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PROGRAM SUMMARY

Title ofprogram: char Methodofsolution
Murnaghan’srule for the calculation of the irreduciblechar-

Cataloguenumber:AAMK actersof the symmetricgroup is implementedin a compact
program.

Programobtainablefrom: CPC ProgramLibrary, Queen’sUni-
versityof Belfast,N. Ireland(seeapplicationformin this issue) Restrictionson the complexityof theproblem

Limited only by availableusermemory.
Computer:VAX-11/780

Typical running time

Operatingsystem:Unix
X(

1l37I0)(

24466) l7ms,
Programminglanguageused: Pascal X (5 578 15)(3 44 4 7 9 9) 266 ms.

High speedstoragerequired: 600 words

Numberof bits in word: 32 References

Peripheralused: console [1] F.D. Murnaghan,The Theory of Group Representations
(JohnHopkin, Baltimore, 1938).

Numberof lines in combinedprogram and testdesk:71 [2] G.JamesandA. Kerber,The RepresentationTheoryof the
Symmetric Group(Addison-Wesley,Massachusetts,1981).

Keywords: symmetric group, irreduciblerepresentation,parti- [3] D.E. Littlewood, TheTheoryof GroupCharacters,2nd ed.
tion, Murnaghan’srule, charactervalue (Oxford Univ. Press,London,1950).

Natureofphysicalproblem
Calculation of the irreducible charactersof the symmetric
groups.
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LONG WRITE-UP ~

0. Introduction
Fig. 1. Ferrers’ diagramof A = (223).

Oneof the well known ways of calculatingthe
valueof an irreduciblecharacterof the symmetric 1. Notationand the rule
group at a given conjugacyclass is the recursive
formulation due to Murnaghan[1]. This formula We denotepartitionsby ascendingorder of the
appearsin a variety of formsin the literatureand parts:A= (A5 � A2 ... � A,,~).Thus A = (2 2 3) is
we refer the readerto the refs. [2—4]for a detailed a partition of 7 into three parts. It’s shapeor
explanationof the theorybehindit. Ferrer’s diagram is the planefigure whoseith row

Calculation of all the entries in an arbitrary consistsof A. squaresfor i = 1, 2,..., k (fig. 1).
column of the charactertable of the symmetric Given a partition A, the partition ~t = (X~� A2
group 5’~(i.e., the values of all the irreducible ... � X,j, whereA1 = A, + (i — 1) for I = 1, 2 k

charactersat a fixed conjugacyclass)canbe real- will be referredto as the augmentationof A.
ized by making useof the Frobeniusformula [5] A borderstrip B of apartition A is a consecutive

= ~XA(~)SA, (0.1) strip of nodeson its rim with the following twoproperties:

(i) eachpair of incident cells sharean edge,
in conjunctionwith Murnaghan’srulewherep~and (ii) the removal of the nodesof B from the dia-
A arepartitionsof n, Xx(~)is the(A, ~t)th entryin gramof A leavesa Ferrer’sdiagram.
the charactertableof ~ 4’~,is the powersymmet-
ric function correspondingto the partition ~i and If the number of nodesof a border strip is p
S~is the Schurfunction correspondingto A. then it is calleda p-borderstrip. Theheight ht(B)

of B is definedto be one less than the numberofIt turns out that the computationof a single
entry XA(~)of the charactertableof the symmet- rows it occupies.
nc group .9~,canbecarriedout in a mostefficient The partition A = (2 2 3) of fig. 1 has two 1-
manner by a careful implementation of border strips, two 2-border strips, one 3-border
Murnaghan’srule. strip, one 4-border strip and one 5-border strip

We presentan extremelycompactroutine (71 with heights0, 0, 0, 1, 1, 2 and 2, respectively,as
lines) which computesthe charactervalue of an shown in fig. 2.
irreducible characterof s~at a given conjugacy Wedenoteby A — B the partitionobtainedfrom
class.Even thoughour programhasbeencodedin A by removingfrom its Ferrers’ diagramthe nodes
Pascal,it doesnot rely on any of the sophisticated belongingto the border strip B.
datastructuresoffered by Pascalother than the Let A = (A1 � A2 � ... � A~)and ~s= (~L~� !~

arrayandits ability to recurse. ... � ~,) be two partitions of n. Murnaghan’s
As an exampleof theefficiencyof this program, rule state that the value of the irreducible char-

we remark that the calculation of the character acterof ~ correspondingto the partition A at the
value

x (~)= -2, ft~, ___ ___ ___

where

A = (3 3 44 5 6 6 7),

= (2 7 7 9 13), 1 ______ ______

are partitionsof n = 38, took 66 ms of cpu time in
a VAX-11/780 minicomputer. Fig. 2. Border stripsof A = (22 3).
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substantialamount of overheadcomes from de-
__________ level—S tecting the existenceandthe sign of a border strip

of a given size in A.
It turnsoutthat this canbe donewith a minimal/N

amountof searchby makinguseof the augmenta-
tion of A as follows:

1 ______ 1 ______ level-i Supposewewish to locatethe bottommostrows

of p-borderstrips of A. It is possibleto removea/ \ / \ p-borderstrip that startsat the ith row of A (ith
row from the top of the diagramof A) if andonly

~ 1 ______ ______ level-2 if oneof the following two conditionsare satisfied:

(a)X,=p,
I I (2.1)
I I (b)X,—p*)~~foranyj,1�j�i.

