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® Continuous optimization
® Wrapping up ML
® Starting PGM
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Announcement

• Project 1 out on the course website. Please start early!

• Notes from the discussion section are available on the
course website.

• We have weekly quiz on Ed discussion. All you need to do
is to attempt it. We will decide on the bonus participation
credit based on your participation there.
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Recap: Last lecture

• Data splitting
– Holdout and Cross validation for tuning hyperparameters

• The problem of distribution shift

• Learning a classifier:
– From 0–1 loss to surrogate losses
– Logistic loss as an example

• Continuous Optimization with Gradient Descent
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Recap: How do we optimize a continuously 
differentiable function in general?
• The problem:

• Let’s just optimize it anyway!
– With gradient descent.

• Assumption:  The objective function is differentiable 
almost everywhere.
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Plan for today

• Stochastic Gradient Descent

• Making sense of the SGD updates

• Multiclass classification
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Gradient of logistic loss for learning a linear 
classifier
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Gradient of logistic loss for learning a linear 
classifier
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• Question: What is the time complexity of computing this 
gradient?
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Gradient of logistic loss for learning a linear 
classifier
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• Question: What is the time complexity of computing this 
gradient?

• Answer: O(d n).  
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Gradient of logistic loss for learning a linear 
classifier
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• Question: What is the time complexity of computing this 
gradient?

• Answer: O(d n).  

Can we do better?
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Stochastic Gradient Descent
(Robbins-Monro 1951)
• Gradient descent

• Stochastic gradient descent

• Using a stochastic approximation of the gradient:
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Herbert Robbins
1915 - 2001

Question: What’s the time complexity of each iteration in SGD?
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machine learning
• Recall that 

• Pick a single data point i uniformly at random
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– Show that this is an unbiased estimator! 
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Illustration of GD vs SGD
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Observation: With the time gradient descent taking one step.
SGD would have already moved many steps.



Intuition of the SGD algorithm on the “Spam 
Filter” example

• Score(x)  =  w0 + w1 * 1(hyperlinks) + w2 * 1(contact list) 
+ w3 * misspelling  +  w4 * length
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Intuition of the SGD algorithm on the “Spam 
Filter” example

• Score(x)  =  w0 + w1 * 1(hyperlinks) + w2 * 1(contact list) 
+ w3 * misspelling  +  w4 * length

• Meaning of these weight?
– The more positive, the more we think the feature is associated with 

Spam email.
– The more negative, the less that we think the feature is associated 

with Spam email
10
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Length of the message



Intuition of the SGD algorithm on the “Spam 
Filter” example
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Intuition of the SGD algorithm on the “Spam 
Filter” example

11

Scalar > 0:
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is correct
≈ 1 otherwise
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Vector of dimension d:
provides the direction 
of the gradient

If we receive an example [1, 0 , 0.0375, 80] like the one before.
And a label y = 1 saying that this is a spam.

How will the SGD update change the weight vector?

Then by moving w towards the negative gradient direction, we are 
changing the weight vector by increasing the weights. i.e., increasing the 
amount they contribute to the score function (if currently the classifier is 
making a mistake on this example)



How to choose the step sizes / learning rates?

• In theory:
– Gradient decent: 1/L where L is the Gradient Lipschitz constant

of the function we minimize.
– SGD:  

• e.g.

• In practice:
– Use cross-validation on a subsample of the data.
– Fixed learning rate for SGD is usually fine.
– If it diverges,  decrease the learning rate.
– If for extremely small learning rate, it still diverges, check if your 

