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Logistics

• Homework 3 is released.
• Due end of the quarter / June 2
• 5 questions, but you only need to do either Q4 or Q5.

• Two more lectures on offline RL.
• including this one.

• I will send schedules for the project presentations
this week
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Recap: Offline Reinforcement 
Learning, aka. Batch RL
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Offline Trajectory 
data 𝐷

Collected by 
running 𝝻

Evaluate fixed Target 
Policy 𝝅

Task: design OPE 
methods

• Task 1: Offline Policy Evaluation. (OPE)

• Task 2: Offline Policy Learning. (OPL)

Offline Trajectory 
data 𝐷

Collected by 
running 𝝻

Find near optimal 
Policy $𝝅∗

Task: design OPO 
methods

Via 
Uniform 
OPE



OPE: the tabular MDP case, they 
are all equivalent.

• TMIS

• Model-based Plugin 

• Fitted Q Iteration
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and it is finite by the Assumption 2.2; similarly, ⌧a < 1 is also automatically satisfied if
mint,st,at µ(at|st) > 0. Finally, as we will see in the results, explicit dependence on ⌧s, ⌧a
and dm only appear in the low-order terms of the error bound.

2.2 Tabular-MIS estimator

To overcome the barrier caused by cumulative importance weights in IS type estimators,
marginalized importance sampling directly estimates the marginalized state visitation
distribution bdt and defines the MIS estimator:
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)
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t
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1
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(st) = 0 when nst = 0. Then the MIS estimator (1)

becomes:
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Construction of State-MIS estimator. Based on the estimated marginal state tran-
sition bd⇡t = bP ⇡

t
bd⇡
t�1, State-MIS estimatorin Xie et al. (2019) directly estimates the state

transition P ⇡
t (st|st�1) and state reward r⇡t (st) as:
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State-MIS estimator directly constructs state transitions bP ⇡
t (st|st�1) without explicitly

modeling actions. Therefore, it is still valid when action space A is unbounded. However,
importance weights must be explicitly utilized for compensating the discrepancy between µ
and ⇡ and the knowledge of µ(a|s) at each state-action pair (s, a) is required.

8

v̂⇡DM =
HX

h=1

X

s2S
d̂⇡
h
(s)r̂⇡

h
(s)
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v̂⇡FQI =
X

s2S

X

a2A
d̂1(s)⇡(a|s)Q̂1(s, a)
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They are also information-
theoretically optimal
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Simulation 
lemma

(Kearns and 
Singh, 1998)

IS / DR
(Jiang and Li, 2016)

MIS
(Xie, Ma, W.,2019)

TMIS
(Yin & W. 2020)

Fitted Q-
Iteration

(Duan and Wang, 
2020)
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𝑛 𝑑$

Offline Policy Evaluation

Per-instance optimal.

Theorem 3.1. Suppose the n episodic historical data D =
n
(s(i)

t
, a(i)

t
, r(i)

t
)
o
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is

obtained by running a logging policy µ and ⇡ is the new target policy which we want to test.

If the number of episodes n satisfies
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�
,

then under Assumption 2.1-2.3 our Tabular-MIS estimator bv⇡TMIS has the following Mean-

Square-Error upper bound:
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(5)

where the value function under ⇡ is defined as: V ⇡

h
(sh) := E⇡

hP
H

t=h
r(1)
t

���s(1)
h

= sh
i
, 8h 2

{1, 2, ..., H}.

The proof of this theorem, and all the other technical results we present in this section, are
deferred to the appendix due to the space constraint. We summarize the novel ingredients
in the proof in Section 3.1. Before that, we make a few remarks about a few interesting
aspects of this result.

Remark 3.2 (Asymptotic e�ciency and local minimaxity). The error bound implies that

limn!1 n · E[(bv⇡TMIS � v⇡)2]
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This exactly matches the CR-lower bound in Jiang & Li (2016, Proposition 3) for DAG-

MDP
5
. In contrast, the State-MIS estimator in (Xie et al., 2019) achieves an asymptotic
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We note that while in classical literature CR-lower bound is often used to lower bound the
variance of unbiased estimators, the modern theory of estimation establishes that it is also
the correct asymptotic minimax lower bound for the MSE of all estimators in every local
neighborhood of the parameter space (see, e.g., Van der Vaart, 2000, Chapter 8). In other

5
Jiang & Li (2016) focused on the special case with deterministic reward only at t = H. It is straightfor-

ward to show that the above expression is the CR-lower bound in the general tabular setting.
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+O(n�1.5)
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Matching Cramer-Rao lower bound up to low-order terms.



Recap: From OPE to offline
learning
• Empirical Risk Minimization (ERM)?

• A uniform convergence argument
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⇡̂ = argmax
⇡2⇧

v̂⇡
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(For some OPE estimator !𝑣!)

sup
⇡2⇧

|v̂⇡ � v⇡|  ✏
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w.h.p.

v⇡
⇤
� E[v⇡̂]  2✏
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w.h.p

E
⇥
sup
⇡2⇧

|v̂⇡ � v⇡|2
⇤
 ✏2
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Recap: exploration assumption

• The logging policy 𝜇 is out of our control

• Need to make assumptions about it

• Assumed to simplify the discussion on optimality
• Sometimes appear only in low-order terms.

