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Instructor: Prof. Yu-Xiang Wang

® Final Review
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Remaining time today

• Review for the final

• Types of questions that you may encounter
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Tips for studying for the final

• Focus on the lectures and concepts
– Solve all quiz questions
– So you don’t get tricked in T/F, MCQ questions.

• No need to make a cheatsheet, but knowing which lecture
to find which topic could be useful.

• For any concepts that you are confused, check the textbook
(Again, books are random access, you don’t have to read
chapters from the beginning to the end)
– Stick to AIMA book for Search and Logic
– Stick to the Sutton and Barto book for RL.
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We’ve come a long way…
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Week Topic

1 Course Overview & Intelligent Agents
Machine Learning

2 Machine Learning
Machine Learning

3 Probabilistic Graphical Models
Probabilistic Graphical Models

4 Search: Problem solving with search
Search: Search algorithms

5
Search: Minimax search and game playing

Midterm Review

6 Midterm
RL: Intro / Markov Decision Processes

7 RL: Solving MDPs
RL: Bandits and Exploration

8 RL: Bandits and Exploration
RL: Reinforcement Learning Algorithms

9 RL: Reinforcement Learning Algorithms
Logic: Propositional Logic

10 Logic: First Order Logic
Responsible AI / Final Review

11 Final Exam

Machine Learning

Probabilistic Reasoning

Search

Reinforcement Learning

Logic

Responsible AI



Lecture 1: AI Overview

• AI for problem solving
• Rational agents
• Examples of AI in the real world
• Modelling-Inference-Learning Paradigm
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Modeling-Inference-Learning 
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Modeling

Inference Learning



Structure of the course
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Low-level intelligence High-level intelligence

Reflex Agents Planning Agents Reasoning agents

Classification / Regression
Bandits

Search
game playing

Logic,  knowledge base
Probabilistic inference 

Machine Learning

Probabilistic Graphical Models / Deep Neural Networks

Markov Decision Processes
Reinforcement Learning

Potential question in the final: what type of agents are suitable to a given problem？



Our view of AI

• So this course is about designing rational agents
– Constructing  f
– For a given class of environments and tasks, we seek the agent (or 

class of agents) with the “best” performance
– Note: Computational limitations make complete rationality 

unachievable in most cases

• In practice, we will focus on problem-solving techniques
(ways of constructing f ), not agents per se
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Different Ways of Looking at the AI

• Agent types / level of intelligence
– Low-level: Reflex agents
– Mid-level: Goal-based / Utility-based agents:  planning agents
– High-level: Knowledge-based:  Logic agents

• Optimization view
– Everything is an optimization problem

• Theoretical aspects
– Time/space complexity
– Algorithms and data structures
– Statistical properties: # of free parameters / how easily can we

learn them with data
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Optimization perspective of AI

• A rational agent

– Modelling tools:  Features / Hypothesis, PGM,  State-space 
abstraction, agent categorization

– Constraints:  Computation,  Data,  Storage

• Discrete optimization

– Algorithmic tool:  Search / Dynamic programming

• Continuous optimization

– Algorithmic tool: Gradient descent / Stochastic gradient descent
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Different objectives to optimize in AI (first
half of the course)
• PGM:

– MLE: Maximize the log-likelihood function
– Classifier / decision:  max the posterior distribution

• Search and planning:
– Find valid solutions with smallest path cost.
– Minimax search / games: Maximize your worst-case pay-off

(assuming your opponent plays optimally)

• Machine Learning

– (Regularized) Empirical Risk Minimization (ERM):
– But the goal is to minimize the (unseen) expected loss.
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Different objectives to optimize in AI
(second half of the course)

• Markov Decision Processes / RL
– Maximize the cumulative expected reward of “decision policy”
– Balance Exploration and Exploitation.

• Logic / Knowledge based agent:
– Solve a feasibility problem, find a “proof”.
– Determining “Valid, Satisfiable, Unsatisfiable”
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A lot of these problems are computationally / 
statistically hard, but so what?
• Get help from human:

– Use a model
– Use abstractions at the right level
– Use features
– Use heuristic functions

• Get help from mathematics and computer science theory:
– Solve an approx. solution
– Approximate inference of a PGM
– More iterations with less accuracy per SGD
– A* Search
– TD learning and Bootstrapping
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Modeling-Learning-Inference Paradigm

Modeling Learning Inference

Classifier agent
(Spam filter)

Feature engineering
Hypothesis class Minimize Error rate Prediction on new

data points

Probabilistic
Inference agent

(Sherlock)

Joint distribution
Draw edges in BN

Conditional
independences

Fitting the CPTs to
Data

Marginalization
(conceptually easy)

Search agents State-Space-
diagram

Environment given
(learn edge weights)
(Learn heuristics?)

