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Recap: Multi-arm bandits: Problem setup

• No state. k-actions

• You decide which arm to pull in every iteration

• You collect a cumulative payoff of

• The goal of the agent is to maximize the expected payoff.
– For future payoffs?
– For the expected cumulative payoff?
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a 2 A = {1, 2, ..., k}
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Announcements

• Project 2
– Most of you did very well! Excellent job!
– You may still submit your solutions for bonus part.

• Project 3 announced.
– Please start early!
– The MDP part (Q1, Q2, Q3) of it is already covered.
– The RL part (Q6 onwards )will be fully covered by the end of the

week.
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Recap: How do we measure the performance 
of an online learning agent?
• The notion of “Regret”:

– I wish I have done things differently.
– Comparing to the best actions in the hindsight, how much worse 

did I do.

• For MAB, the regret is defined as follow
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T max
a2[k]

E[Rt|a]�
TX

t=1

Ea⇠⇡ [E[Rt|a]]
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Recap:  MAB Algorithms

• Idea:  Plug-in estimate of the reward value

• Greedy:  Regret = O(𝑇)

• Explore-first:    Regret = O(𝑇!/# ) 

• epsilon-greedy:   Regret = O(𝑇!/# ) 

• Upper Confidence Bound:  Regret = O(𝑇$/! )   
– Optimal in the sense that no algorithm can do better

5



Recap: Upper Confidence Bound algorithm
(UCB)
• At time t, choose the action

• Idea: Be optimistic
– Choose an option that maximizes the upper confidence bound.
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• The proof is out of the scope of this course. For those who
are interested, please look up. It’s not difficult.
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Idea of the analysis of UCB

• Design principle: Optimistic in the face of uncertainty

• Idea why UCB improves over random exploration:
– When you follow the UCB approach, the maximum regret that you 

can incur in each iteration is the confidence interval of the arm you 
pick.  (why is that?)

– Exploration will be restricted to those arms that are not 
"eliminated” yet.

• In other words, UCB explore and exploit at the same time!
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Intuitively why is the O(𝑇!/# ) regret optimal? 

• Consider a 2-arm bandit problem and two parallel worlds:
– Arm 1 has expected reward 0.5,  Arm 2 has 0.5 + eps
– Arm 1 has expected reward 0.5+eps,  Arm 2 has 0.5
– Reward distribution is Bernoulli distribution.

• Set eps = O(1/ 𝑇). Recall that you need to pull Arm 1 and 
Arm 2 both for Ω(𝑇) times in order to identify which one 
is better.  Thus the regret needs to be Ω(𝑇 × $

%).

• To say it differently:  If any algorithm is able to achieve 
better regret, then it implies an estimator that estimates the 
p of a biased coin with fewer samples than required. Thus 
a contradiction.
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A 10-armed bandits benchmark

28 Chapter 2: Multi-armed Bandits

select randomly from among all the actions with equal probability, independently of
the action-value estimates. We call methods using this near-greedy action selection rule
"-greedy methods. An advantage of these methods is that, in the limit as the number of
steps increases, every action will be sampled an infinite number of times, thus ensuring
that all the Qt(a) converge to q⇤(a). This of course implies that the probability of selecting
the optimal action converges to greater than 1 � ", that is, to near certainty. These are
just asymptotic guarantees, however, and say little about the practical e↵ectiveness of
the methods.

Exercise 2.1 In "-greedy action selection, for the case of two actions and " = 0.5, what is
the probability that the greedy action is selected? ⇤

2.3 The 10-armed Testbed

To roughly assess the relative e↵ectiveness of the greedy and "-greedy action-value
methods, we compared them numerically on a suite of test problems. This was a set
of 2000 randomly generated k-armed bandit problems with k = 10. For each bandit
problem, such as the one shown in Figure 2.1, the action values, q⇤(a), a = 1, . . . , 10,

0
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3
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-2

-1

q⇤(1)

q⇤(2)

q⇤(3)

q⇤(4)

q⇤(5)

q⇤(6)

q⇤(7)

q⇤(8)

q⇤(9)

q⇤(10)

Reward
distribution

1 2 63 54 7 8 9 10

Action
Figure 2.1: An example bandit problem from the 10-armed testbed. The true value q⇤(a) of
each of the ten actions was selected according to a normal distribution with mean zero and unit
variance, and then the actual rewards were selected according to a mean q⇤(a) unit variance
normal distribution, as suggested by these gray distributions. 9



Comparing the different algorithms

2.3. The 10-armed Testbed 29

were selected according to a normal (Gaussian) distribution with mean 0 and variance 1.
Then, when a learning method applied to that problem selected action At at time step t,
the actual reward, Rt, was selected from a normal distribution with mean q⇤(At) and
variance 1. These distributions are shown in gray in Figure 2.1. We call this suite of test
tasks the 10-armed testbed. For any learning method, we can measure its performance
and behavior as it improves with experience over 1000 time steps when applied to one of
the bandit problems. This makes up one run. Repeating this for 2000 independent runs,
each with a di↵erent bandit problem, we obtained measures of the learning algorithm’s
average behavior.