7

dm := min
t,s,a

dµt (s, a) > 0 for all t, s, a

s.t. d⇡t (s, a) > 0 for some ⇡ 2 ⇧
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Recap: The policy classes we 
consider   

8

𝜖'()-empirically
optimal policy 3𝜋
(data-dependent!)

Deterministic 
policies

All policies

For ERM, it suffices to consider the smaller policy class.
But we also want to cover other planning algorithms.

𝝅∗

The remainder of the lecture is based on:
Yin, Bai and W. (2020) https://arxiv.org/pdf/2007.03760.pdf



This lecture

• Characterize the uniform OPE on deterministic
policy class

• Optimal offline learning via a local uniform OPE

9



Recap: counting the number of
deterministic policies
• Setting: Tabular MDP with S states, A actions and H

steps.

• How many deterministic policies are there?

• Together with a high-probability OPE bound

10

(Answer: A^{SH})



Uniform convergence theorem for  
all deterministic policies
Theorem 3.5:  with probability ≥ 1 − 𝛿

• Optimal in H.
• Suboptimal in S?

• Proof:  Union bound with a high-probability 
pointwise OPE bound.

11

sup
⇡2⇧deterministic

|v̂⇡ � v⇡| .
s

H3S

ndm
log(

HSA

�
) +O(1/n)
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How do we obtain a high-
probability pointwise OPE bound?
• Steps in the analysis

1. Fictitious estimator technique and multiplicative Chernoff
bounds.
• Nice event: 𝐸! :=

2. Error decomposition (reducing to the case with known
reward function)

3. Further decomposition of the occupancy measure into a
Martingale.

4. Apply Freedman’s inequality --- a Bernstein-style Martingale
Concentration.
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Generally speaking, high probability bound can be seen as a stricter criterion compared to
MSE since

E[(bv⇡ � v⇡)2] = E[(bv⇡ � v⇡)21E ] + E[(bv⇡ � v⇡)21Ec ]

 ✏prob(�)
2 · (1� �) +H2 · �,

where E is the event that ✏prob error holds and � is the failure probability. As a result,
if both � and ✏prob(�) can be controlled small, then the high probability bound implies
a result for MSE bound. This is realistic, since � usually appears inside the logarithmic
term of ✏prob(�) so the second term can be scaled to su�ciently small without a↵ecting the
polynomial dependence for the first term.

C Some preparations

In this section we present some results that are critical for proving the main theorems.

We first give the proof of Lemma 3.1.

Proof of Lemma 3.1. Define E := {9t, st, at s.t. nst,at < ndµ
t
(st, at)/2}. Then combining

the multiplicative Cherno↵ bound (Lemma A.1 in the Appendix) and a union bound over
each t,st and at, we obtain

P[E] 
X

t

X

st

X

at

P[nst,at < ndµ
t
(st, at)/2]

 HSA · e�
n·mint,st,at

d
µ

t
(st,at)

8 = HSA · e�
n·dm

8 := �

solving this for n then provides the stated result.

C.1 Fictitious OPEMA estimator.

Similar to Xie et al. (2019); Yin & Wang (2020), we introduce an unbiased version of
bv⇡ to fill in the gap at (st, at) where nst,at is small. Concretely, every component in bv⇡

is substituted with a fictitious counterpart, i.e. ev⇡ :=
P

H

t=1
hed⇡t , er⇡t i, with ed⇡t = eP ⇡

t
ed⇡
t�1

and eP ⇡
t (st|st�1) =

P
at�1

ePt(st|st�1, at�1)⇡(at�1|st�1). In particular, consider the high

probability event in Lemma 3.1, i.e. let Et denotes the event {nst,at � ndµ
t
(st, at)/2}7, then

7More rigorously, Et depends on the specific pair st, at and should be written as Et(st, at). However, for
brevity we just use Et and this notation should be clear in each context.
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Step 1 Recap: The fictitious estimator
is easier to analyze, because:
• Always unbiased.
• Has an epistemical Bellman-equation of variance
• Has nice martingale decompositions
• Moreover: Lemma C.3

13

sup
⇡2⇧

|ṽ⇡ � v̂⇡| = 0
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w.h.p.

Under mild condition: 𝑛 ≳ 6
7"
log89:;



Step 2 Recap: The noise in the reward
is straightforward to handle.
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we define

ert(st, at) = brt(st, at)1(Et) + rt(st, at)1(E
c

t )

ePt+1(·|st, at) = bPt+1(·|st, at)1(Et) + Pt+1(·|st, at)1(Ec

t ).

Similarly, for the OPEMA estimator uses data D0, the fictitious estimator is set to be

ert(st, at) = brt(st, at)1(E) + rt(st, at)1(E
c)

ePt+1(·|st, at) = bPt+1(·|st, at)1(E) + Pt+1(·|st, at)1(Ec)

where E denote the event {N � ndm/2}.

ev⇡ creates a bridge between bv⇡ and v⇡ because of its unbiasedness and it is also bounded
by H (see Lemma B.3 and Lemma B.5 in Yin & Wang (2020) for those preliminary results).
Also, ev⇡ is identical to bv⇡ with high probability, as stated by the following lemma.
Lemma C.1. For any 0 < � < 1, there exists an absolute constant c1 such that when total
episode n > c1/dm · log(HSA/�), then with probability 1� �,

sup
⇡2⇧

|bv⇡ � ev⇡| = 0.

