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12.1 Contextual bandits model

Contexts: x1, . . . , xn ∼ λ drawn iid, possibly infinite domain.
Actions: ai ∼ µ(a|xi) raken by a randomized “logging” policy.
Reward: ri ∼ D(r|xi, ai) revealed only for the action taken.
Value: vµ = Ex∼λEa∼µ(·|)ED[r|x, a].
Collect data (xi, ai, ri)

n
i=1 by above process.

ATE estimation is a special case of off-policy evaluation.

12.2 Direct method

Fit a regression model of the reward r̂(x, a), then for any target policy,

v̂πDM =
1

n

n∑
i=1

∑
a∈A

r̂(xi, a)π(a|xi) (12.1)

Low variance, can evaluate on unseen contexts.
Often high bias, the model can be wrong / hard to learn.

12.3 Inverse propensity score / importance sampling

v̂πIPS =
1

n

n∑
i=1

π(ai|xi)
µ(ai|xi)

ri (12.2)

Pros: no assumption on rewards, unbiased, computationally efficient.
Cons: high variance when the weight is large.
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12.3.1 Performance of importance sampling estimator

Mean:

E[V̂ πis ] =
1

n

n∑
i=1

E
[
π(Ai|Si)
µ(Ai|Si)

Ri

]
= ES1∼λ

[
EA1∼µ(·|S1)

[
E[R1|S1, A1

π(A1|S1)

µ(A1|S1)

∣∣∣∣S1]

]]
= Es∼λ

[∑
a∈A

µ(a|S1)
π(a|S1)

µ(a|S1)
r(S1, a)

]
= vπ

(12.3)

Variance:

Var

[
1

n

∑
i

π(Ai|Si)
µ(Ai|Si)

Ri

]

=
1

n
Var

[
π(Ai|Si)
µ(Ai|Si)

Ri

]
=

1

n

(
ES
[
Varµ

[
π(Ai|Si)
µ(Ai|Si)

R1

∣∣∣∣Si]]+ VarS

[
Eµ
[
π(A1|S1)

µ(A1|S1)
R1

∣∣∣∣S1

]])
=

1

n

(
ES [EA∼µ(·|S)ρ2Var[Ri|Si, Ai]] + VarA

∑
µ(·|S1)[E[P1R1|S1, A1]] + VarS1

[Eπ[r(Si, Ai)|Si]]
)

=
1

n

(
Eµ[ρ2σ2(S,A)] + E[Varµ[P1r(S,A)]|S] + VarS1

[Eπ[r(Si, Ai)|Si]]
)

= reward variance + logging policy variance + variance of the context

(12.4)

12.3.2 Importance sampling and direct method are surprisingly similar in some
cases

MAB: importance sampling as a regression estimator:

V̂IS =
1

n

∑
i

π(Ai)

µ(Ai)
Ri

=
∑
a∈A

π(a)
1

n

∑ Ri1(Ai = a)

µ(Ai)

=
∑
a∈A

π(a)r̂IS(a)

(12.5)
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Regression estimator as an importance sampling:

V̂ πDM =
∑
a

r̂(a)π(a)

=
∑
a

1

Na

∑
i

Ri1(Ai = a)π(a)

=
∑
a

1

n

1

µ̂a

n∑
i=1

Ri1(Ai = a)π(a)

=
1

n

n∑
i=1

π(a)

µ̂(a)
Ri1(µ̂(a) 6= 0)

r̂(a) =

{
1
Na

∑
iRi1(Ai = a) if Na > 0

0 otherwise

(12.6)

Comparing the MSE of DM and IS.
Bias-variance decomposition:

MSE(V̂ ) = E[(V̂ − V π)2]

= E[(V̂ − E[V̂ ] + E[V̂ ]− V π)2]

= E[(V̂ − EV̂ )2] + E(Ê[V ]− V π)2 + 0

= var + bias

(12.7)

Analyzing DM with plug-in estimator:

V̂DM =
∑
a′

π(a)r̂(a),

E[V̂DM ] =
∑
a

π(a)E[r̂(a)]

=
∑
a

π(a)E
[

1

Na

∑
Ri1(Ai = a)1(Na > 0)

]
=
∑
a

π(a)P (Na > 0)r(a)

bias(V̂DM ) = EV̂DM − V π

=
∑
a

π(a)r(a)[P (Na > 0)− 1]→ 0

Var[
∑
a

π(a)r̂(a)] = E[Var[
∑
a

π(a)r̂(a)|Na, a ∈ A]] + Var[E[
∑
a

π(a)r̂(a)|Na, a ∈ A]]

= E[
∑
a

π2(a)Var(r̂(a)|Na)] + Var[π(a)r(a)1(Na > 0)]

= E[
∑
a

π2(a)