Figure 2.2 compares a greedy method with two "-greedy methods ("=0.01 and "=0.1),
as described above, on the 10-armed testbed. All the methods formed their action-value
estimates using the sample-average technique. The upper graph shows the increase in
expected reward with experience. The greedy method improved slightly faster than the
other methods at the very beginning, but then leveled o↵ at a lower level. It achieved a
reward-per-step of only about 1, compared with the best possible of about 1.55 on this
testbed. The greedy method performed significantly worse in the long run because it

 (greedy)
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1.5

Average
reward

0 250 500 750 1000

Steps

0%

20%

40%

60%

80%

100%

%
Optimal
action

0 250 500 750 1000

Steps

 

 

1

1

"=0.1

"=0.01

"=0.1

"=0.01

"=0

 (greedy)"=0

Figure 2.2: Average performance of "-greedy action-value methods on the 10-armed testbed.
These data are averages over 2000 runs with di↵erent bandit problems. All methods used sample
averages as their action-value estimates.
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UCB vs. ε-Greedy

11

28 CHAPTER 2. MULTI-ARMED BANDITS

t (the denominator in (2.1)), and the number c > 0 controls the degree of exploration. If Nt(a) = 0,
then a is considered to be a maximizing action.

The idea of this upper confidence bound (UCB) action selection is that the square-root term is a
measure of the uncertainty or variance in the estimate of a’s value. The quantity being max’ed over is
thus a sort of upper bound on the possible true value of action a, with c determining the confidence level.
Each time a is selected the uncertainty is presumably reduced: Nt(a) increments, and, as it appears in
the denominator, the uncertainty term decreases. On the other hand, each time an action other than a
is selected, t increases but Nt(a) does not; because t appears in the numerator, the uncertainty estimate
increases. The use of the natural logarithm means that the increases get smaller over time, but are
unbounded; all actions will eventually be selected, but actions with lower value estimates, or that have
already been selected frequently, will be selected with decreasing frequency over time.

Results with UCB on the 10-armed testbed are shown in Figure 2.4. UCB often performs well,
as shown here, but is more di�cult than "-greedy to extend beyond bandits to the more general
reinforcement learning settings considered in the rest of this book. One di�culty is in dealing with
nonstationary problems; methods more complex than those presented in Section 2.5 would be needed.
Another di�culty is dealing with large state spaces, particularly when using function approximation as
developed in Part II of this book. In these more advanced settings the idea of UCB action selection is
usually not practical.

2.8 Gradient Bandit Algorithms

So far in this chapter we have considered methods that estimate action values and use those estimates
to select actions. This is often a good approach, but it is not the only one possible. In this section
we consider learning a numerical preference for each action a, which we denote Ht(a). The larger the
preference, the more often that action is taken, but the preference has no interpretation in terms of
reward. Only the relative preference of one action over another is important; if we add 1000 to all the
preferences there is no e↵ect on the action probabilities, which are determined according to a soft-max
distribution (i.e., Gibbs or Boltzmann distribution) as follows:

Pr{At =a} .
=

eHt(a)

P
k

b=1 eHt(b)

.
= ⇡t(a), (2.9)

1

�-greedy  � = 0.1

UCB  c = 2

Average
reward

Steps

Figure 2.4: Average performance of UCB action selection on the 10-armed testbed. As shown, UCB generally
performs better than "-greedy action selection, except in the first k steps, when it selects randomly among the
as-yet-untried actions.



Variants of Bandits problems

• Online Learning from Expert Advice
– Adversarial chooses the outcome
– You observe outcome of other arms as well
– Compare against the best arm in the hindsight

• Adversarial k-Armed Bandits
– Same as above. But you observe only your arm.

• Nonstationary Bandits
– Stochastic but the reward distribution changes over time.
– Compare against the best arm for each time.

• Contextual bandits: you have a state in each time point.
12

Remark: In all 
these problems, 

there are 
algorithms with 
provably low-

regret.



Do I have to try, if I have features?
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Features: 
[Burger, Fries, Onion Ring, Fried Chicken]

Features: 
[Noodles, Tom Yum Soup, Poor service]

(Illustration from Dan Klein and Pieter Abbeel’s course in UC Berkeley)



We know how to use with features, don’t we?

• Classifier agent

– Take features of a restaurant as input
– Output a prediction of “will I like the food?”

• Train with supervised learning
– Using the my previous visits to the restaurants
– Using Yelp reviews

14

Why can’t we just use that?
How to explore?



Contextual Bandits: Problem Setup

• For each round t = 1, 2, 3, …, T:
– A context   xt ~ unknown distribution  i.i.d.
– Agent picks an action at = 1,2,3,..,K
– Reward   rt ~ D( . | xt, at)

• Agent’s goals:
– Learn the best policy out of  many policies
– Minimize the cumulative regret

15
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Reward from the best policy Reward collected by the Agent



Applications of Contextual Bandits

16

Personalized news?

Repeatedly: 
1. Observe features of user+articles
2. Choose a news article.
3. Observe click-or-not
Goal: Maximize fraction of clicks

Health advice?