533 1 -l ______ level-S Moreover,if this is the casethen the heightof the

border strip is i —j wherej is the largest index
si~n-1 sign—i sign—-i sig--l suchthat

Fig. 3. Calculationof X(2 2 3)(1 3 3). x, — ~

conjugacyclassof permutationswith cycle type ~ For exampleif A = (2 2 3) and p = 2 then X =

is given by (2 3 5) hasthe rowsA5 = 2 andA2 = 3 which satisfy
the conditions (a) and (b) of (2.1), respectively.

xx(1.~)= ~ ( 1)ht(BI)+ht(B2)± . . .±ht(B,) Thus,A has two 2-borderstripsstartingat thefirst
B, , B2 B, andthe secondrows,in agreementwith the list in

(1.1) fig. 2.

where the summation is over all 1-tuples (B1, 2.2. Overview
B2,..., B1), whereB, is a ~it,-borderstrip of A — (B5
+ B2 + ... + B, ~)for I = 1, 2,..., / andB0= ~!J. The programrecursivelygeneratesa treewhere

For example,whenA = (2 2 3) and p = (1 3 3), eachnodeis an array that containsthe partsof a
the valueof x~O-~)is simply the sumof the signs partition obtained from A by successivelyre-
attachedto the terminalnodesat level 3 (= number moving border stripsof lengths~ ~ corre-
of partsof ~a)of the treein fig. 3, wherethe signof sponding to the parts of ~. Each node created
a terminalnode is the productof the signs of all carriesthe sign of the border strip that has been
the nodeson the path from the root to the termi- removedfrom it.
nal node. The partitionsA and ~t are read from the input

Thusby (1.1) the charactervalueis file and the augmentation of A (the array

X(22 3)(1 3 3) = 1 + 1 — 1 — 1 = 0. LAMBDA) is generatedby the main driver of the
program.

The tree of partitions is constructedby the
procedureCALCULATE recursivelyusing back-

2. Computer implementation tracking. The partitions generatedby removing
.t,-border strips, the associatedsigns and the cur-

2.1. The generalmethod rent level of the tree are passedas arguments.
Once a terminal node of the tree is reached,the

Eventhoughthe generationof the treein fig. 3 valuesof the signsare accumulatedin the variable
is relatively straightforward,in the generalcasea CHARVALUE.
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function charvalue(lambda, mu: vector; plambda, pmu: integer): integer;

var i, value: integer;

(********************************************************************* )

function notexist( parts: vector; size, i: integer): boolean;

var half, inf, sup : integer;
begin

inf :~ 1; sup := size;
repeat

half := (inf + sup) div 2;
If I > parts] half ] then Inf := half + 1

else sup := half — 1
until ( parts] half ] I ) or ( inf > sup );
if parts] half ] <> i then notexist := true

else notexist := false
end; { notexist

(*********************************************************************)

procedure create( var newpart: vector; var newsize: integer;
part: vector; remove, bstrip, partsize: integer);

var I, k : integer;
begin

newpart[ 0 ] —1; part[ 0 ] := 0;
for k := partsize downto 1 do

newpart[ k ] :~ part] k
while bstrip > 0 do begin

if part] remove ] — part] remove — 1 ] >= bstrip then
newpart] remove ] := part[ remove ] — bstrip

else newpart] remove ] :~ part] remove — 1 ];
bstrlp :~ bstrip — part] remove ] + part[ remove — 1 I;
remove :~ remove — 1;
newpart] 0 ] := — newpart] 0

end;
while (newpart] k ] <~ (k—i)) and (k <= partsize) do k:=k+1;
if k > 1 then for I :~ k to partslze do

newpart] I — k + 1 ] := newpart[ i ] — k + 1;
newsize := partsize — k + 1;

end; { create

procedure calculate(lambda: vector;plambda,level,sign: integer);

var newsize, I: integer;
newla,nbda : vector;,

begin
if level pmu + I then value := value + sign

else for I :~ plainbda downto 1 do
if lambda] i ] >= mu[ level J then

if notexlst(lambda, I, lambda]i] — n,u]level]) then
begin

create(newlambda, newsize,lambda, I, mu]level],
plambda)

calculate(newlanibda, newsize, level + 1,
newlambda]0]*sign)

end
end; { calculate

(*********************************************************************)

begin { charvalue
for i :— 1 to plambda do

lambda] i I :— lambda] i ] + (I — 1);
lambdal 0 1 :— +1; value 0;
calculate(lambda, plambda , 1, lambda] 0 ]);
charvalue :— value;

end; { charvalue

Fig. 4. Thelisting of functioncharvalue.
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2.3. Descriptionof theprocedures for thepartition ~t of theconjugacyclasswherethe
entriesare separatedby blanks and (Cr) denotes