Proof. This Lemma is a direct corollary of Lemma 3.1 by considering the event E1 :=
{9t, st, at s.t. nst,at < ndµ

t
(st, at)/2} or {N < ndm/2} since bv⇡ and ev⇡ are identical on

Ec

1
.

Note bv⇡ and ev⇡ even equal to each other uniformly over all ⇡ in ⇧. This is not surprising
since only logging policy µ will decide if they are equal or not. This lemma shows how close
bv⇡ and ev⇡ are. Therefore in the following it su�ces to consider the uniform convergence of
sup⇡2⇧ |ev⇡ � v⇡|.

Next by using a fictitious version state-action expression in equation (2), we have:

sup
⇡2⇧

|ev⇡ � v⇡| = sup
⇡2⇧

|
HX

t=1

hed⇡t , erti �
HX

t=1

hd⇡t , rti|

= sup
⇡2⇧

|
HX

t=1

hed⇡t , erti �
HX

t=1

hed⇡t , rti+
HX

t=1

hed⇡t , rti �
HX

t=1

hd⇡t , rti|

 sup
⇡2⇧

|
HX

t=1

hed⇡t � d⇡t , rti|
| {z }

(⇤)

+ sup
⇡2⇧

|
HX

t=1

hed⇡t , ert � rti|
| {z }

(⇤⇤)

(5)

We first deal with (⇤⇤) by the following lemma.
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Lemma C.4: (∗∗) ≲ 𝑯𝟐/(𝒏𝒅𝒎)

Therefore, it suffices to consider the case with deterministic rewards.



Step 3 Recap: Martingale
decomposition of the error !𝑣! − 𝑣!
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C.2 Decomposition of
P

H

t=1
hed⇡

t
� d⇡

t
, rti

Let ed⇡t 2 RS·A denote the marginal state-action probability vector, ⇡t 2 R(S·A)⇥S is the
policy matrix with (⇡t)(st,at),st = ⇡t(at|st) and (⇡t)(st,at),s = 0 for s 6= st. Moreover, let

state-action transition matrix Tt 2 RS⇥(S·A) to be (Tt)st,(st�1,at�1)
= Pt(st|st�1, at�1), then

we have

ed⇡t = ⇡t eTt
ed⇡t�1 (6)

d⇡t = ⇡tTtd
⇡

t�1. (7)

Therefore we have

ed⇡t � d⇡t = ⇡t( eTt � Tt)ed⇡t�1 + ⇡tTt(ed⇡t�1 � d⇡t�1) (8)
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=

Primal representation (Marginal distribution style):

Dual representation (Value function style):

(Lemma C.5)

(You can prove this by simulation lemma, see HW3 Q5.)



Let’s check that this is a Martingale
(w.r.t. the parallel data sequence)

16

Recall definition of Martingale:
a. E[X_t | D_{t-1}] = X_{t-1}
b. E[|X_t|] is bounded

E Proof of uniform convergence in OPE with deterministic
policies using martingale concentration inequalities: The-
orem 3.5

A reminder that all results in this section use data D for OPEMA estimator bv⇡.

E.1 Martingale concentration result on
P

H

t=1
hed⇡

t
� d⇡

t
, rti.

Let X =
P

H

t=1
hed⇡t � d⇡t , rti and Dh := {s(i)

t
, a(i)

t
: t = 1, ..., h}n

i=1
. Since Dh forms a

filtration, then by law of total expectation we have Xt = E[X|Dt] is martingale. Moreover,
we have

Lemma E.1.

Xt := E[X|Dt] =
tX

h=2

hV ⇡

h
, ( eTh � Th)ed⇡h�1i+ hV ⇡

1 , ed⇡1 � d⇡1 i.

Proof of Lemma E.1. By martingale decomposition Theorem C.5 and note eTi, ed⇡i are mea-
surable w.r.t. Dt for i = 1, ..., t, so we have
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E
h
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h
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���Dt

i
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tX
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h
, ( eTh � Th)ed⇡h�1i+ hV ⇡

1 , (ed⇡1 � d⇡1 )i.

Note for h � t+ 1, Dt ⇢ Dh�1, so by total law of expectation (tower property) we have
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���Dt
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h
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���Dh�1

i���Dt

i

=E
h
hV ⇡

h
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h
( eTh � Th)

���Dh�1

i
ed⇡
h�1i

���Dt

i
= 0

where the last equality uses eTh is unbiased of Th given Dh�1. This gives the desired
result.

Next we show martingale di↵erence |Xt �Xt�1| is bounded with high probability.

Lemma E.2. With probability 1� �,

sup
t

|Xt �Xt�1|  O(

s
H2 log(HSA/�)

n · dm
).
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Step 4: Freedman’s inequality

• To apply this inequality, we need to
• bound M
• Need to work out the variance.