Repeatedly: 
1. Observe features of user+advice
2. Choose an advice.
3. Observe steps walked
Goal: Healthy behaviors (e.g. step count)

Recommendations

buy or not buy



Exploration vs. Exploitation in Contextual 
Bandits.

• Challenging because:
– Infinite state space, never see the same context again.
– Exponentially large policy space

• Ideas:
– ExploreFirst, ε-Greedy 

– UCB?  But how do we construct Confidence Interval for an 
exponentially large set of policies?

• Optimal regret:  

17
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Remainder of the lecture today

• Reinforcement learning for MDPs
– Model-based vs model-free algorithms
– Online policy iterations
– Temporal difference learning

• Readings: 
– AIMA Ch. 21.1-21.3 (Ch 22.1- 22.3 in 4th Edition)
– Sutton and Barto: Ch 4-6
– Maybe: Sutton and Barto: Ch 6, Ch 13
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Let us tackle different aspects of the RL 
problem one at a time

• Markov Decision Processes: 
– Dynamics are given no need to learn

• Bandits:  Explore-Exploit in simple settings
– RL without dynamics

• Full Reinforcement Learning
– Learning MDPs

19



Recap: Tabular MDP

• Discrete State, Discrete Action, Reward and Observation

• Policy:
– When the state is observable:
– Or when the state is not observable

• Learn the best policy that maximizes the expected reward

– Finite horizon (episodic) RL:

– Infinite horizon RL:
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At 2 A
<latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit>

Rt 2 R
<latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit>

Ot 2 O
<latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit>

⇡⇤ = argmax
⇡2⇧

E[
1X

t=1

�t�1Rt]
<latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit>

⇡⇤ = argmax
⇡2⇧

E[
TX

t=1

Rt]
<latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit>

T: horizon

γ: discount factor
20



Recap: Policy Iterations and Value Iterations

• What are these algorithms for?
– Algorithms of computing the V* and Q* functions from MDP

parameters

• Policy Iterations

• Value iterations

• How do we make sense of them?
– Recursively applying the Bellman equations until convergence.

21

Vk+1(s) max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �Vk(s
0)]

<latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit><latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit><latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit><latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit>

*These methods are called “Dynamic Programming” approaches in Chap 4
of Sutton and Barto.



Revisit the dynamic programming approach

• Policy Evaluation

• Policy improvement

• Value iterations

22

Vk+1(s) max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �Vk(s
0)]

<latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit><latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit><latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit><latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit>

V ⇡
k+1(s) 

X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡
k (s0)]

<latexit sha1_base64="guTo7yznsIMHmkdTJS00UcmLilI="></latexit><latexit sha1_base64="guTo7yznsIMHmkdTJS00UcmLilI="></latexit><latexit sha1_base64="guTo7yznsIMHmkdTJS00UcmLilI="></latexit><latexit sha1_base64="guTo7yznsIMHmkdTJS00UcmLilI="></latexit>

= argmax
a

X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡
k (s0)]

<latexit sha1_base64="F6zwjAYSnk/JOuGLiKtUadD779o="></latexit><latexit sha1_base64="F6zwjAYSnk/JOuGLiKtUadD779o="></latexit><latexit sha1_base64="F6zwjAYSnk/JOuGLiKtUadD779o="></latexit><latexit sha1_base64="F6zwjAYSnk/JOuGLiKtUadD779o="></latexit>

*We do not have the MDP parameters in RL!



Example: Frozen Lake

+1

-1

START

actions: UP, DOWN, LEFT, RIGHT

UP

80% move UP

10% move LEFT

10% move RIGHT

• reward +1 at [4,3], -1 at [4,2]
• reward -0.04 for each step
• what’s the strategy to achieve max reward?

23

Action 1, Action 2, Action 3, Action 4



Instead, reinforcement learning agents have
“online” access to an environment
• State, Action, Reward
• Unknown reward function, unknown state-transitions.
• Agents can “act” and “experiment”, rather than only doing

offline planning.

24



Idea 1: Model-based Reinforcement Learning

• Model-based idea
– Let’s approximate the model based on experiences
– Then solve for the values as if the learned model were correct

• Step 1: Get data by running the agent to explore
– Many data points of the form:

𝑠!, 𝑎!, 𝑠", 𝑟! , … , (𝑠#, 𝑎#, 𝑠#$!, 𝑟#)

• Step 2: Estimate the model parameters
– )𝑃 𝑠% 𝑠, 𝑎 --- again this is a CPT we need to observe the transition

many times for each 𝑠, 𝑎
– �̂�(𝑠%, 𝑎, 𝑠) --- this is an estimate of the empirical rewards.

25



Then we can plug in these estimates and then
use dynamic programming for policy
evaluation / improvements.

26

<latexit sha1_base64="mIRMpjZok4lXyEjaIrMveQ3sA6Q="></latexit>

* Note the “hat”. Usually it indicates empirical estimates.