The namesand brief descriptionsof the proce- carriagereturn.
duresand functionsare as follows: The correspondingcharactervalueis written to

the output file by the main program.
NOTEXIST

Usesbinary searchto detectwhetheror not a
borderstrip of length SIZE existsat row I of the 3. Remarks
input partition PARTS usingthe criteria outlined
in section2.1. Thecorrectnessof this implementationhasbeen

checkedby making use of the charactertablesof
CREATE the symmetric groups~ for up to n = 10, that

Removesa borderstrip of length BSTRIPfrom appearin ref. [2].
the input partition LAMBDA that starts at row Sincethe calculationof the charactervalues is
REMOVE. Thus this procedurecreatesthe nodes necessaryas a function call in a numberof corn-
in the next level of the tree(asin fig. 3). The sign puterapplications,the listing of the programchar
of the partitionproducedis computedas indicated as a Pascal function (named charvalue) is re-
in section2.1. producedin fig. 4. The argumentsof the function

charvalueare the partition of the representation
CALCULATE LAMBDA, the partition of the conjugacyclass

Recursively constructs the partitions at each MU, the number of parts PLAMBDA of
level of the tree and propagatesthe signs of the LAMBDA andthe numberof partsPMU of MU.
partitionsalongthe differentpathsgenerated.The The two partitionsare of type vectorwhich is
charactervalueis computedby accumulatingthe array[O..maxparts] of integer
signs of the terminal nodes in the variable
CHARVALUE. The input parametersto proce- which mustbe declaredin the main body of the
dureCALCULATE are as follows: programthat usesthe function
(i) The array LAMBDA that containsthe aug- charvalue.

mentation of the partition A and its sign in
position LAMBDA [0].

(ii) LEVEL: the level of the partition-tree. Acknowledgement
(iii) SIGN: the sign that has beenpropagatedso

far. The secondauthorwas supportedby a fellow-
(iv) PLAMBDA: the numberof partsof theinput shipfrom ConselhoNacionalde Pesquisa(CNPq)

partition. of Brasil.

2.4. 1/0 format References
[1] F.D. Murnaghan,The Theory of Group Representations

The user is promptedto enterthe partitionsA (JohnHopkin, Baltimore, 1938).

andp., respectively.Thepartsare to be enteredin [2]G. JamesandA. Kerber,TheRepresentationTheoryof the

ascendingorder of magnitude.The input file is Symmetric Group(Addison-Wesley,Massachusetts,1981).[3] D.E. Littlewood,TheTheoryof GroupCharacters,2nd ed.
expectedto be a list formattedas (Oxford Univ. Press,London,1950).
X1A2. . .Ak(cr) [4] Omer Egecio~lu,A Combinatorial Derivation of

Murnaghan’sRule for the Irreducible Charactersof the

for the partitionA correspondingto the irreducible SymmetricGroup(preprint,UCSD).

representationand [5] G. Frobenius, Uber die Charaktere der Symmetrischen
Gruppe(Sitz. Ber. Preuss.Akad., Berlin, 1900)p. 516.

p.,(cr) [6] K. Jensenand N. Wirth, PascalUser Manual and Report(Springer-Verlag,New York, 1975).
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TESTRUN OUTPUT

Enter the representation in ascending order
133
Enter the conjugacy class in ascending order
1111111
The character value is 21

CPU time 50 msec

Enter the representation in ascending order
1223
Enter the conjugacy class in ascending order
233
The character value is —1

CPU time : 8 osec

Enter the representation in ascending order
1225

Enter the conjugacy class in ascending order
1135
The character value is 0

CPU time : 16 msec

Enter the representation in ascending order

1 1 3 7 10

Enter the conjugacy class in ascending order

24466
The character value is —2

CPU time : 17 insec

Enter the representation in ascending order

33445667
Enter the conjugacy class in ascending order

2 7 7 9 13

The character value is —2

CPU time : 66 inner

Enter the representation in ascending order
5 5 7 8 15
Enter the conjugacy class in ascending order
3444799
The character value is —24

CPU tine : 266 msec