17

Lemma A.5 (Azuma-Hoe↵ding inequality). Suppose Xk, k = 1, 2, 3, ... is a martingale
and |Xk �Xk�1|  ck almost surely. Then for all positive integers N and any ✏ > 0,

P(|XN �X0| � ✏)  2e
� ✏

2

2
P

N

i=1 c
2
i .

Lemma A.6 (Freedman’s inequality Tropp et al. (2011)). Let X be the martingale associated
with a filter F (i.e. Xi = E[X|Fi]) satisfying |Xi � Xi�1|  M for i = 1, ..., n. Denote
W :=

P
n

i=1
Var(Xi|Fi�1) then we have

P(|X � E[X]| � ✏,W  �2)  2e
� ✏

2

2(�2+M✏/3) .

Or in other words, with probability 1� �,

|X � E[X]| 
p
8�2 · log(1/�) + 2M

3
· log(1/�), Or W � �2.

Lemma A.7 (Best arm identification lower bound Krishnamurthy et al. (2016)). For any
A � 2 and ⌧ 

p
1/8 and any best arm identification algorithm that produces an estimate

â, there exists a multi-arm bandit problem for which the best arm a? is ⌧ better than all
others, but P[â 6= a?] � 1/3 unless the number of samples T is at least A

72⌧2
.

B On error metric for OPE

In this section, we discuss the metric considered in this work. Traditionally, most works
directly use Mean Square Error (MSE) E[(bv⇡ � v⇡)2] as the criterion for measuring OPE
methods e.g. Thomas & Brunskill (2016); Thomas (2015); Thomas et al. (2017); Farajtabar
et al. (2018), or equivalently, by proposing unbiased estimators and discussing its variance
e.g. Jiang & Li (2016). Alternately, one can consider bounding the absolute di↵erence
between v⇡ and bv⇡ with high probability (e.g. Duan et al. (2020)), i.e. |bv⇡ � v⇡|  ✏prob
w.h.p. Generally speaking, high probability bound can be seen as a stricter criterion
compared to MSE since

E[(bv⇡ � v⇡)2] = E[(bv⇡ � v⇡)21E ] + E[(bv⇡ � v⇡)21Ec ]

 ✏prob(�)
2 · (1� �) +H2 · �,

where E is the event that ✏prob error holds and � is the failure probability. As a result,
if both � and ✏prob(�) can be controlled small, then the high probability bound implies
a result for MSE bound. This is realistic, since � mostly appears inside the logarithmic
term of ✏prob(�) so the second term can be scaled to su�ciently small without a↵ecting the
polynomial dependence for the first term.

24

*In fact we will use a more flexible version of Freedman’s inequality due to (Chung
and Liu 2006) that allows the bound M to hold w.h.p rather than with prob 1.



Bound M in high probability

• Lemma E.2 With prob at least 1-δ

18

E Proof of uniform convergence in OPE with deterministic
policies using martingale concentration inequalities: The-
orem 3.5

A reminder that all results in this section use data D for OPEMA estimator bv⇡.

E.1 Martingale concentration result on
P

H

t=1
hed⇡

t
� d⇡

t
, rti.

Let X =
P

H

t=1
hed⇡t � d⇡t , rti and Dh := {s(i)

t
, a(i)

t
: t = 1, ..., h}n

i=1
. Since Dh forms a

filtration, then by law of total expectation we have Xt = E[X|Dt] is martingale. Moreover,
we have

Lemma E.1.

Xt := E[X|Dt] =
tX

h=2

hV ⇡

h
, ( eTh � Th)ed⇡h�1i+ hV ⇡

1 , ed⇡1 � d⇡1 i.

Proof of Lemma E.1. By martingale decomposition Theorem C.5 and note eTi, ed⇡i are mea-
surable w.r.t. Dt for i = 1, ..., t, so we have

E[X|Dt] =
HX

h=t+1

E
h
hV ⇡

h
, ( eTh � Th)ed⇡h�1i

���Dt

i
+

tX

h=2

hV ⇡

h
, ( eTh � Th)ed⇡h�1i+ hV ⇡

1 , (ed⇡1 � d⇡1 )i.

Note for h � t+ 1, Dt ⇢ Dh�1, so by total law of expectation (tower property) we have

E
h
hV ⇡

h
, ( eTh � Th)ed⇡h�1i

���Dt

i

=E
h
E
h
hV ⇡

h
, ( eTh � Th)ed⇡h�1i

���Dh�1

i���Dt

i

=E
h
hV ⇡

h
,E

h
( eTh � Th)

���Dh�1

i
ed⇡
h�1i

���Dt

i
= 0

where the last equality uses eTh is unbiased of Th given Dh�1. This gives the desired
result.

Next we show martingale di↵erence |Xt �Xt�1| is bounded with high probability.

Lemma E.2. With probability 1� �,

sup
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|Xt �Xt�1|  O(

s
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Proof.
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t ||1.

For any fixed pair (st, at), we have
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where the fourth line uses the definition of bTt and the fifth line uses the fact
P
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Next we calculate the conditional variance of Var[Xt+1|Dt].