<latexit sha1_base64="YIEjjTmxAfWtQ2yGkJ/hV6EazDE="></latexit>

<latexit sha1_base64="qUQXyT2N+aWdJTEH8g7Aoc5Up58="></latexit>

* These iterations will produce &𝑉∗ and &𝑄∗ functions, and then )𝜋∗



Example: Model-Based RL (2 min exercise)

Input Policy p

Assume: g = 1

Observed Episodes (Training) Learned Model

A

B C D

E

B, east, C, -1

C, east, D, -1

D, exit,  x, +10

B, east, C, -1

C, east, D, -1

D, exit,  x, +10

E, north, C, -1

C, east,   A, -1

A, exit,    x, -10

Episode 1 Episode 2

Episode 3 Episode 4
E, north, C, -1

C, east,   D, -1

D, exit,    x, +10

T(s,a,s’).
T(B, east, C) =
T(C, east, D) =
T(C, east, A) =
…

R(B, east, C) = 
R(C, east, D) = 
R(D, exit, x) = 
…

Slide credits: Pat and Stephanie

<latexit sha1_base64="CpH/fGGrTKyttN3GkVl1CVoKLY4=">AAAB+nicbZDLSgNBEEVr4ivG10SXbhqDGEHCjAi6DLpxGcE8IBlCTaeTNOl50N2jhEk+xY0LRdz6Je78GzvJLDR6oeFwq4qqvn4suNKO82XlVlbX1jfym4Wt7Z3dPbu431BRIimr00hEsuWjYoKHrK65FqwVS4aBL1jTH93M6s0HJhWPwns9jpkX4CDkfU5RG6trFztD1GltWlYnZELUGZ527ZJTceYif8HNoASZal37s9OLaBKwUFOBSrVdJ9ZeilJzKti00EkUi5GOcMDaBkMMmPLS+elTcmycHulH0rxQk7n7cyLFQKlx4JvOAPVQLddm5n+1dqL7V17KwzjRLKSLRf1EEB2RWQ6kxyWjWowNIJXc3EroECVSbdIqmBDc5S//hcZ5xTV8d1GqXmdx5OEQjqAMLlxCFW6hBnWg8AhP8AKv1sR6tt6s90VrzspmDuCXrI9vizKS3Q==</latexit>

<latexit sha1_base64="iL9faDFlEzkCD9HJdr6iP+5QH28=">AAAB+HicbZBNS8NAEIY39avWj1Y9egkWsUIpiQh6LHrxWMF+QBvKZLtpl242YXci1NBf4sWDIl79Kd78N27bHLT1hYWHd2aY2dePBdfoON9Wbm19Y3Mrv13Y2d3bL5YODls6ShRlTRqJSHV80ExwyZrIUbBOrBiEvmBtf3w7q7cfmdI8kg84iZkXwlDygFNAY/VLxd4IMFXTiq5CVZ+d90tlp+bMZa+Cm0GZZGr0S1+9QUSTkEmkArTuuk6MXgoKORVsWuglmsVAxzBkXYMSQqa9dH741D41zsAOImWeRHvu/p5IIdR6EvqmMwQc6eXazPyv1k0wuPZSLuMEmaSLRUEibIzsWQr2gCtGUUwMAFXc3GrTESigaLIqmBDc5S+vQuui5hq+vyzXb7I48uSYnJAKcckVqZM70iBNQklCnskrebOerBfr3fpYtOasbOaI/JH1+QORh5Jb</latexit>
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Example: Model-Based RL (2 min exercise)

Input Policy p

Assume: g = 1

Observed Episodes (Training) Learned Model

A

B C D

E

B, east, C, -1

C, east, D, -1

D, exit,  x, +10

B, east, C, -1

C, east, D, -1

D, exit,  x, +10

E, north, C, -1

C, east,   A, -1

A, exit,    x, -10

Episode 1 Episode 2

Episode 3 Episode 4
E, north, C, -1

C, east,   D, -1

D, exit,    x, +10

T(s,a,s’).
T(B, east, C) = 1.00
T(C, east, D) = 0.75
T(C, east, A) = 0.25
…

R(B, east, C) = -1
R(C, east, D) = -1
R(D, exit, x) = +10
…

Slide credits: Pat and Stephanie
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This is simply the “Exploration-First”
strategy! But there are complications.
• In bandits problems

– Uniformly sample the actions for N rounds.
– Guarantees that each choice is explored O(N/k) times.

• For MDPs
– Often we need to take a carefully chosen sequence of actions to

reach a state

– The chance of randomly running into a state can be exponentially
small.

– Question: What is an example of this?

29
*Need to somehow update the “exploration policy” on the fly!



More caveats

• The fitted model is just an approximation of the
environment.

• How does the error in the fitted MDP translate into the
error in the estimated value functions V* and Q*?

• How does the error in the estimated Q* function affect the
suboptimality of the policy that maximizes (𝑄∗?

• Answered by “Simulation Lemma” (Kearns and Singh, 2002)
– Resurgence of research on this more recently:  Yin and W. (2020),  

Yin, Bai and W. (2020) 
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Even more caveats

• How many free parameters are there to represent an MDP?
– Ans: O(S^2A)

• S is often large
– 9-puzzle, Tic-Tac-Toe: 9! = 362,800, S^2 = 1.3*10^11
– PACMAN with 20 by 20 grid. S = O(2^400), S^2 = O(2^800)

• In practice, we often have to use an approximate model.
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Idea 2: Model-free Reinforcement Learning

• Do we need the model? Can we learn the Q function
directly?
– How many free parameters are there to represent the Q-
function?