gradient implementation is correct.
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<latexit sha1_base64="t6VIGthL0E0AqSEgCJWfgrGpPRQ=">AAACH3icbZDLSsNAFIYnXmu9VV26GSyCCylJEXWhUHTjsoK9QBPDZDpph04mYeZECKFv4sZXceNCEXHXt3F6WWjrgYGP/z+HM+cPEsE12PbIWlpeWV1bL2wUN7e2d3ZLe/tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHgduy3npjSPJYPkCXMi0hP8pBTAkbyS+euTiM/hyF2GRAfML7GLpchZKcY4znzsYqvpqZfKtsVe1J4EZwZlNGs6n7p2+3GNI2YBCqI1h3HTsDLiQJOBRsW3VSzhNAB6bGOQUkipr18ct8QHxuli8NYmScBT9TfEzmJtM6iwHRGBPp63huL/3mdFMJLL+cySYFJOl0UpgJDjMdh4S5XjILIDBCquPkrpn2iCAUTadGE4MyfvAjNasUxfH9Wrt3M4iigQ3SETpCDLlAN3aE6aiCKntErekcf1ov1Zn1aX9PWJWs2c4D+lDX6AWfNofI=</latexit><latexit sha1_base64="t6VIGthL0E0AqSEgCJWfgrGpPRQ=">AAACH3icbZDLSsNAFIYnXmu9VV26GSyCCylJEXWhUHTjsoK9QBPDZDpph04mYeZECKFv4sZXceNCEXHXt3F6WWjrgYGP/z+HM+cPEsE12PbIWlpeWV1bL2wUN7e2d3ZLe/tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHgduy3npjSPJYPkCXMi0hP8pBTAkbyS+euTiM/hyF2GRAfML7GLpchZKcY4znzsYqvpqZfKtsVe1J4EZwZlNGs6n7p2+3GNI2YBCqI1h3HTsDLiQJOBRsW3VSzhNAB6bGOQUkipr18ct8QHxuli8NYmScBT9TfEzmJtM6iwHRGBPp63huL/3mdFMJLL+cySYFJOl0UpgJDjMdh4S5XjILIDBCquPkrpn2iCAUTadGE4MyfvAjNasUxfH9Wrt3M4iigQ3SETpCDLlAN3aE6aiCKntErekcf1ov1Zn1aX9PWJWs2c4D+lDX6AWfNofI=</latexit><latexit sha1_base64="t6VIGthL0E0AqSEgCJWfgrGpPRQ=">AAACH3icbZDLSsNAFIYnXmu9VV26GSyCCylJEXWhUHTjsoK9QBPDZDpph04mYeZECKFv4sZXceNCEXHXt3F6WWjrgYGP/z+HM+cPEsE12PbIWlpeWV1bL2wUN7e2d3ZLe/tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHgduy3npjSPJYPkCXMi0hP8pBTAkbyS+euTiM/hyF2GRAfML7GLpchZKcY4znzsYqvpqZfKtsVe1J4EZwZlNGs6n7p2+3GNI2YBCqI1h3HTsDLiQJOBRsW3VSzhNAB6bGOQUkipr18ct8QHxuli8NYmScBT9TfEzmJtM6iwHRGBPp63huL/3mdFMJLL+cySYFJOl0UpgJDjMdh4S5XjILIDBCquPkrpn2iCAUTadGE4MyfvAjNasUxfH9Wrt3M4iigQ3SETpCDLlAN3aE6aiCKntErekcf1ov1Zn1aX9PWJWs2c4D+lDX6AWfNofI=</latexit><latexit sha1_base64="t6VIGthL0E0AqSEgCJWfgrGpPRQ=">AAACH3icbZDLSsNAFIYnXmu9VV26GSyCCylJEXWhUHTjsoK9QBPDZDpph04mYeZECKFv4sZXceNCEXHXt3F6WWjrgYGP/z+HM+cPEsE12PbIWlpeWV1bL2wUN7e2d3ZLe/tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHgduy3npjSPJYPkCXMi0hP8pBTAkbyS+euTiM/hyF2GRAfML7GLpchZKcY4znzsYqvpqZfKtsVe1J4EZwZlNGs6n7p2+3GNI2YBCqI1h3HTsDLiQJOBRsW3VSzhNAB6bGOQUkipr18ct8QHxuli8NYmScBT9TfEzmJtM6iwHRGBPp63huL/3mdFMJLL+cySYFJOl0UpgJDjMdh4S5XjILIDBCquPkrpn2iCAUTadGE4MyfvAjNasUxfH9Wrt3M4iigQ3SETpCDLlAN3aE6aiCKntErekcf1ov1Zn1aX9PWJWs2c4D+lDX6AWfNofI=</latexit>

⌘t 2 [1/t, 1/
p
t)