Lemma E.3. We have the following decomposition of conditional variance:
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Proof:



Bound W: Sum of conditional variance

Proof:
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Bound W: Sum of conditional
variance
• If we can bound

• Then, we can apply Lemma 3.4 from the last
lecture

20

Proof. Indeed,
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where the second equal sign comes from the fact that when conditional on Dt, we can
separate n episodes into SA groups and episodes from di↵erent groups are independent of
each other. The third uses 1(Et) is measurable w.r.t Dt. Similarly, the last equal sign again
uses nst,at episodes are independent given Dt.

Lemma E.4 (Yin & Wang (2020) Lemma 3.4). For any policy ⇡ and any MDP.
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This Lemma suggests if we can bound ed⇡t by O(d⇡t ) with high probability, then by Lemma E.3
we have w.h.p
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Note this gives only H2 dependence for
P

H

t=1
Var[Xt+1|Dt] instead of a naive bound with

H3 and helps us to save a H factor.
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Next we show how to bound ed⇡t .

E.2 Bounding ed⇡
t
(st, at)� d⇡

t
(st, at)
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h:t
2 R1⇥S and �h+1:t,⇡h are

just probability transitions. Therefore by Hoe↵ding’s inequality and law of total expectation,
we have
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Bounding

• Martingale decomposition

• Bounded Martingale difference w.h.p

• (Chung and Liu, 06)-style Azuma-Hoeffding, and
union bound

21
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Next we show how to bound ed⇡t .
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P
⇣
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and apply a union bound to get
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Let the right hand side of (10) to be �/HSA, then we have w.p. 1� �/HSA,

sup
h

||�0
h:t( eTh � Th)||1  O(

s
1

n · dm
log

H2S2A2

�
). (11)

Go back to bounding ed⇡t (st, at)�d⇡t (st, at). By Azuma-Hoe↵ding’s inequality (Lemma A.5),
we have10
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combining (11) with above we further have that w.p. 1� 2�/HSA,
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10
To be more precise here we actually use a weaker version of Azuma-Hoe↵ding’s inequality, see Remark E.7.
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Lastly, by a union bound and simple scaling (from 2� to �) we have w.p. 1� �
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This implies that w.p. 1� �, 8t, st, at,
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Combining (13) with Lemma E.4 and Lemma E.3, we obtain:
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Proof of Lemma E.5. By (13) and Lemma E.3, we have 8t, with probability ay least 1� �,
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then sum over t and apply Lemma E.4 gives the stated result.

Combining all the results, we are able to prove:

Theorem E.6. With probability 1� �, we have

�����
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where O(·) absorbs only the absolute constants.
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Completing the analysis

• Bounding W

• Bounding M

• Apply (Chung and Liu’s) Freedman’s inequality

22

E Proof of uniform convergence in OPE with deterministic
policies using martingale concentration inequalities: The-
orem 3.5

A reminder that all results in this section use data D for OPEMA estimator bv⇡.

E.1 Martingale concentration result on
P

H

t=1
hed⇡

t
� d⇡

t
, rti.

Let X =
P

H

t=1
hed⇡t � d⇡t , rti and Dh := {s(i)

t
, a(i)

t
: t = 1, ..., h}n

i=1
. Since Dh forms a

filtration, then by law of total expectation we have Xt = E[X|Dt] is martingale. Moreover,
we have

Lemma E.1.
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h=2

hV ⇡

h
, ( eTh � Th)ed⇡h�1i+ hV ⇡

1 , ed⇡1 � d⇡1 i.

Proof of Lemma E.1. By martingale decomposition Theorem C.5 and note eTi, ed⇡i are mea-
surable w.r.t. Dt for i = 1, ..., t, so we have
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h
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h
, ( eTh � Th)ed⇡h�1i+ hV ⇡
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Note for h � t+ 1, Dt ⇢ Dh�1, so by total law of expectation (tower property) we have

E
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h
E
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h
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i
ed⇡
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where the last equality uses eTh is unbiased of Th given Dh�1. This gives the desired
result.

Next we show martingale di↵erence |Xt �Xt�1| is bounded with high probability.

Lemma E.2. With probability 1� �,

sup
t

|Xt �Xt�1|  O(

s
H2 log(HSA/�)

n · dm
).
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Lemma A.5 (Azuma-Hoe↵ding inequality). Suppose Xk, k = 1, 2, 3, ... is a martingale
and |Xk �Xk�1|  ck almost surely. Then for all positive integers N and any ✏ > 0,

P(|XN �X0| � ✏)  2e
� ✏

2

2
P

N

i=1 c
2
i .

Lemma A.6 (Freedman’s inequality Tropp et al. (2011)). Let X be the martingale associated
with a filter F (i.e. Xi = E[X|Fi]) satisfying |Xi � Xi�1|  M for i = 1, ..., n. Denote
W :=

P
n

i=1
Var(Xi|Fi�1) then we have

P(|X � E[X]| � ✏,W  �2)  2e
� ✏

2

2(�2+M✏/3) .

Or in other words, with probability 1� �,

|X � E[X]| 
p
8�2 · log(1/�) + 2M

3
· log(1/�), Or W � �2.