– Ans: SA << O(S^2A)

• Recall: Policy iterations

– Maybe we can do policy evaluation without estimating the model?
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Monte Carlo Policy Evaluation (Prediction)

• want to estimate Vp(s)
= expected return starting from s and following p
– estimate as average of observed returns in state s

• We can execute the policy 𝜋
• first-visit MC

– average returns following the first visit to state s

s0
s s

+1 -2 0 +1 -3 +5
G1(s) = +2

s0
s0
s0
s0
s0

G2(s) = +1
G3(s) = -5

G4(s) = +4

Vp(s) ≈ (2 + 1 – 5 + 4)/4 = 0.533



Monte Carlo Policy Optimization (Control)

• Vp not enough for policy improvement
– need exact model of environment

• estimate Qp(s,a)

• MC control

– update after each episode

• Two problems
– greedy policy won’t explore all actions
– Requires many independent episodes for the estimated value 

function to be accurate.

eps-greedy!
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Improved Monte-Carlo Q-function estimate 
using Bellman equations
• Recall: 

• We can use the empirical (Monte Carlo) estimate.
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Q⇡(s, a) =
X

s0

P (s0|s, a)[r(s, a, s0) + �
X

a0

⇡(a0|s0)Q⇡(s0, a0)]
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Q⇡(s, a) = r⇡(s, a) + �Es0⇠P (s0|s,a)[V
⇡(s0)]
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*No need to estimate P(s’ | s,a) or r(s,a,s’) as intermediate steps.
*Require only O(SA) space, rather than O(S^2A)



Online averaging representation of MC

• Alternative, online averaging update
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s0
s s

+1 -2 0 +1 -3 +5
G1(s) = +2

s0
s0
s0
s0
s0

G2(s) = +1
G3(s) = -5

G4(s) = +4

Vp(s) ≈ (2 + 1 – 5 + 4)/4 = 0.5

Chapter 6

Temporal-Di↵erence Learning

If one had to identify one idea as central and novel to reinforcement learning, it would undoubtedly be
temporal-di↵erence (TD) learning. TD learning is a combination of Monte Carlo ideas and dynamic
programming (DP) ideas. Like Monte Carlo methods, TD methods can learn directly from raw expe-
rience without a model of the environment’s dynamics. Like DP, TD methods update estimates based
in part on other learned estimates, without waiting for a final outcome (they bootstrap). The relation-
ship between TD, DP, and Monte Carlo methods is a recurring theme in the theory of reinforcement
learning; this chapter is the beginning of our exploration of it. Before we are done, we will see that
these ideas and methods blend into each other and can be combined in many ways. In particular, in
Chapter 7 we introduce n-step algorithms, which provide a bridge from TD to Monte Carlo methods,
and in Chapter 12 we introduce the TD(�) algorithm, which seamlessly unifies them.

As usual, we start by focusing on the policy evaluation or prediction problem, the problem of esti-
mating the value function v⇡ for a given policy ⇡. For the control problem (finding an optimal policy),
DP, TD, and Monte Carlo methods all use some variation of generalized policy iteration (GPI). The
di↵erences in the methods are primarily di↵erences in their approaches to the prediction problem.

6.1 TD Prediction

Both TD and Monte Carlo methods use experience to solve the prediction problem. Given some
experience following a policy ⇡, both methods update their estimate V of v⇡ for the nonterminal states
St occurring in that experience. Roughly speaking, Monte Carlo methods wait until the return following
the visit is known, then use that return as a target for V (St). A simple every-visit Monte Carlo method
suitable for nonstationary environments is

V (St) V (St) + ↵
h
Gt � V (St)

i
, (6.1)

where Gt is the actual return following time t, and ↵ is a constant step-size parameter (c.f., Equation
2.4). Let us call this method constant-↵ MC. Whereas Monte Carlo methods must wait until the end
of the episode to determine the increment to V (St) (only then is Gt known), TD methods need to wait
only until the next time step. At time t + 1 they immediately form a target and make a useful update
using the observed reward Rt+1 and the estimate V (St+1). The simplest TD method makes the update

V (St) V (St) + ↵
h
Rt+1 + �V (St+1)� V (St)

i
(6.2)

immediately on transition to St+1 and receiving Rt+1. In e↵ect, the target for the Monte Carlo update
is Gt, whereas the target for the TD update is Rt+1 + �V (St+1). This TD method is called TD(0), or
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where ↵ = 1/NSt
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DP + MC = Temporal Difference Learning

• Monte Carlo

• The idea of TD learning:

• TD-Policy evaluation
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Issue: Gt can only be obtained after the entire episode!

We only need one step before we can plug-in and estimate the RHS!