Uninformed Search
/

A* Search
etc…

Game playing agent State-space-
diagram

Learn opponent
model? Learn

evaluation functions?

Minimax Search /
Expetimax

14



Modeling-Learning-Inference Paradigm
Modeling Learning Inference

Planning Agent

MDPs: State-
representation /
reward design Not much

Value Iteration /
Policy iterations /

Reinforcement
Learning Agent

Same as above. But
also function

approximation

Model based: Estimate MDP parameter +
VI / PI

Model free: Monte Carlo. SARSA. Q-
Learning (with linear function approx) .

Policy Gradient

Logic Agent

Formal logic:
Syntax / Semantics
Representing the
knowledge using

FOL

n.a.
Logic inference:
CNF / Resolution

Modus Ponens
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Lecture 2-4: Machine Learning

• Machine learning
– Types of machine learning models
– Focus on Supervised Learning ---- classifier agents.

• What is a feature vector?
– Feature engineering,  feature extraction

• Hypothesis class and free parameters
– How many are there? How to evaluate a classifier? 
– Error? On training data or on new data?
– Overfitting,  underfitting?

• How to learn  (optimize)?
– Surrogate losses, Gradient Descent, SGD
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Illustration of GD vs SGD
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Observation: With the time gradient descent taking one step.
SGD would have already moved many steps.



One natural stochastic gradient to consider in 
machine learning
• Recall that 

• Pick a single data point i uniformly at random

– Use 

– Show that this is an unbiased estimator! 
– Know which part of the expression is random!
– Know how to apply the definition of expectation.
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Lecture 5-6: Probabilities and BayesNet

• Modelling the world with a joint probability distribution
– Number of parameters? 

• CPTs
– Count number of independent numbers to represent a CPT

• Conditional, Marginal, Probabilistic Inference with Bayes
Rule

• Read off conditional independences from the graph
– d-separation 
– Bayes ball algorithm
– Markov Blanket

19
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Tradeoffs in our model choices

Expressiveness

Space / computation efficiency

Fully Independent
P(X1, X2, …, XN) 

= P(X1) P(X2) …P(XN) 

O(N)
<latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit><latexit sha1_base64="BH2x9RNnrmjKUPQvCy8QUM7xb10=">AAAB63icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYIui25caQV7gXYomTTThiaZIckIZegruHGhiFtfyJ1vY6adhbb+EPj4zznknD+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrrKFGEtkjEI9UNsKacSdoyzHDajRXFIuC0E0xusnrniSrNIvlopjH1BR5JFjKCTWbdV+/OB+WKW3PnQqvg5VCBXM1B+as/jEgiqDSEY617nhsbP8 XKMMLprNRPNI0xmeAR7VmUWFDtp/NdZ+jMOkMURso+adDc/T2RYqH1VAS2U2Az1su1zPyv1ktMeOWnTMaJoZIsPgoTjkyEssPRkClKDJ9awEQxuysiY6wwMTaekg3BWz55FdoXNc/yQ73SuM7jKMIJnEIVPLiEBtxCE1pAYAzP8ApvjnBenHfnY9FacPKZY/gj5/MHCW6NkA==</latexit>

O(eN )
<latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit><latexit sha1_base64="/aIPhdmFR4TX04BMt/kMvmjmkj4=">AAAB7XicbZDLSgMxFIbP1Futt6pLN4NFqJsyI4Iui25caQV7gXYsmfRMG5tJhiQjlKHv4MaFIm59H3e+jellodUfAh//OYec84cJZ9p43peTW1peWV3Lrxc2Nre2d4q7ew0tU0WxTiWXqhUSjZwJrBtmOLYShSQOOTbD4eWk3nxEpZkUd2aUYBCTvmARo8RYq3FTxvvr426x5FW8qdy/4M+hBHPVusXPTk/SNEZhKCdat30vMUFGlGGU47jQSTUmhA5JH9sWBYlRB9l027F7ZJ2eG0llnzDu1P05kZFY61Ec2s6YmIFerE3M/2rt1ETnQcZEkhoUdPZRlHLXSHdyuttjCqnhIwuEKmZ3demAKEKNDahgQ/AXT/4LjZOKb/n2tFS9mMeRhwM4hDL4cAZVuIIa1IHCAzzBC7w60nl23pz3WWvOmc/swy85H999uI5n</latexit>

Fully general
P(X1, X2, …, XN)

Idea:
1.Independent groups of variables?