Lemma A.7 (Best arm identification lower bound Krishnamurthy et al. (2016)). For any
A � 2 and ⌧ 

p
1/8 and any best arm identification algorithm that produces an estimate

â, there exists a multi-arm bandit problem for which the best arm a? is ⌧ better than all
others, but P[â 6= a?] � 1/3 unless the number of samples T is at least A

72⌧2
.

B On error metric for OPE

In this section, we discuss the metric considered in this work. Traditionally, most works
directly use Mean Square Error (MSE) E[(bv⇡ � v⇡)2] as the criterion for measuring OPE
methods e.g. Thomas & Brunskill (2016); Thomas (2015); Thomas et al. (2017); Farajtabar
et al. (2018), or equivalently, by proposing unbiased estimators and discussing its variance
e.g. Jiang & Li (2016). Alternately, one can consider bounding the absolute di↵erence
between v⇡ and bv⇡ with high probability (e.g. Duan et al. (2020)), i.e. |bv⇡ � v⇡|  ✏prob
w.h.p. Generally speaking, high probability bound can be seen as a stricter criterion
compared to MSE since

E[(bv⇡ � v⇡)2] = E[(bv⇡ � v⇡)21E ] + E[(bv⇡ � v⇡)21Ec ]

 ✏prob(�)
2 · (1� �) +H2 · �,

where E is the event that ✏prob error holds and � is the failure probability. As a result,
if both � and ✏prob(�) can be controlled small, then the high probability bound implies
a result for MSE bound. This is realistic, since � mostly appears inside the logarithmic
term of ✏prob(�) so the second term can be scaled to su�ciently small without a↵ecting the
polynomial dependence for the first term.
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Uniform convergence theorem for 
all policies
Theorem 3.3: with probability ≥ 1 − 𝛿

• Optimal in S if 𝛿 < 𝑒"#,  suboptimal in H.

• Proof idea:  Martingale decomposition over H.  
Freedman’s inequality.  Rademacher complexity
argument.
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Uniform convergence theorem for 
near-empirically optimal policies

• Optimal in all parameters.
• Implies optimal learning bounds for ERM by taking 𝜖ABC = 0

• Proof idea:  A cute argument that takes the empirical 
optimal policy as an anchor point.
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Theorem 3.7:  Let Π6 ≔ {𝜋 ∶ 𝑠. 𝑡. || 1𝑉CD − 1𝑉C$𝝅
∗||E ≤ 𝜖ABC, ∀ 𝑡 ∈ 𝐻 }.

Assume 𝜖ABC ≤ 𝐻/𝑆, and also let 𝑛 ≳ 𝐻F/𝑑G. Then w.p. ≥ 1 − 𝛿,

Theorem 3.7 (Optimal sample complexity for local uniform convergence). Suppose ✏opt p
H/S and ⇧1 := {⇡ : s.t. ||bv⇡t � bvb⇡?

t ||1  ✏opt, 8t = 1, ..., H}. Then there exists constant
c1, c2 such that for any 0 < � < 1, when n > c1H2 log(HSA/�)/dm, we have with probability
1� �,

sup
⇡2⇧1

��� bQ⇡

1 �Q⇡

1

���
1

 c2

s
H3 log(HSA/�)

n · dm
.

This uniform convergence result is presented with l1 norm over (s, a). A direct corollary is
sup⇡2⇧1

kbv⇡
1
� v⇡

1
k1 achieves the same rate. Theorem 3.7 provides the sample complexity

of O(H3 log(HSA/�)/dm✏2) and the dependence of all parameters are optimal up to the
logarithmic term. Note that our bound does not explicitly depend on ✏opt, which is an
improvement over (Agarwal et al., 2019) as they have an additional O(✏opt/(1� �)) error in
the infinite horizon setting. Besides, our assumption on ✏opt is quite weak since the required
upper bound is proportional to

p
H. Last but not least, this result implies a O(✏+ ✏opt)-

optimal policy for o✏ine/batch learning of the same order O(H3 log(HSA/�)/dm✏2), as
shown in Theorem 4.2.

3.3 Information theoretical lower bound for Uniform convergence OPE

Theorem 3.8 (Uniform convergence lower bound). There exists universal constants
c1, c2, c3, p (with H,S,A � c1 and 0 < ✏ < c2) such that for any estimator bv and any
n  c3H3SA/✏2, there exists a non-stationary H-horizon MDP with probability at least p,
the estimator satisfies sup⇡2⇧ |bv⇡ � v⇡| � ✏, where ⇧ consists of all deterministic policies.

On optimality. To see how optimal our results are, consider a MDP such that the
induced marginal distribution dµ

t
(st, at) > 0 for all st, at. Use direct computation 1 =P

st,at
dµ
t
(st, at) �

P
st,at

dm = SA · dm, so 1/dm � SA. If the logging policy is “good

enough” such that 1/dm = ⇥(SA), then Theorem 3.5 gives eO(H3min(S,H) · SA/✏2) is
one factor away from the lower bound and Theorem 3.7 is optimal. Of course, if the
instance-dependent dm is too small then the required sample could be very large, which is,
not surprisingly, due to the lack of exploration by logging policy µ.