Chapter 6

Temporal-Di↵erence Learning

If one had to identify one idea as central and novel to reinforcement learning, it would undoubtedly be
temporal-di↵erence (TD) learning. TD learning is a combination of Monte Carlo ideas and dynamic
programming (DP) ideas. Like Monte Carlo methods, TD methods can learn directly from raw expe-
rience without a model of the environment’s dynamics. Like DP, TD methods update estimates based
in part on other learned estimates, without waiting for a final outcome (they bootstrap). The relation-
ship between TD, DP, and Monte Carlo methods is a recurring theme in the theory of reinforcement
learning; this chapter is the beginning of our exploration of it. Before we are done, we will see that
these ideas and methods blend into each other and can be combined in many ways. In particular, in
Chapter 7 we introduce n-step algorithms, which provide a bridge from TD to Monte Carlo methods,
and in Chapter 12 we introduce the TD(�) algorithm, which seamlessly unifies them.

As usual, we start by focusing on the policy evaluation or prediction problem, the problem of esti-
mating the value function v⇡ for a given policy ⇡. For the control problem (finding an optimal policy),
DP, TD, and Monte Carlo methods all use some variation of generalized policy iteration (GPI). The
di↵erences in the methods are primarily di↵erences in their approaches to the prediction problem.

6.1 TD Prediction

Both TD and Monte Carlo methods use experience to solve the prediction problem. Given some
experience following a policy ⇡, both methods update their estimate V of v⇡ for the nonterminal states
St occurring in that experience. Roughly speaking, Monte Carlo methods wait until the return following
the visit is known, then use that return as a target for V (St). A simple every-visit Monte Carlo method
suitable for nonstationary environments is

V (St) V (St) + ↵
h
Gt � V (St)

i
, (6.1)

where Gt is the actual return following time t, and ↵ is a constant step-size parameter (c.f., Equation
2.4). Let us call this method constant-↵ MC. Whereas Monte Carlo methods must wait until the end
of the episode to determine the increment to V (St) (only then is Gt known), TD methods need to wait
only until the next time step. At time t + 1 they immediately form a target and make a useful update
using the observed reward Rt+1 and the estimate V (St+1). The simplest TD method makes the update

V (St) V (St) + ↵
h
Rt+1 + �V (St+1)� V (St)

i
(6.2)

immediately on transition to St+1 and receiving Rt+1. In e↵ect, the target for the Monte Carlo update
is Gt, whereas the target for the TD update is Rt+1 + �V (St+1). This TD method is called TD(0), or
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E⇡[Gt] = E⇡[Rt|St] + �V ⇡(St+1)
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temporal-di↵erence (TD) learning. TD learning is a combination of Monte Carlo ideas and dynamic
programming (DP) ideas. Like Monte Carlo methods, TD methods can learn directly from raw expe-
rience without a model of the environment’s dynamics. Like DP, TD methods update estimates based
in part on other learned estimates, without waiting for a final outcome (they bootstrap). The relation-
ship between TD, DP, and Monte Carlo methods is a recurring theme in the theory of reinforcement
learning; this chapter is the beginning of our exploration of it. Before we are done, we will see that
these ideas and methods blend into each other and can be combined in many ways. In particular, in
Chapter 7 we introduce n-step algorithms, which provide a bridge from TD to Monte Carlo methods,
and in Chapter 12 we introduce the TD(�) algorithm, which seamlessly unifies them.

As usual, we start by focusing on the policy evaluation or prediction problem, the problem of esti-
mating the value function v⇡ for a given policy ⇡. For the control problem (finding an optimal policy),
DP, TD, and Monte Carlo methods all use some variation of generalized policy iteration (GPI). The
di↵erences in the methods are primarily di↵erences in their approaches to the prediction problem.

6.1 TD Prediction

Both TD and Monte Carlo methods use experience to solve the prediction problem. Given some
experience following a policy ⇡, both methods update their estimate V of v⇡ for the nonterminal states
St occurring in that experience. Roughly speaking, Monte Carlo methods wait until the return following
the visit is known, then use that return as a target for V (St). A simple every-visit Monte Carlo method
suitable for nonstationary environments is

V (St) V (St) + ↵
h
Gt � V (St)

i
, (6.1)

where Gt is the actual return following time t, and ↵ is a constant step-size parameter (c.f., Equation
2.4). Let us call this method constant-↵ MC. Whereas Monte Carlo methods must wait until the end
of the episode to determine the increment to V (St) (only then is Gt known), TD methods need to wait
only until the next time step. At time t + 1 they immediately form a target and make a useful update
using the observed reward Rt+1 and the estimate V (St+1). The simplest TD method makes the update

V (St) V (St) + ↵
h
Rt+1 + �V (St+1)� V (St)

i
(6.2)

immediately on transition to St+1 and receiving Rt+1. In e↵ect, the target for the Monte Carlo update
is Gt, whereas the target for the TD update is Rt+1 + �V (St+1). This TD method is called TD(0), or
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Bootstrap’s origin

• “The Surprising Adventures of Baron Münchausen”
– Rudolf Erich Raspe, 1785

• In statistics: Brad Efron’s resampling methods
• In computing: Booting…
• In RL: It simply means TD learning
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TD policy optimization (TD-control )

• SARSA (On-Policy TD-control)
– Update the Q function by bootstrapping Bellman Equation

– Choose the next A’ using Q, e.g., eps-greedy.