2.Conditional independences?
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What are the CPTs? What are their dimensions?
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Question: How to fill values into these CPTs?
Ans: Specify by hands. Learn from data (e.g., MLE).



Big question: Is there a general way that we 
can answer questions about conditional 
independences by just inspecting the graphs?

• Turns out the answer is “Yes!”
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What are the probabilistic graphical models
for topics we learned in the second half?
• Expectimax

• MDP

• Bandits / Contextual Bandits

• Reinforcement Learning

23



Lecture 7-10:  Search

• Problem solving by search
– Abstraction, problem formulation
– State-space diagram
– Count the number of states, number of actions.

• Uniformed Search algorithms
– Four evaluation criteria

• Informed (heuristic) search
– Admissible / consistent heuristics
– Tree-search vs graph search

• Minimax Search and Game playing
– Know how to do minimax / expectimax by hand!
– Pruning

24



Minimax example

The minimax decision is move A1

Which move to choose?

25



Lecture 11-16 Reinforcement Learning

• Markov Decision Processes
– New concepts: reward, value function, policy, transition

dynamics
– Bellman equations
– Iterative algorithms for finding the optimal policy

• Bandits / Contextual bandits
– The notion of regret
– Explore-exploit

• Reinforcement Learning
– Model-based learning
– Model-free learning
– Bootstrapping with Temporal Difference Learning 26



Reinforcement learning problem setup

• State, Action, Reward
• Unknown reward function, unknown state-transitions.
• Agents might not even observe the state

27



Let us tackle different aspects of the RL 
problem one at a time

• Markov Decision Processes: 
– Dynamics are given no need to learn

• Bandits:  Explore-Exploit in simple settings
– RL without dynamics

• Full Reinforcement Learning
– Learning MDPs

28



Tabular MDP

• Discrete State, Discrete Action, Reward and Observation

• Policy:
– When the state is observable:
– Or when the state is not observable

• Learn the best policy that maximizes the expected reward

– Finite horizon (episodic) MDP:

– Infinite horizon MDP:
29

⇡ : S ! A
<latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit><latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit><latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit><latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit>

⇡t : (O ⇥A⇥ R)t�1
! A

<latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit><latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit><latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit><latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit>

St 2 S
<latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit><latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit><latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit><latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit>

At 2 A
<latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit>

Rt 2 R
<latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit>

Ot 2 O
<latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit>

⇡⇤ = argmax
⇡2⇧

E[
1X

t=1

�t�1Rt]
<latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit>

⇡⇤ = argmax
⇡2⇧

E[
TX

t=1

Rt]
<latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit>

T: horizon

γ: discount factor



State-space diagram representation of an
MDP: An example with 3 states and 2 actions.
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𝑠! 𝑠"

𝑠#

𝑎!

𝑎"

0.7

0.3

0.7
𝑎! 0.3

𝑎"

𝑎!, 𝑎"

𝑟 𝑠", 𝑎", 𝑠# = −1

𝑟 𝑠", 𝑎!, 𝑠" = 50

𝑟 𝑠", 𝑎!, 𝑠! = −2

* The reward can be associated with only the state s’ you transition into.
* Or the state that you transition from s and the action a you take.
* Or all three at the same time.