4 Main Results for O✏ine Learning

The significance of uniform convergence OPE is not confined to that the same OPE bound
holds for fixed policy within the policy class. More importantly, it also provides e�cient
o✏ine learning algorithm of the same rate (see Theorem 4.1 below). This new finding
helps unify OPE problem with o✏ine learning through the concept of uniform convergence.
Indeed, when uniform convergence in OPE is guaranteed, we can derive a o✏ine learning

12



Local uniform convergence is
sufficient for
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Proof sketch:

• Apply Simulation Lemma in a different way

• Error decomposition
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F Proof of uniform convergence problem with local policy
class.

In this section, we consider using OPEMA estimator with data D0. Also, WLOG we only
consider deterministic reward (as implied by Lemma C.4 random reward only causes lower
order dependence). Also, we fix N > 0 for the moment. First recall for all t = 1, ..., H

V ⇡

t (st) = E⇡

"
HX

t0=t

rt0(s
(1)

t0 , a(1)
t

)

�����s
(1)

t
= st

#

Q⇡

t (st, at) = E⇡

"
HX

t0=t

rt0(s
(1)

t0 , a(1)
t

)

�����s
(1)

t
= st, a

(1)

t
= at

#

where rt(s, a) are deterministic rewards and s(1)
t

, a(1)
t

are random variables. Consider
V ⇡
t , Q⇡

t as vectors, then by standard Bellman equations we have for all t = 1, ..., H (define
VH+1 = QH+1 = 0)

Q⇡

t = rt + P ⇡

t+1Q
⇡

t+1 = rt + Pt+1V
⇡

t+1, (15)

where P ⇡
t 2 R(SA)⇥(SA) is the state-action transition and Pt(·|·, ·) 2 R(SA)⇥S is the transition

probabilities defined in Section 2. Also, we have bellman optimality equations:

Q?

t = rt + Pt+1V
?

t+1, V ?

t (st) := max
at

Q?

t (st, at), ⇡?

t (st) := argmax
at

Q?

t (st, at) 8st (16)

where ⇡? is one optimal deterministic policy. The corresponding Bellman equations and
Bellman optimality equations for empirical MDP cM are defined similarly. Since we consider
deterministic rewards, by Bellman equations we have

bQ⇡

t �Q⇡

t = bP ⇡

t+1
bQ⇡

t+1 � P ⇡

t+1Q
⇡

t+1 = ( bP ⇡

t+1 � P ⇡

t+1) bQ⇡

t+1 + P ⇡

t+1( bQ⇡

t+1 �Q⇡

t+1)

for t = 1, ..., H. By writing it recursively, we have 8t = 1, ..., H � 1

bQ⇡

t �Q⇡

t =
HX

h=t+1

�⇡

t+1:h�1( bP ⇡

h
� P ⇡

h
) bQ⇡

h

=
HX

h=t+1

�⇡

t+1:h�1( bPh � Ph)bV ⇡

h

where �⇡

t:h
=

Q
h

i=t
P ⇡

i
is the multi-step state-action transition and �⇡

t+1:t
:= I.

Note b⇡⇤ to be the empirical optimal policy over cM , we are interested in how to obtain
uniform convergence for any policy ⇡ that is close to b⇡⇤. More precisely, in this section we
consider the policy class ⇧1 to be:

⇧1 := {⇡ : s.t. ||bV ⇡

t � bV b⇡?

t ||1  ✏opt, 8t = 1, ..., H}
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where ✏opt � 0 is a parameter decides how large the policy class is. We now assume b⇡ to be
any policy within ⇧1 throughout this section. Also, b⇡ may be a policy learned from
a learning algorithm using the data D. In this case, b⇡ may not be independent
of bP .

We start with the following simple calculation:11

��� bQb⇡
t �Qb⇡

t

��� 
HX

h=t+1

�⇡

t+1:h�1

���( bPh � Ph)bV b⇡
h

���


HX

h=t+1

�⇡

t+1:h�1

���( bPh � Ph)bV b⇡?

h

���

| {z }
(⇤⇤⇤)

+
HX

h=t+1

�⇡

t+1:h�1

���( bPh � Ph)(bV b⇡?

h
� bV b⇡

h
)
���

| {z }
(⇤⇤⇤⇤)

(17)

We now analyze (⇤ ⇤ ⇤) and (⇤ ⇤ ⇤⇤).

F.1 Analyzing
P

H

h=t+1
�⇡

t+1:h�1

���( bPh � Ph)(bV b⇡?

h
� bV b⇡

h
)
���

First, by vector induced matrix norm12 we have

�����

HX

h=t+1

�b⇡
t+1:h�1 ·

���( bPh � Ph)(bV b⇡?

h
� bV b⇡

h
)
���
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1

 H · sup
h

����b⇡
t+1:h�1

���
1

���|( bPh � Ph)(bV b⇡?

h
� bV b⇡

h
)|
���
1

 H · sup
h

���|( bPh � Ph)(bV b⇡?