• Q-Learning (Off-policy TD-control)
– Update the Q function by bootstrapping Bellman Optimality Eq.

– Choose the next A’ using Q, e.g., eps-greedy, or any other policy.

39

106 CHAPTER 6. TEMPORAL-DIFFERENCE LEARNING

Exercise 6.8 Show that an action-value version of (6.6) holds for the action-value form of the TD
error �t = Rt+1 + �Q(St+1, At+1 � Q(St, At), again assuming that the values don’t change from step to
step. ⇤

It is straightforward to design an on-policy control algorithm based on the Sarsa prediction method.
As in all on-policy methods, we continually estimate q⇡ for the behavior policy ⇡, and at the same time
change ⇡ toward greediness with respect to q⇡. The general form of the Sarsa control algorithm is given
in the box below.

Sarsa (on-policy TD control) for estimating Q ⇡ q⇤

Initialize Q(s, a), for all s 2 S, a 2 A(s), arbitrarily, and Q(terminal-state, ·) = 0
Repeat (for each episode):

Initialize S

Choose A from S using policy derived from Q (e.g., ✏-greedy)
Repeat (for each step of episode):

Take action A, observe R, S
0

Choose A
0 from S

0 using policy derived from Q (e.g., ✏-greedy)
Q(S, A) Q(S, A) + ↵

⇥
R + �Q(S0

, A
0)�Q(S, A)

⇤

S  S
0; A A

0;
until S is terminal

The convergence properties of the Sarsa algorithm depend on the nature of the policy’s dependence
on Q. For example, one could use "-greedy or "-soft policies. Sarsa converges with probability 1 to an
optimal policy and action-value function as long as all state–action pairs are visited an infinite number
of times and the policy converges in the limit to the greedy policy (which can be arranged, for example,
with "-greedy policies by setting " = 1/t).

Example 6.5: Windy Gridworld Shown inset in Figure 6.3 is a standard gridworld, with start and
goal states, but with one di↵erence: there is a crosswind upward through the middle of the grid. The
actions are the standard four—up, down, right, and left—but in the middle region the resultant
next states are shifted upward by a “wind,” the strength of which varies from column to column. The
strength of the wind is given below each column, in number of cells shifted upward. For example, if
you are one cell to the right of the goal, then the action left takes you to the cell just above the goal.
Let us treat this as an undiscounted episodic task, with constant rewards of �1 until the goal state is
reached.
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Figure 6.3: Results of Sarsa applied to a gridworld (shown inset) in which movement is altered by a location-
dependent, upward “wind.” A trajectory under the optimal policy is also shown.
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The graph in Figure 6.3 shows the results of applying "-greedy Sarsa to this task, with " = 0.1,
↵ = 0.5, and the initial values Q(s, a) = 0 for all s, a. The increasing slope of the graph shows
that the goal is reached more and more quickly over time. By 8000 time steps, the greedy policy
was long since optimal (a trajectory from it is shown inset); continued "-greedy exploration kept the
average episode length at about 17 steps, two more than the minimum of 15. Note that Monte Carlo
methods cannot easily be used on this task because termination is not guaranteed for all policies.
If a policy was ever found that caused the agent to stay in the same state, then the next episode
would never end. Step-by-step learning methods such as Sarsa do not have this problem because
they quickly learn during the episode that such policies are poor, and switch to something else.

Exercise 6.9: Windy Gridworld with King’s Moves Re-solve the windy gridworld task assuming eight
possible actions, including the diagonal moves, rather than the usual four. How much better can you do
with the extra actions? Can you do even better by including a ninth action that causes no movement
at all other than that caused by the wind? ⇤
Exercise 6.10: Stochastic Wind Re-solve the windy gridworld task with King’s moves, assuming
that the e↵ect of the wind, if there is any, is stochastic, sometimes varying by 1 from the mean values
given for each column. That is, a third of the time you move exactly according to these values, as in
the previous exercise, but also a third of the time you move one cell above that, and another third of
the time you move one cell below that. For example, if you are one cell to the right of the goal and
you move left, then one-third of the time you move one cell above the goal, one-third of the time you
move two cells above the goal, and one-third of the time you move to the goal. ⇤

6.5 Q-learning: O↵-policy TD Control

One of the early breakthroughs in reinforcement learning was the development of an o↵-policy TD
control algorithm known as Q-learning (Watkins, 1989), defined by

Q(St, At) Q(St, At) + ↵
h
Rt+1 + � max

a

Q(St+1, a)�Q(St, At)
i
. (6.8)

In this case, the learned action-value function, Q, directly approximates q⇤, the optimal action-value
function, independent of the policy being followed. This dramatically simplifies the analysis of the
algorithm and enabled early convergence proofs. The policy still has an e↵ect in that it determines
which state–action pairs are visited and updated. However, all that is required for correct convergence
is that all pairs continue to be updated. As we observed in Chapter 5, this is a minimal requirement
in the sense that any method guaranteed to find optimal behavior in the general case must require it.
Under this assumption and a variant of the usual stochastic approximation conditions on the sequence
of step-size parameters, Q has been shown to converge with probability 1 to q⇤.

