �k�@tHu W D � ��� -KJ�J F < ���i��� L # D?:;xi: <�< �GF /

as can be seen, the above iterative scheme yields quadratic
convergence. Higher order convergence can be obtained by
extending the Newton’s method rewritting (8) as

�ih ��� ���ih #�<)��#�< c����ih /b/ (11)

or � h ���l��� h #�<��*� h / (12)

where
� h � #b< c3��� h / pth order convergent iterations can

be obtained by using the equation:�ih ��� �=�ihNo <���� h #�<��*� h #�<)�=-�-~-K/b/b/�s� �(� ��0� r �b��� h����b�
using a pth order convergence iteration,� h digits of the result
are obtained at the ith iteration.

B. Conversion of Hensel Codes to Farey fractions

One of the outstanding problems in the practical utilization
of p-adic arithmetic is the conversion of a Hensel code to its
equivalent Farey rational [7].This section attempts to gives an
overview of a factorisation based scheme, followed by more
complex conversion schemes proposed by Krishnamurthy in
[7].

1) Background: The r-digit Hensel code of a rational � is
denoted L # ��:;M�:N� / � # tz��:N��� /

where�����?���)� #&% � W�/ � X� V %"WY#�% : W�/ � V %(WX#&% :m� / � V %(WX#&W :�� / � <�-
t � � #&%(W r � / tHu W � v and � � ��9 -
The conversion problem is nothing but recovering c and d,

given tH� [7]. f r � T L # ��:;M�:N� /�� O P
The weight � of L # ��:NM�:N� / is defined as:

� � v r �� h~� ' ��h�� h (13)

where �213��h�1>� c < � �[1 � 5>� v
The conversion problem ammounts to finding

% : W , given a
product

%�-0W r � such that%(W r � � � � tS� v (14)

where �21 % 1¡]H:Z�21 W 13]
It is a complex task, as various values of m which satisfy

the range conditions have to be tried, there is no polynomial
time algorithm known for this purpose [7].

2) The Factorization Algorithm : This method is based on
factoring (14),iteratively for various values of m = 0,1,2 . . . , N.

Step 0: Read � ; set � � � � tS� v with t¢��� .
Step 1: Factorize � ��� h � h # n.� < : J : -"-!- :Z£ /

such that
< 1 � h : � h 57� v �@¤ ��¥)n.� < .

Step 2: Set � as specified, according as any of the following
conditions hold; else goto Step 3.
i) � h 1¡] and

� r �h 1 ] � ����� h � � r �h .
ii) �ih�13] and

# � v c � r �h / 1¡] � �����Yh+��c # � v c � r �h / .
iii)
# � v c��ih / 13] and

� r �h 13] � ���¦c # � v c7�Yh / � � r �h .
iv)
# � v c7�Yh / 1¡] and

# � v c � r �h / 1¡] ����¦c # � v c��ih / ��c # � v c � r �h / .
v) � r �h 1¡] and

� h.1 ] � ��� � hm��� r �h .
vi) � r �h 13] and

# � v c � h / 13] � ���pc # � v c � r �h / �G� r �h .
vii)
# � v c7� h / 1¡] and

� h 13] � ��� � h ��c # � v c�� r �h / .
viii)
# � v c7� r �h / 1 ] and

# � v c � h / 1=] � �z�¦c # � v c � h / ��c# � v c7� r �h / .
Step 3: If n�1=£[c < , set n��=n �=< and go to Step 2;

else go to Step 4.
Step 4: If t§17� v c < , set t¢��t � < and � � � � t[� v ,

and go to Step 1; else stop.

For example: considerL # D�:;xi:N� / �¢� -KJ�J�< � � � �¢F�¨�:�� v �¢© J D - the solution arises



for t¢�=F in Step 2 for condition i)� �=F - © J D � F�¨}� <!ªi<BJ � x - x?¨G«
� x -~< ¨ r � ��x�� < ¨
An alternative scheme for conversion based on the semi-

weight � � of a Hensel Code has been proposed in [7]. The
semiweight � � of L # ��:NM�:N� / is defined for an even r as:

� ��� vZeN� r �� h~� ' ��hK� h (15)

An equivalence class of rationals whose leading r/2 digits
are identical is constructed making use of the semiweight,
hence the number to be factorised is reduced to the square root
of the number to be factorised in the previous algorithm.But
the additional computation here is to determine the candidate
among the equivalence class of rationals.This is done by
converting each of the rationals into thier Hensel codes and
comparing with the given Hensel code. For large N, this
scheme is also exponential.