Reward function and Value functions

• Immediate reward function r(s,a,s’)
– expected immediate reward 

• state value function: Vp(s)
– expected long-term return when starting in s and following p

• state-action value function: Qp(s,a)
– expected long-term return when starting in s, performing a, and following p

r(s, a, s0) = E[R1|S1 = s,A1 = a, S2 = s0]
<latexit sha1_base64="9A8DxuVxtlIxf2YElUYRp319rAQ="></latexit><latexit sha1_base64="9A8DxuVxtlIxf2YElUYRp319rAQ="></latexit><latexit sha1_base64="9A8DxuVxtlIxf2YElUYRp319rAQ="></latexit><latexit sha1_base64="9A8DxuVxtlIxf2YElUYRp319rAQ="></latexit>

r⇡(s) = Ea⇠⇡(a|s)[R1|S1 = s]
<latexit sha1_base64="5x2V0+VZSv+wiAHMUOf552sRg9w=">AAACIHicbVBLSwMxGMz6rPW16tFLsAjtpeyKUC+Fogge66MP2F2XbJptQ7MPkqxQtv0pXvwrXjwoojf9NWbbPWjrQMIw830kM17MqJCG8aUtLa+srq0XNoqbW9s7u/refltECcekhSMW8a6HBGE0JC1JJSPdmBMUeIx0vOFF5nceCBc0Cu/kKCZOgPoh9SlGUkmuXuP3dkzLogJhHdoBkgPPSy8nbopsQQOYeWgsKhML3rgmHMNbddehcFy9ZFSNKeAiMXNSAjmarv5p9yKcBCSUmCEhLNOIpZMiLilmZFK0E0FihIeoTyxFQxQQ4aTTgBN4rJQe9COuTijhVP29kaJAiFHgqcksgpj3MvE/z0qkf+akNIwTSUI8e8hPGJQRzNqCPcoJlmykCMKcqr9CPEAcYak6LaoSzPnIi6R9UjUVvz4tNc7zOgrgEByBMjBBDTTAFWiCFsDgETyDV/CmPWkv2rv2MRtd0vKdA/AH2vcP0Gyg2g==</latexit><latexit sha1_base64="5x2V0+VZSv+wiAHMUOf552sRg9w=">AAACIHicbVBLSwMxGMz6rPW16tFLsAjtpeyKUC+Fogge66MP2F2XbJptQ7MPkqxQtv0pXvwrXjwoojf9NWbbPWjrQMIw830kM17MqJCG8aUtLa+srq0XNoqbW9s7u/refltECcekhSMW8a6HBGE0JC1JJSPdmBMUeIx0vOFF5nceCBc0Cu/kKCZOgPoh9SlGUkmuXuP3dkzLogJhHdoBkgPPSy8nbopsQQOYeWgsKhML3rgmHMNbddehcFy9ZFSNKeAiMXNSAjmarv5p9yKcBCSUmCEhLNOIpZMiLilmZFK0E0FihIeoTyxFQxQQ4aTTgBN4rJQe9COuTijhVP29kaJAiFHgqcksgpj3MvE/z0qkf+akNIwTSUI8e8hPGJQRzNqCPcoJlmykCMKcqr9CPEAcYak6LaoSzPnIi6R9UjUVvz4tNc7zOgrgEByBMjBBDTTAFWiCFsDgETyDV/CmPWkv2rv2MRtd0vKdA/AH2vcP0Gyg2g==</latexit><latexit sha1_base64="5x2V0+VZSv+wiAHMUOf552sRg9w=">AAACIHicbVBLSwMxGMz6rPW16tFLsAjtpeyKUC+Fogge66MP2F2XbJptQ7MPkqxQtv0pXvwrXjwoojf9NWbbPWjrQMIw830kM17MqJCG8aUtLa+srq0XNoqbW9s7u/refltECcekhSMW8a6HBGE0JC1JJSPdmBMUeIx0vOFF5nceCBc0Cu/kKCZOgPoh9SlGUkmuXuP3dkzLogJhHdoBkgPPSy8nbopsQQOYeWgsKhML3rgmHMNbddehcFy9ZFSNKeAiMXNSAjmarv5p9yKcBCSUmCEhLNOIpZMiLilmZFK0E0FihIeoTyxFQxQQ4aTTgBN4rJQe9COuTijhVP29kaJAiFHgqcksgpj3MvE/z0qkf+akNIwTSUI8e8hPGJQRzNqCPcoJlmykCMKcqr9CPEAcYak6LaoSzPnIi6R9UjUVvz4tNc7zOgrgEByBMjBBDTTAFWiCFsDgETyDV/CmPWkv2rv2MRtd0vKdA/AH2vcP0Gyg2g==</latexit><latexit sha1_base64="5x2V0+VZSv+wiAHMUOf552sRg9w=">AAACIHicbVBLSwMxGMz6rPW16tFLsAjtpeyKUC+Fogge66MP2F2XbJptQ7MPkqxQtv0pXvwrXjwoojf9NWbbPWjrQMIw830kM17MqJCG8aUtLa+srq0XNoqbW9s7u/refltECcekhSMW8a6HBGE0JC1JJSPdmBMUeIx0vOFF5nceCBc0Cu/kKCZOgPoh9SlGUkmuXuP3dkzLogJhHdoBkgPPSy8nbopsQQOYeWgsKhML3rgmHMNbddehcFy9ZFSNKeAiMXNSAjmarv5p9yKcBCSUmCEhLNOIpZMiLilmZFK0E0FihIeoTyxFQxQQ4aTTgBN4rJQe9COuTijhVP29kaJAiFHgqcksgpj3MvE/z0qkf+akNIwTSUI8e8hPGJQRzNqCPcoJlmykCMKcqr9CPEAcYak6LaoSzPnIi6R9UjUVvz4tNc7zOgrgEByBMjBBDTTAFWiCFsDgETyDV/CmPWkv2rv2MRtd0vKdA/AH2vcP0Gyg2g==</latexit>