<latexit sha1_base64="Plt0/O8c4GN77BNALwwilmGiM+Y=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFUJA2EUGXRTcuK9gLNKFMppN26GQSZ06EErpx46u4caGIW9/BnW/jtM1Cqz8MfPznHM6cP0gE1+A4X1ZhYXFpeaW4Wlpb39jcsrd3mjpOFWUNGotYtQOimeCSNYCDYO1EMRIFgrWC4dWk3rpnSvNY3sIoYX5E+pKHnBIwVtfe9xiQLmCPS9xxq3CC3aqn7xRkMD7u2mWn4kyF/4KbQxnlqnftT68X0zRiEqggWndcJwE/Iwo4FWxc8lLNEkKHpM86BiWJmPaz6RVjfGicHg5jZZ4EPHV/TmQk0noUBaYzIjDQ87WJ+V+tk0J44WdcJikwSWeLwlRgiPEkEtzjilEQIwOEKm7+iumAKELBBFcyIbjzJ/+F5mnFNXxzVq5d5nEU0R46QEfIReeohq5RHTUQRQ/oCb2gV+vRerberPdZa8HKZ3bRL1kf32A9lzU=</latexit><latexit sha1_base64="Plt0/O8c4GN77BNALwwilmGiM+Y=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFUJA2EUGXRTcuK9gLNKFMppN26GQSZ06EErpx46u4caGIW9/BnW/jtM1Cqz8MfPznHM6cP0gE1+A4X1ZhYXFpeaW4Wlpb39jcsrd3mjpOFWUNGotYtQOimeCSNYCDYO1EMRIFgrWC4dWk3rpnSvNY3sIoYX5E+pKHnBIwVtfe9xiQLmCPS9xxq3CC3aqn7xRkMD7u2mWn4kyF/4KbQxnlqnftT68X0zRiEqggWndcJwE/Iwo4FWxc8lLNEkKHpM86BiWJmPaz6RVjfGicHg5jZZ4EPHV/TmQk0noUBaYzIjDQ87WJ+V+tk0J44WdcJikwSWeLwlRgiPEkEtzjilEQIwOEKm7+iumAKELBBFcyIbjzJ/+F5mnFNXxzVq5d5nEU0R46QEfIReeohq5RHTUQRQ/oCb2gV+vRerberPdZa8HKZ3bRL1kf32A9lzU=</latexit><latexit sha1_base64="Plt0/O8c4GN77BNALwwilmGiM+Y=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFUJA2EUGXRTcuK9gLNKFMppN26GQSZ06EErpx46u4caGIW9/BnW/jtM1Cqz8MfPznHM6cP0gE1+A4X1ZhYXFpeaW4Wlpb39jcsrd3mjpOFWUNGotYtQOimeCSNYCDYO1EMRIFgrWC4dWk3rpnSvNY3sIoYX5E+pKHnBIwVtfe9xiQLmCPS9xxq3CC3aqn7xRkMD7u2mWn4kyF/4KbQxnlqnftT68X0zRiEqggWndcJwE/Iwo4FWxc8lLNEkKHpM86BiWJmPaz6RVjfGicHg5jZZ4EPHV/TmQk0noUBaYzIjDQ87WJ+V+tk0J44WdcJikwSWeLwlRgiPEkEtzjilEQIwOEKm7+iumAKELBBFcyIbjzJ/+F5mnFNXxzVq5d5nEU0R46QEfIReeohq5RHTUQRQ/oCb2gV+vRerberPdZa8HKZ3bRL1kf32A9lzU=</latexit><latexit sha1_base64="Plt0/O8c4GN77BNALwwilmGiM+Y=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFUJA2EUGXRTcuK9gLNKFMppN26GQSZ06EErpx46u4caGIW9/BnW/jtM1Cqz8MfPznHM6cP0gE1+A4X1ZhYXFpeaW4Wlpb39jcsrd3mjpOFWUNGotYtQOimeCSNYCDYO1EMRIFgrWC4dWk3rpnSvNY3sIoYX5E+pKHnBIwVtfe9xiQLmCPS9xxq3CC3aqn7xRkMD7u2mWn4kyF/4KbQxnlqnftT68X0zRiEqggWndcJwE/Iwo4FWxc8lLNEkKHpM86BiWJmPaz6RVjfGicHg5jZZ4EPHV/TmQk0noUBaYzIjDQ87WJ+V+tk0J44WdcJikwSWeLwlRgiPEkEtzjilEQIwOEKm7+iumAKELBBFcyIbjzJ/+F5mnFNXxzVq5d5nEU0R46QEfIReeohq5RHTUQRQ/oCb2gV+vRerberPdZa8HKZ3bRL1kf32A9lzU=</latexit>



The power of SGD

• Extremely general: 
– Specify an end-to-end differentiable score function, e.g., a complex 

neural network.
– Beyond the context of machine learning

• Extremely simple: a few lines of code.