h
� bV b⇡

h
)|
���
1

where the last equal sign uses multi-step transition �⇡

t+1:h�1
is row-stochastic. Note given

N , bPt(·|·, ·) all have N in the denominator. Therefore, by Hoe↵ding inequality and a union
bound we have with probability 1� �,

sup
t,st,st�1,at�1

| bPt(st|st�1, at�1)� Pt(st|st�1, at�1)|  O(

r
log(HSA/�)

N
),

this indicates

sup
h

���|( bPh � Ph)(bV b⇡?

h
� bV b⇡

h
)|
���
1

 ✏opt · sup
h

���| bPh � Ph| · 1
���
1

 ✏opt ·O(S

r
log(HSA/�)

N
),

where 1 2 RS is all-one vector. To sum up, we have

11
Since all quantities in the calculation are vectors, so the absolute value | · | used is point-wise operator.

12
For A a matrix and x a vector we have kAxk1  kAk1 kxk1.
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Bounding (****)

• Apply the local-uniform assumption

• Apply L1-norm error bound (Recall from Lecture 3)
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Slight improvement over the parameters in the original paper…
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Bounding (***)

• Key observation: Conditioning on D_{h-1}

• depends only on the data at step h

• depends only on the data after h

• Results in us saving a factor of S!

28

Lemma F.1. Fix N > 0, we have with probability 1� �, for all t = 1, ..., H � 1
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Now we consider (⇤ ⇤ ⇤).

F.2 Analyzing
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where Var(v⇡t ) 2 RSA and Var(V ⇡
t )(st�1, at�1) = Varst [V

⇡
t (·)|st�1, at�1] and | · |,

p
· are

point-wise operator.

Proof of Lemma F.2. The key point is to guarantee bPh is independent of bV b⇡?

h
so that we can

apply Bernstein inequality w.r.t the randomness in bPh. In fact, note given N all data pairs
in D0 are independent of each other, and bPh only uses data from h� 1 to h. Moreover, bV b⇡?

h

only uses data from time h to H since bV ⇡

h
uses data from h to H by bellman equation (15)

for any ⇡ and optimal policy b⇡?

h:H
also only uses data from h to H by bellman optimality

equation (16).

Then by Bernstein inequality (Lemma A.3), with probability 1� �
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apply a union bound and take the sum we get the stated result.

Now combine Lemma F.1 and Lemma F.2 we obtain with probability 1 � �, for all t =
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where Var(v⇡t ) 2 RSA and Var(V ⇡
t )(st�1, at�1) = Varst [V

⇡
t (·)|st�1, at�1] and | · |,

p
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point-wise operator.

Proof of Lemma F.2. The key point is to guarantee bPh is independent of bV b⇡?

h
so that we can

apply Bernstein inequality w.r.t the randomness in bPh. In fact, note given N all data pairs
in D0 are independent of each other, and bPh only uses data from h� 1 to h. Moreover, bV b⇡?

h

only uses data from time h to H since bV ⇡

h
uses data from h to H by bellman equation (15)
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Then by Bernstein inequality (Lemma A.3), with probability 1� �
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apply a union bound and take the sum we get the stated result.

Now combine Lemma F.1 and Lemma F.2 we obtain with probability 1 � �, for all t =
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Putting things together

• Bounding the sum of variance
• Triangular inequality, then similar to that of Lemma 3.4

29

where ✏opt � 0 is a parameter decides how large the policy class is. We now assume b⇡ to be
any policy within ⇧1 throughout this section. Also, b⇡ may be a policy learned from
a learning algorithm using the data D. In this case, b⇡ may not be independent
of bP .
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We now analyze (⇤ ⇤ ⇤) and (⇤ ⇤ ⇤⇤).

F.1 Analyzing
P

H

h=t+1
�⇡

t+1:h�1

���( bPh � Ph)(bV b⇡?

h
� bV b⇡

h
)
���

First, by vector induced matrix norm12 we have

�����

HX

h=t+1

�b⇡
t+1:h�1 ·

���( bPh � Ph)(bV b⇡?

h
� bV b⇡

h
)
���

�����
1

 H · sup
h

����b⇡
t+1:h�1

���
1

���|( bPh � Ph)(bV b⇡?

h
� bV b⇡

h
)|
���
1

 H · sup
h

���|( bPh � Ph)(bV b⇡?

h
� bV b⇡

h
)|
���
1

where the last equal sign uses multi-step transition �⇡
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where 1 2 RS is all-one vector. To sum up, we have

11
Since all quantities in the calculation are vectors, so the absolute value | · | used is point-wise operator.

12
For A a matrix and x a vector we have kAxk1  kAk1 kxk1.
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Next lemma helps us to bound
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Lastly, backward recursion from H
to 1, using the following theorem

• Assume:

• We obtain the final result:
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Summary

• We finished Offline RL for the tabular setting

• Via local uniform convergence, we showed that the
model-based approach / ERM is minimax optimal

• We covered all essential tricks for doing a tight
theoretical analysis
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What I did not cover

• Optimal offline RL in
• Infinite horizon case
• Finite horizon stationary case
• (Yin, Bai, W., 2021)

• Optimal rates in global uniform OPE (for model-
based algorithms)
• (Yin and W., 2021)

• Offline RL with function approximation
• Many algorithms that do policy learning without doing

any sort of uniform OPE, e.g., FQI
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