<latexit sha1_base64="nQg091M9cWDJGCCzLb1YURkaW60="></latexit>

<latexit sha1_base64="rv5r6WVnCPbjRTFivYSHhSUMwnE="></latexit>
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Bellman equations – the fundamental 
equations of MDP and RL
• An alternative, recursive and more useful way of defining 

the V-function and Q function
– Vp function Bellman equation

– Qp function Bellman equation

– V* function Bellman (optimality) equation

– Q* function Bellman (optimality) equation

32

V ⇡(s) =
X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡(s0)]
<latexit sha1_base64="qaWsCP17hjuniNFskuUbJEGeyhw="></latexit><latexit sha1_base64="qaWsCP17hjuniNFskuUbJEGeyhw="></latexit><latexit sha1_base64="qaWsCP17hjuniNFskuUbJEGeyhw="></latexit><latexit sha1_base64="qaWsCP17hjuniNFskuUbJEGeyhw="></latexit>

Q⇡(s, a) =
X

s0

P (s0|s, a)[r(s, a, s0) + �
X

a0

⇡(a0|s0)Q⇡(s0, a0)]
<latexit sha1_base64="vtoxCtdWFaUbFTMkJCbvuHOPGyI="></latexit><latexit sha1_base64="vtoxCtdWFaUbFTMkJCbvuHOPGyI="></latexit><latexit sha1_base64="vtoxCtdWFaUbFTMkJCbvuHOPGyI="></latexit><latexit sha1_base64="vtoxCtdWFaUbFTMkJCbvuHOPGyI="></latexit>

V ⇤(s) = max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇤(s0)]
<latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit><latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit><latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit><latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit>

Q⇤(s, a) =
X

s0

P (s0|s, a)[r(s, a, s0) + �max
a0

Q⇤(s0, a0)]
<latexit sha1_base64="ohUsiDVaJdINCptJZy8h+iPSLBk="></latexit><latexit sha1_base64="ohUsiDVaJdINCptJZy8h+iPSLBk="></latexit><latexit sha1_base64="ohUsiDVaJdINCptJZy8h+iPSLBk="></latexit><latexit sha1_base64="ohUsiDVaJdINCptJZy8h+iPSLBk="></latexit>



Let’s work out the Value function for a
specific policy

+1

-1

• reward +1 at [4,3], -1 at [4,2]
• reward -0.04 for each step

actions: UP, DOWN, LEFT, RIGHT

e.g., UP

80% move UP

10% move LEFT

10% move RIGHT

( +1-0.04 0 )0.8 * +

0.1 * (-0.04 + Vπ([3,2]) )+1.0

V ⇡(s) =
X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡(s0)] =
X

a

⇡(a|s)Q⇡(s, a)
<latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit>

+ 0.1 * (-0.04 + Vπ([3,3]) ) 33



Inference problem: given an MDP, how to 
compute its optimal policy?