• Extremely scalable
– Just a few pass of the data, no need to store the data

• People are continuing to discover that many methods are 
special cases of SGD.

13



Multiclass classification problem

• You will be implementing a multi-class classification 
algorithm using linear logistic regression.

• Recall that in binary classification you have one score 
function, the multi-class has one score function for each 
class.

• Now you have k linear score functions. Represent them as 
a matrix of weights  W  (what’s the dimension? )

• You use the softmax-cross-entropy loss instead of the 
logistic loss. 

14

h(x) = argmax
j2{1,...,k}

Scorewj (x) = argmax
j2{1,...,k}

(xTwj)
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Y = {1, 2, ..., k}
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Decision boundaries of multi-class linear 
logistic regression

15

Multiclass Classification

map image x to digit y



From linear logistic regression to neural 
networks

• Same input, same loss function
• The only difference is in how the score function is 

computed

16



From linear logistic regression to neural 
networks (side by side comparison)
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Summary: steps to build a classifier agent

• 0. Collect a large labeled dataset.
• 1. Data splitting into training-validation-testing
• 2. Feature extraction
• 3. Specifying a hypothesis class
• 4. Learning with SGD using logistic loss
• 5. Validating on the validation set.
• 6. Testing on the test set.
• 7. Deploy the classifier agent.

18

Return to Step 2 or 3
If not happy with the 
validation error. 
Do model selection
(e.g. hyperparameter 
tuning)



Objected Oriented Design of a “ClassifierAgent”
class (as you will in the project)

• Considerations:
– Lightweighted. It does not store data. Can update parameters with daily

new data by calling “train”.
– Extendable. Inherit with a different “feature extractor” / “score” function.
– Easy to modify training algorithms / loss functions / performance metrics

19



So far, we’ve learned everything about a 
classifier agent

• Modeling
– Design meaningful feature extractors
– Specify a family of classifiers on how the agent is going to classify 

examples using the features (indexed by free parameters)

• Inference: Trivially follows from the specification

• Learning: minimize errors (surrogate losses) over “free 
parameters”

20

This is called “discriminative” approach in modelling.



“Generative” modeling: Modeling the world 
with a (joint) probability distribution
• The “Discriminative approach” doesn’t care about the 

underlying processes that give rise to the observed data.

• Modeling: “Generative” modelling:
– Label is a random variable Y,  features are a vector random 

variables  X =  [X1, …, Xd]T

– Model the world with a (family of) joint probability distributions.

• Inference: Then we can make principled inference by 
calculating P(Y|X)
– You don’t just get a prediction, but also confidence.

• Learning:  Find the distribution that fits the data well.
21



Side-by-side comparisons of two modelling 
principles:  “Discriminative” vs “Generative”

22

“Discriminative” “Generative”

Modelling • Extract features
• Hypothesis class
• ℎ!: 𝑋 → 𝑌

• How data are generated
• Family of probability 

distributions 𝑃!(𝑋, 𝑌)

Inference Just apply the classifier:  h(X) Calculate P(Y|X)

Predict with:  maxyP(Y=y | X)

Learning Minimize error over “free 
parameters”: 𝜃

Maximize likelihood over “free 
parameters”: 𝜃

See Ng and Jordan (NIPS-2001): 
https://ai.stanford.edu/~ang/papers/nips01-discriminativegenerative.pdf



Example: Spam filter

• “Discriminative modeling”:
– Think about features that has discriminative power
– Think about hypothesis class (e.g., shape of the decision 

boundaries, functional form of the score function)

• “Generative modelling”:
– Think about how “spammers” write (generate) their emails.
– And also how “non-spammers” write their emails.
– Model the probability of certain words appear / the probability of 

certain word combinations appear.