3) Primitive Root Based Algorithm: Krishnamurthy in [7]
describes a deterministic, trial and error free algorithm based
on generating isobaric sets of Farey rationals.

Let g be a primitive root of an odd prime p and let w be
the weight of H(p,r,x) ,then the set of rationals¬ �® � � - V h tHu W � vV h tzu W � v Tdu[1¡n�13¯ # � v / c <�° (16)

where ¯ # t / is the Euler’s Totient Function of m, constiutes
an equaivalent class of reduced Farey rationals of order

# � v c<B/
.whose weights are all equal to � .This set

¬
is called the

set of isobaric rationals of weight � , since all rationals of
¬

have weight � .
If the isobaric set

¬�±
defined by¬ ± �² � � - V h tHu W � vZe;�V h tzu W � vZeN� TduS1¡n�1=¯ # � vZeN�!/ c <�° (17)

with � � as the semiweight of L # ��:;M�:Z� / is generated, then¬�±
contains all reduced Farey rationals of order ] ± , where] ± � # � vZe;� c <�/Z- By (5), the order N Farey rationals which

constitute our L # ��:;M�:Z� / are contained in
¬�±

. We can therefore
select from this set

¬ ±
the required rational � [7].

The algorithm proceeds as follows:
Step 1: Generate the isobaric set

¬�±
from � � , the semiweight

of L # ��:;M�:Z� / .
Step 2: convert Farey rational ����� of order N, also the

rational c # � vNeN� c=� / ��� into Hensel code and compare with
the given H(p,r,x). If for some ������: L # ��:;M�:Z����� / agrees withL # ��:;M�:N� / then �A������� ;if on the other hand, L # ��:;M�:!c # � vNeN� c� / ��� / agrees with L # ��:NM�:N� / then �A�pc # � vZeN� c7� / ��� -

The cardinality of the isobaric set
¬

equals ¯ # � vNeN� / [7], and
hence grows exponentially with M .

For example:
Let L # D?:;x�:Z� / ��� -~<�J?< x"� � ��D � � J D�:� � ��� -|<BJ � <d< :;V�� J¬ ± �  � � - V�³BtHu WzJ DV ³ tHu WzJ D T�u�1=£A1 <!ª °

¬�± �® <�< � < : J�J � J : <!ª ��x�: < F��G«?: < � < ©�: J �d¨d:;x�� < x?:Z«d�GF?: < ©��G©�:¨�� <BJ : < x?� J x�:NF�� J F�:N©�� J?< : <BJ � < ¨�: J x�� ª : J Fd� < «�: J�< � <�< : < ¨�� J�J :ª � <!ª : < «��GF ° all the rationals in
¬�±

have thier leading

two digits equal to 0.12 and have semiweights 11. To
convert L # D?:;xi:N� / �´� -|<BJ�< x , using the algorithm, results in�����?���)� J �d¨ .

Krishnamurthy, in [7] also proposes an extension to the
above algorithm.By using two simultaneous p-adic systems
with different values of p for each. The semiweights of the
Hensel codes are then used to generate two different isobaric
sets. Since each order N Farey rational has a unique code
in each system, the intersection of these two isobaric sets
uniquely identifies the rational � [7] .

II. CONCLUSION

This paper serves to give an overview of an advanced
algorithm for division of Hensel codes, and looks at the
conversion problem concluding with an explanation of the
advanced optimised algorithms that have been proposed to
address this issue, the optmised method can be seen juxtaposed
against the conventional factorization method.

p-Adic arithmetic may hold the answer to many yet-
unanswered questions.The applications may not only be lim-
ited to the area of cryptography or computer arithmetic.Only
the future can proove to us the value of this unique arithmetic.
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