• It suffices to compute its Q* function, because:

• It suffices to compute its V* function, because:
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MDP inference problem: Policy Evaluation
(prediction) vs Policy Optimization (control)

• Policy Evaluation (prediction):
– Simulate Bellman equation w.r.t. policy \pi until it converges

• Policy Optimization (control):
– Policy evaluation, policy improvement, PE, PI, …
– Value iterations: simulate Bellman optimality equation
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How to calculate value functions given MDP
parameters? Policy Iterations and Value Iterations
• What are these algorithms for?

– Algorithms of computing the V* and Q* functions from MDP
parameters

• Policy Iterations

• Value iterations

• How do we make sense of them?
– Recursively applying the Bellman equations until convergence.
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Multi-arm bandits: Problem setup

• No state. k-actions

• You decide which arm to pull in every iteration

• You collect a cumulative payoff of

• The goal of the agent is to maximize the expected payoff.
– For future payoffs?
– For the expected cumulative payoff?
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How do we measure the performance of an 
online learning agent?
• The notion of “Regret”:

– I wish I have done things differently.
– Comparing to the best actions in the hindsight, how much worse 

did I do.

• For MAB, the regret is defined as follow
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Regret of different MAB algorithms

• Greedy

• ExploreFirst

• eps-Greedy

• Upper Confidence Bound:
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RL algorithms

• Model-based approach (plug-in an empirically estimated
MDP, run VI / PI)

• Model-free approach:
– Monte Carlo (average converges to mean) e.g., First visit Monte

Carlo
– Combining Monte Carlo with Dynamic Programming (e.g., VI )
– Temporal difference learning
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Revisit the dynamic programming approach

• Policy Evaluation

• Policy improvement

• Value iterations
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*We do not have the MDP parameters in RL!



Reinforcement learning agents have “online”
access to an environment
• State, Action, Reward
• Unknown reward function, unknown state-transitions.
• Agents can “act” and “experiment”, rather than only doing

offline planning.
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TD policy optimization (TD-control )

• SARSA (On-Policy TD-control)
– Update the Q function by bootstrapping Bellman Equation

– Choose the next A’ using Q, e.g., eps-greedy.

• Q-Learning (Off-policy TD-control)
– Update the Q function by bootstrapping Bellman Optimality Eq.

– Choose the next A’ using Q, e.g., eps-greedy, or any other policy.
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Exercise 6.8 Show that an action-value version of (6.6) holds for the action-value form of the TD
error �t = Rt+1 + �Q(St+1, At+1 � Q(St, At), again assuming that the values don’t change from step to
step. ⇤

It is straightforward to design an on-policy control algorithm based on the Sarsa prediction method.
As in all on-policy methods, we continually estimate q⇡ for the behavior policy ⇡, and at the same time
change ⇡ toward greediness with respect to q⇡. The general form of the Sarsa control algorithm is given
in the box below.

Sarsa (on-policy TD control) for estimating Q ⇡ q⇤

Initialize Q(s, a), for all s 2 S, a 2 A(s), arbitrarily, and Q(terminal-state, ·) = 0
Repeat (for each episode):

Initialize S

Choose A from S using policy derived from Q (e.g., ✏-greedy)
Repeat (for each step of episode):

Take action A, observe R, S
0

Choose A
0 from S

0 using policy derived from Q (e.g., ✏-greedy)
Q(S, A) Q(S, A) + ↵

⇥
R + �Q(S0

, A
0)�Q(S, A)

⇤

S  S
0; A A

0;
until S is terminal

The convergence properties of the Sarsa algorithm depend on the nature of the policy’s dependence
on Q. For example, one could use "-greedy or "-soft policies. Sarsa converges with probability 1 to an
optimal policy and action-value function as long as all state–action pairs are visited an infinite number
of times and the policy converges in the limit to the greedy policy (which can be arranged, for example,
with "-greedy policies by setting " = 1/t).

Example 6.5: Windy Gridworld Shown inset in Figure 6.3 is a standard gridworld, with start and
goal states, but with one di↵erence: there is a crosswind upward through the middle of the grid. The
actions are the standard four—up, down, right, and left—but in the middle region the resultant
next states are shifted upward by a “wind,” the strength of which varies from column to column. The
strength of the wind is given below each column, in number of cells shifted upward. For example, if
you are one cell to the right of the goal, then the action left takes you to the cell just above the goal.
Let us treat this as an undiscounted episodic task, with constant rewards of �1 until the goal state is
reached.