23



Example: Spam filter

• “Discriminative modeling”:
– Think about features that has discriminative power
– Think about hypothesis class (e.g., shape of the decision 

boundaries, functional form of the score function)

• “Generative modelling”:
– Think about how “spammers” write (generate) their emails.
– And also how “non-spammers” write their emails.
– Model the probability of certain words appear / the probability of 

certain word combinations appear.
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Once we learned probabilistic graphical model, we will be 
able to do this effectively.



Structure of the course

24

Low-level intelligence High-level intelligence

(Again this idea is adapted from Percy Liang’s teachings)

Reflex Agents Planning Agents Reasoning agents

Classification / Regression
Bandits

Search
game playing

Logic,  knowledge base
Probabilistic inference 

Machine Learning

Probabilistic Graphical Models / Deep Neural Networks

Markov Decision Processes
Reinforcement Learning



Remaining time today and the next two 
lectures
• Probability notations

• Joint distributions, marginal, conditional

• Representing these quantities as arrays / matrices

• Conditional independences

• BayesNet, and examples

• d-separation, reasoning and inference, probabilistic 
modelling

25
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Probability notation and notes

• Probabilities of propositions
– P(A), P(the sun is shining)

• Probabilities of random variables (r.v.)
– P(X = x1), P(Y = y1), P(x1 < X < x2)
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Probability notation and notes

• Probabilities of propositions
– P(A), P(the sun is shining)

• Probabilities of random variables (r.v.)
– P(X = x1), P(Y = y1), P(x1 < X < x2)

• P(A) usually means P(A = True)  (A is a proposition, not a variable)
– This is a probability value
– Technically, P(A) is a probability function

• P(X = x1)
– This is a probability value (P(X) is a probability function)

• P(X)
– This is a probability mass function (p.m.f.) for discrete r.v. or a 

probability density function (p.d.f.) for continuous r.v.
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Probability notation and notes

• Probabilities of propositions
– P(A), P(the sun is shining)

• Probabilities of random variables (r.v.)
– P(X = x1), P(Y = y1), P(x1 < X < x2)

• P(A) usually means P(A = True)  (A is a proposition, not a variable)
– This is a probability value
– Technically, P(A) is a probability function

• P(X = x1)
– This is a probability value (P(X) is a probability function)

• P(X)
– This is a probability mass function (p.m.f.) for discrete r.v. or a 

probability density function (p.d.f.) for continuous r.v.
• Technically, if X is an r.v., we should not write P(X) = 0.5

– But rather  P(X = x1) = 0.5
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Discrete probability distribution
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Continuous probability distribution
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Joint Probabilities

• A complete probability model is a single joint probability 
distribution over all propositions/variables in the domain
– P(X1, X2, …, Xi, …)

• A particular instance of the world has the probability
– P(X1=x1 Ù X2=x2 Ù …Ù Xi=xi Ù …) = p
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– P(X1=x1 Ù X2=x2 Ù …Ù Xi=xi Ù …) = p

• Rather than stating knowledge as
– Raining Þ WetGrass
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• A particular instance of the world has the probability
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– P(¬Raining, ¬WetGrass) = 0.8
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Joint Probabilities

• A complete probability model is a single joint probability 
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Marginal and Conditional Probability

• Marginal Probability
– Marginal probability (distribution) of X:
– Bayesian interpretation: Probabilities associated with one

proposition or variable, prior to any evidence
– E.g., P(WetGrass),  P(¬Raining)

• Conditional Probability
– P(A | B) – “The probability of A given that we know B”
– Bayesian interpretation: After (posterior to) procuring evidence
– E.g., P(WetGrass | Raining)

)(
),()|(

YP
YXPYXP = ),()()|( YXPYPYXP =or

Assumes P(Y) nonzero
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The chain rule: factorizing a joint distribution 
into marginal and conditionals

)()|(),( YPYXPYXP =

),|()|()(
,

)()|(),|(
),(),|(),,(

YXZPXYPXP
lyequivalentor

ZPZYPZYXP
ZYPZYXPZYXP

=

=
=

By the Chain Rule
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The chain rule: factorizing a joint distribution 
into marginal and conditionals

)()|(),( YPYXPYXP =

),|()|()(
,

)()|(),|(
),(),|(),,(

YXZPXYPXP
lyequivalentor

ZPZYPZYXP
ZYPZYXPZYXP

=

=
=

By the Chain Rule

• Precedence:  ‘|’ is lowest
• E.g.,    P(X | Y, Z) means which?