Q-learning (o↵-policy TD control) for estimating ⇡ ⇡ ⇡⇤

Initialize Q(s, a), for all s 2 S, a 2 A(s), arbitrarily, and Q(terminal-state, ·) = 0
Repeat (for each episode):

Initialize S

Repeat (for each step of episode):
Choose A from S using policy derived from Q (e.g., ✏-greedy)
Take action A, observe R, S

0

Q(S, A) Q(S, A) + ↵
⇥
R + � maxa Q(S0

, a)�Q(S, A)
⇤

S  S
0

until S is terminal
Remarks:
• These are proven to converge asymptotically.
• Much more data-efficient in practice, than MC.
• Regret analysis is still active area of research.



Advantage of TD over Monte Carlo

• Given a trajectory, a roll-out, of T steps.

– MC updates the Q function only once

– TD updates the Q function (and the policy) T times!
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Remark: This is the same kind of improvement from Gradient Descent
to Stochastic Gradient Descent (SGD).



The problem of large state-space is still there

• We need to represent and learn SA parameters in Q-
learning and SARSA.

• S is often large
– 9-puzzle, Tic-Tac-Toe: 9! = 362,800, S^2 = 1.3*10^11
– PACMAN with 20 by 20 grid. S = O(2^400), S^2 = O(2^800)

• O(S) is not acceptable in some cases.

• Need to think of ways to “generalize”/share information
across states.
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Example: Pacman

Let’s say we discover 
through experience 

that this state is bad:

In naïve q-learning, 
we know nothing 
about this state:

Or even this one!

(From Dan Klein and Pieter Abbeel)
42



Video of Demo Q-Learning Pacman – Tiny –
Watch All
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Video of Demo Q-Learning Pacman – Tiny –
Silent Train
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Video of Demo Q-Learning Pacman – Tricky –
Watch All
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Why not use an evaluation function?
A Feature-Based Representations

• Solution: describe a state using a 
vector of features (properties)
– Features are functions from states to real 

numbers (often 0/1) that capture 
important properties of the state

– Example features:
• Distance to closest ghost
• Distance to closest dot
• Number of ghosts
• 1 / (dist to dot)2
• Is Pacman in a tunnel? (0/1)
• …… etc.
• Is it the exact state on this slide?

– Can also describe a q-state (s, a) with 
features (e.g. action moves closer to 
food)
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Linear Value Functions

• Using a feature representation, we can write a q function (or 
value function) for any state using a few weights:

– Vw(s) = w1f1(s) + w2f2(s) + … + wnfn(s) 

– Qw(s,a) = w1f1(s,a) + w2f2(s,a) + … + wnfn(s,a) 

• Advantage: our experience is summed up in a few powerful 
numbers

• Disadvantage: states may share features but actually be very 
different in value! 47



Updating a linear value function

• Original Q learning rule tries to reduce prediction error at s, a:

Q(s,a) ¬ Q(s,a)  +  a × [R(s,a,s’) + γ maxa’ Q (s’,a’) - Q(s,a) ]

• Instead, we update the weights to try to reduce the error at s, a:
wi¬ wi +  a × [R(s,a,s’) + γ maxa’ Q (s’,a’) - Q(s,a) ] ¶Qw(s,a)/¶wi

=  wi +  a × [R(s,a,s’) + γ maxa’ Q (s’,a’) - Q(s,a) ] fi(s,a)
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Updating a linear value function
• Original Q learning rule tries to reduce prediction error at s, a:

Q(s,a) ¬ Q(s,a)  +  a × [R(s,a,s’) + γ maxa’ Q (s’,a’) - Q(s,a) ]

• Instead, we update the weights to try to reduce the error at s, a:
wi¬ wi +  a × [R(s,a,s’) + γ maxa’ Q (s’,a’) - Q(s,a) ] ¶Qw(s,a)/¶wi

=  wi +  a × [R(s,a,s’) + γ maxa’ Q (s’,a’) - Q(s,a) ] fi(s,a)

• Qualitative justification:
– Pleasant surprise: increase weights on positive features, decrease on 

negative ones
– Unpleasant surprise: decrease weights on positive features, increase 

on negative ones
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Q-Learning with function approximation

• Q-learning with linear Q-functions:

• Intuitive interpretation:
– Adjust weights of active features
– E.g., if something unexpectedly bad happens, blame the 

features that were on: disprefer all states with that state’s 
features

• Formal justification: online least squares (Read the textbook!)

Exact Q’s

Approximate Q’s
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PACMAN Q-Learning (Linear function approx.)
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So far, in RL algorithms

• Model-based approaches
– Estimate the MDP parameters.
– Then use policy-iterations, value iterations.

• Monte Carlo methods:
– estimating the rewards by empirical averages

• Temporal Difference methods:
– Combine Monte Carlo methods with Dynamic Programming

• Linear function approximation in Q-learning
– Similar to SGD
– Learning heuristic function

52
*Question: What is the policy class Π of interest in these methods?



Next lecture

• Wrap up RL lectures
– Policy gradients methods

• Start logic agents / knowledge representation
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