0 1000 2000 3000 4000 5000 6000 7000 8000

0

50

100

150

170

Episodes

Time steps

S G

0 0 0 01 1 1 12 2

Actions

Figure 6.3: Results of Sarsa applied to a gridworld (shown inset) in which movement is altered by a location-
dependent, upward “wind.” A trajectory under the optimal policy is also shown.
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The graph in Figure 6.3 shows the results of applying "-greedy Sarsa to this task, with " = 0.1,
↵ = 0.5, and the initial values Q(s, a) = 0 for all s, a. The increasing slope of the graph shows
that the goal is reached more and more quickly over time. By 8000 time steps, the greedy policy
was long since optimal (a trajectory from it is shown inset); continued "-greedy exploration kept the
average episode length at about 17 steps, two more than the minimum of 15. Note that Monte Carlo
methods cannot easily be used on this task because termination is not guaranteed for all policies.
If a policy was ever found that caused the agent to stay in the same state, then the next episode
would never end. Step-by-step learning methods such as Sarsa do not have this problem because
they quickly learn during the episode that such policies are poor, and switch to something else.

Exercise 6.9: Windy Gridworld with King’s Moves Re-solve the windy gridworld task assuming eight
possible actions, including the diagonal moves, rather than the usual four. How much better can you do
with the extra actions? Can you do even better by including a ninth action that causes no movement
at all other than that caused by the wind? ⇤
Exercise 6.10: Stochastic Wind Re-solve the windy gridworld task with King’s moves, assuming
that the e↵ect of the wind, if there is any, is stochastic, sometimes varying by 1 from the mean values
given for each column. That is, a third of the time you move exactly according to these values, as in
the previous exercise, but also a third of the time you move one cell above that, and another third of
the time you move one cell below that. For example, if you are one cell to the right of the goal and
you move left, then one-third of the time you move one cell above the goal, one-third of the time you
move two cells above the goal, and one-third of the time you move to the goal. ⇤

6.5 Q-learning: O↵-policy TD Control

One of the early breakthroughs in reinforcement learning was the development of an o↵-policy TD
control algorithm known as Q-learning (Watkins, 1989), defined by

Q(St, At) Q(St, At) + ↵
h
Rt+1 + � max

a

Q(St+1, a)�Q(St, At)
i
. (6.8)

In this case, the learned action-value function, Q, directly approximates q⇤, the optimal action-value
function, independent of the policy being followed. This dramatically simplifies the analysis of the
algorithm and enabled early convergence proofs. The policy still has an e↵ect in that it determines
which state–action pairs are visited and updated. However, all that is required for correct convergence
is that all pairs continue to be updated. As we observed in Chapter 5, this is a minimal requirement
in the sense that any method guaranteed to find optimal behavior in the general case must require it.
Under this assumption and a variant of the usual stochastic approximation conditions on the sequence
of step-size parameters, Q has been shown to converge with probability 1 to q⇤.

Q-learning (o↵-policy TD control) for estimating ⇡ ⇡ ⇡⇤

Initialize Q(s, a), for all s 2 S, a 2 A(s), arbitrarily, and Q(terminal-state, ·) = 0
Repeat (for each episode):

Initialize S

Repeat (for each step of episode):
Choose A from S using policy derived from Q (e.g., ✏-greedy)
Take action A, observe R, S

0

Q(S, A) Q(S, A) + ↵
⇥
R + � maxa Q(S0

, a)�Q(S, A)
⇤

S  S
0

until S is terminal



Q-Learning with function approximation

• Q-learning with linear Q-functions:

• Intuitive interpretation:
– Adjust weights of active features
– E.g., if something unexpectedly bad happens, blame the 

features that were on: disprefer all states with that state’s 
features

• Formal justification: online least squares (Read the textbook!)

Exact Q’s

Approximate Q’s
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Most important concepts in MDP / RL

• Make sure you understand
– Problem setup, evaluation criteria
– Definition of the policy, state, action, immediate reward, value,

value function …
– Shapes of the MDP parameters

• Bellman equations
– How do Policy / Value iterations work?

• RL algorithms:
– Model-based estimation of MDP parameters
– Monte Carlo estimate of V function and Q function
– Q-Learning: SGD-style Stochastic simulation of Bellman
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Lecture 16-17:  Logic

• Logic agent
– Know how to play, e.g., Minesweeper and know how to explain your

reasons.