P( (X | Y), Z )
P(X | (Y, Z) )

Notes:
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The chain rule: factorizing a joint distribution 
into marginal and conditionals
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Chain Rule implies Bayes’ Rule

• Since 

and

• Then

)()|(),( YPYXPYXP =

)()|(),( XPXYPYXP =

)(
)()|()|(

YP
XPXYPYXP =

)()|()()|( XPXYPYPYXP =

Thomas Bayes: 1701 - 1761
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Chain Rule implies Bayes’ Rule

• Since 

and

• Then

)()|(),( YPYXPYXP =

)()|(),( XPXYPYXP =

)(
)()|()|(

YP
XPXYPYXP = Bayes’ Rule

)()|()()|( XPXYPYPYXP =

Thomas Bayes: 1701 - 1761

Funny fact: Thomas Bayes is arguably a frequentist.

Stephen Fienberg. “When did Bayesian inference become ‘Bayesian’?." Bayesian analysis 1.1 (2006): 1-40.
https://projecteuclid.org/euclid.ba/1340371071
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Representing Probability Distributions using 
linear algebraic data structures (in python)

Continuous vars

Scalar* Scalar

Function of two variables m×n matrix

Function of two variables m×n matrix

Function of one variable m vector

Function of one variable n vector

Scalar* Scalar

Discrete vars
Function (of one variable) m vector

P(X=x)

P(X,Y)

P(X|Y)

P(X|Y=y)

P(X=x|Y)

P(X=x|Y=y)

P(X)

* - actually zero. Should be P(x1 < X < x2)
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Example: Joint probability distribution

From P(X,Y), we can always calculate: P(X)
P(Y)
P(X|Y)
P(Y|X)

P(X=x1)
P(Y=y2)
P(X|Y=y1)
P(Y|X=x1)
P(X=x1|Y)
etc.
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Quick checkpoint

• Probability notations
– P(A) is a number when A is an event / predicate.
– P(X) is a vector/function when X is a random variable.

• Joint probability distribution
– Enumerating all combinations of events.
– All values the random variables can take.
– Assign a non-negative value to each.

• Marginals, conditionals
– How they are related: Chain rule, Bayes rule

51



How can a joint-distribution help us?

A principled way to model the world
– Handles missing data/variables
– Easy to incorporate prior knowledge

= arg𝑚𝑎𝑥!𝑃 𝑌 = 𝑦 𝑋)
– We can make Bayesian inference (probabilistic reasoning)

• Sherlock Holmes: P(Murderer | Observed Evidence)
• Doctor: P( Disease | Symptoms ) ,  P(Effect | Treatment)
• Parenting:  

– P( Dirty Diaper, Hungry, Lonely |  5 a.m.,  Baby crying)
– P(Baby crying at 5 a.m. | feeding at 2 a.m.)
– P(Baby crying at 5 a.m. | feeding at 1 a.m.) 52
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(3 min discussion) Modeling the world with 
probability distribution
• Example:  Author attribution 
• Variables: Word 1, Word 2, Word 3, …, Word N, Author

– 15 authors in total: {Dickens, Shakespeare, Jane Austen, Tolkien, 
George RR. Martin, … , Xueqin Cao, Douglas Adams}

– A vocabulary of size 3000
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Note: Exponential in the number of words per document…
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Statistical Independences

(Marginal / absolute) Independence
• X and Y are independent iff

– P(X,Y) = P(X) P(Y)  [by definition]
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Statistical Independences

(Marginal / absolute) Independence
• X and Y are independent iff

– P(X,Y) = P(X) P(Y)  [by definition]

– P(X | Y) = P(X) Since P(X | Y) = P(X, Y)/P(Y) = P(X) P(Y)/P(Y)
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Statistical Independences

(Marginal / absolute) Independence
• X and Y are independent iff

– P(X,Y) = P(X) P(Y)  [by definition]

– P(X | Y) = P(X)

Conditional Independence
• If X and Y are (conditionally) independent given Z, then

– P(X | Y, Z) = P(X | Z)

Since P(X | Y) = P(X, Y)/P(Y) = P(X) P(Y)/P(Y)
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Statistical Independences

(Marginal / absolute) Independence
• X and Y are independent iff

– P(X,Y) = P(X) P(Y)  [by definition]

– P(X | Y) = P(X)

Conditional Independence
• If X and Y are (conditionally) independent given Z, then

– P(X | Y, Z) = P(X | Z)
– Example:

• P(WetGrass | Season, Rain) = P(WetGrass | Rain)

Since P(X | Y) = P(X, Y)/P(Y) = P(X) P(Y)/P(Y)
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Example of Conditional Independence

• In practice, conditional independence is more common than 
marginal independence.
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• i.e., they are not independent
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Example of Conditional Independence

• In practice, conditional independence is more common than 
marginal independence.
– P(Final exam grade | Weather) ¹ P(Final exam grade)

• i.e., they are not independent
– P(Final exam grade | Weather, Effort) = P(Final exam grade | Effort)

• But they are conditionally independent given Effort



(Example continued) Modeling the world with 
probability distribution
• Example:  Author attribution
• Variables: Word 1, Word 2, Word 3, …, Word N,  Author

– 15 authors in total: {Dickens, Shakespeare, Jane Austen, Tolkien, 
George RR. Martin, … , Xueqin Cao, Douglas Adams}

– A vocabulary of size 3000
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Quiz time: Representing a joint Probability

• Joint probability: P(X1, X2, …, XN)
– Defines the probability for any possible state of the world
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Quiz time: Representing a joint Probability

• Joint probability: P(X1, X2, …, XN)
– Defines the probability for any possible state of the world
– Let the variables be binary. How many numbers (“free 

parameters”) does it take to define the joint distribution?
• Defined by 2N-1 parameters

• If the variables are independent, then
P(X1, X2, …, XN) = P(X1) P(X2) …P(XN) 
– How many numbers does it take to define the joint distribution?

• Just N parameters!
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Tradeoffs in our model choices

Expressiveness

Space / computation efficiency

Fully Independent
P(X1, X2, …, XN) 

= P(X1) P(X2) …P(XN) 

O(N)
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O(eN )
<latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit>

Fully general
P(X1, X2, …, XN)
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Tradeoffs in our model choices

Expressiveness

Space / computation efficiency

Fully Independent
P(X1, X2, …, XN) 

= P(X1) P(X2) …P(XN) 

O(N)
<latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit>

O(eN )
<latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit>

Fully general
P(X1, X2, …, XN)
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Tradeoffs in our model choices

Expressiveness

Space / computation efficiency

Fully Independent
P(X1, X2, …, XN) 

= P(X1) P(X2) …P(XN) 

O(N)
<latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit>

O(eN )
<latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit>

Fully general
P(X1, X2, …, XN)

Idea:



58

Tradeoffs in our model choices

Expressiveness

Space / computation efficiency

Fully Independent
P(X1, X2, …, XN) 

= P(X1) P(X2) …P(XN) 

O(N)
<latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit>

O(eN )
<latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit>

Fully general
P(X1, X2, …, XN)

Idea:
1.Independent groups of variables?
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Tradeoffs in our model choices

Expressiveness

Space / computation efficiency

Fully Independent
P(X1, X2, …, XN) 

= P(X1) P(X2) …P(XN) 

O(N)
<latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit>

O(eN )
<latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit>

Fully general
P(X1, X2, …, XN)

Idea:
1.Independent groups of variables?
2.Conditional independences?



Key points of today’s lecture

• Probability notations
– Distinguish between events and random variables, apply rules of 

probabilities

• Representing a joint-distribution
– number of parameters exponential in the number of variables
– Calculating marginals and conditionals from the joint-distribution.

• Conditional independences and factorization of joint-
distributions
– Saves parameters, often exponential improvements
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Next lectures

• Bayes networks, directed graphical models.

• Read off conditional independences from the graph!

• More examples
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