• Knowledge Base
– Tell operation
– Ask operation

• Components of a formal logic system
– Syntax, Semantics

• Definition of Valid / Unsatisfiable

• First order logic: translate natural language into FOL sentences
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• Need a formal logic system to work

• Need a data structure to represent known facts

• Need an algorithm to answer ASK questions
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Knowledge Base

Inference engine

Domain specific content; facts

ASK

TELL

Domain independent algorithms; can 
deduce new facts from the KB

KB Agents
True sentences



Syntax and semantics

• Two components of a logic system

• Syntax --- How to construct sentences
– The symbols
– The operators that connect symbols together
– A precedence ordering

• Semantics --- Rules the assignment of sentences to truth
– For every possible worlds (or “models” in logic jargon)
– The truth table is a semantics
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Entailment

Representation

World

Fact
FOLLOWS

ENTAILS

Facts

Sentences

Sem
antics

Sentence

Sem
antics

A is entailed by B, if A is true in all possible worlds consistent with B
under the semantics.



Inference procedure

• Inference procedure
– Rules (algorithms) that we apply (often recursively) to derive facts

from other facts.
– Could be specific to a particular set of semantics, a particular

realization of the world.

• Soundness and completeness of an inference procedure
– Soundness: All truth discovered are valid.
– Completeness: All truth that are entailed can be discovered.
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Propositional Logic

• Syntax:

51

• Syntax
– True, false, propositional symbols
– (  ) , ¬ (not), Ù (and), Ú (or), Þ (implies), Û (equivalent)

• Semantics:
– Five rules (the following truth table)

• Inference rules:
– Modus Pronens etc / Resolution



Propositional logic agent

• Representation: Conjunctive Normal Forms
– Represent them in a data structure: a list, a heap, a tree?
– Efficient TELL operation

• Inference: Solve ASK question
– Use “Resolution” only on CNFs is Sound and Complete.
– Equivalent to SAT, NP-complete, but good heuristics / practical

algorithms exist

• Possible answers to ASK:
– Valid, Satisfiable, Unsatisfiable
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First order logic

• More expressive language
– Relations and functions of objects.
– Quantifiers such as, All, Exists.

• Easier to construct a KB.
– Need much smaller number of sentences to capture a domain.

• Follow the same structure:  Symbols, Semantics

• Dedicated inference algorithms

• (FOL inference is not covered in the Final)
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Potential types of questions in FOL

• Translate FOL sentence to natural language or the other
way round.

• Translate the rule of a simple game to FOL.
– e.g., how would you describe the rules of Wumpus world using

FOL?

54



FOL Description of a Wumpus world

• What are the rules? How to write them down in FOL?
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Lecture 18:  Responsible AI

• What are the typical pitfalls in AI applications
– Privacy: Data sharing, data use, data ownership
– Fairness of AI Decision making: Recidivism prediction,

Admission / Recruiting
– Polarizing effects of recommendation systems
– Fake news / fake videos
– Social impacts: unemployment / rich gets richer
– Robustness and Safety: adversarial examples, self-driving cars
– Generative models: ethics and copyright

• What are your thoughts on overcoming them?
– Potentially a case / short essay question.
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Courses to take next on the AI track

• CS165B Machine Learning (almost every quarter)
– Undergraduate level intro to ML
– Expanded version of Part 1 in this course
– I am teaching 165B this coming Fall 2023

• Other advanced topics courses in AI:
– Deep Learning,  Natural Language Processing, Computer vision, 

Convex Optimization,  Reinforcement Learning
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https://sites.cs.ucsb.edu/~xyan/classes/CS291K-2018spring/
http://william.cs.ucsb.edu/courses/index.php/Winter_2022_CS190I_Introduction_to_Natural_Language_Processing
https://sites.cs.ucsb.edu/~yfwang_class/cs181b/
https://sites.cs.ucsb.edu/~yuxiangw/classes/CS292F-2020Spring/
https://sites.cs.ucsb.edu/~yuxiangw/classes/RLCourse-2021Spring/


Thank you and stay in touch!

• It’s my pleasure to work with you!
• I hope the course is / will be useful.

• AI Research at UCSB
– Machine Learning Lab
– Natural Language Processing Lab
– Center for Responsible Machine Learning
– Center for Information Technology and Society
– The Mellichamp Initiative in Mind & Machine Intelligence
– Data Science Initiative
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