Na
σ2(a)1(Na > 0)]

≤ E[
∑
a

π2(a)

Na + 1
σ2(a)] +R2

maxP (∃a,Na > 0)

=
∑
a

π(a)2

(n+ 1)µ(a)
σ2(a)(1− µa))

(12.8)
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12.4 Weighted impartance sampling

Self normalization:

V̂WIS =
1∑n
i=1 ρi

n∑
j=1

ρiRi, ρi =
π(Ai|Si)
µ(Ai|Si)

,

E[

n∑
i=1

ρi] = Eµ
n∑
i=1

π(Ai|Si)
µ(Ai|Si)

=

n∑
i=1

∑
a

µ(Ai|Si)
π(Ai|Si)
µ(Ai|Si)

= n,

V̂WIS → V π

(12.9)

12.5 Doubly robust estimator for OPE

Using the regression estimator as a baseline. r̂ is given, maybe estimated from a different data.

V̂DR =
1

n

n∑
i=1

Eπ(r(Si, Ai)|Si) + ρi(Ri − r̂(Si, Ai))

E[V̂DR] = ESi∼λEπ(r(S1, A1)|S1) + E

[∑
a

µ(a|Si)
π(a|Si)
µ(a|Si)

E[R|A, a]

∣∣∣∣∣S1

]
−
∑
a

π(a|Si)r̂(Si, a)

= V̂ π

(12.10)

Double robustness in model-misspecification: Unknown µi = µ(Ai|Si).

V̂DR =
1

n

∑
i

r̂π(Si) +
π(Ai|Si)
µ̂(Si, Ai)

(Ri − r̂(Si, Ai)) (12.11)

If either µ̂ or r̂ is consistant (converge to correct value), then V̂DR → V π.
If either E[µ̂] = µ or E[r̂] = r, then E[V̂DR] = V π.

Variance reduction: V̂DR is asymptotically efficient if (r̂ − r); ( 1
µ̂ −

1
µ ) = O( 1

n1/4 ).

12.6 Lower bounding the minimax risk

Assume λ is a probability density, then under mild moment conditions,

inf
v̂

sup
D(r|a,x)∈R(σ2,Rmax)

E(v̂ − vπ)2 = Ω[
1

n
(Eµ[ρ2σ2] + Eµ[ρ2R2

max])]

= Randomness in reward + randomness due to context distribution

(12.12)
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Classical optimality theorem: any LAN estimator is greater than

Ex∼D
{
Eµ[ρ2Var[r|x, a]|x]

}
+ Varx∼D {Eµ[ρr|x]} (12.13)

Take supremum:
Eµ[ρ2σ2] + Ex∼D[Eµ[ρRmax|x]2]. (12.14)

The minimax lower bound is bigger:

Eµ[ρ2σ2] + Eµ[ρ2E2
max] (12.15)

Lower than lower bound because of additional assumption about the structure of the model.

12.7 Switch estimator

For each i = 1, . . . n, a ∈ A, if π(a|xi)/µ(a|xi) ≤ τ : use IPS or DR. Else: use regression estimator.

MSE(V̂SWITCH) ≤ 2

n
Eµ[(σ2 +R2

max)ρ21(ρ ≤ τ)] +
2

n
Eπ[R2

max1(ρ ≤ τ)] + Eπ[ε1(ρ > τ)]2 (12.16)

Automatic parameter tuning: τ̂ = argmin ˆVarτ

12.8 Per-step importance sampling

Importance sampling on the entire trajectory.

V πstep,IS =
1

n

n∑
i=1

(

H∑
h=1

r
(i)
h )

d1π1P1 . . . πH−1PH−1πH
d1µ1P1µ2P2 . . . µh−1PH−1µH

=
1

n

n∑
i=1

H∏
h=1

ρ
(i)
h

∑
r
(i)
h , ρ

(i)
h =

π(a
(i)
h )

µ(a
(i)
h )

(12.17)

Per-step importance sampling:

V πIS =

H∑
h=1

1

n

n∑
i=1

(
H∏
t=1

ρ
(i)
h

)
r
(i)
h (12.18)

12.9 Doubly rebust OPE in reinforcement learning

Given a value function approximation:

V 0
DR := 0 for t = 1, . . . ,H

V H+1−t
DR,IS := V̂ (st) + ρt(rt + γV H−tDR − Q̂(st, at)).

(12.19)

Doubly robust estimator is unbiased. Variance:

V (v̂DR) =

H∑
h=1

h∑
t=1

(
∏

Pt)
2Var[(V (s′) + r)|s, a] (12.20)
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12.10 Marginalized importance sampling

Main challenge of OPE in RL: the curse of horizon

v̂πIS =
1

n

n∑
i=1

H∑
h=1

[
π(a

(i)
t |s

(i)
t )

µ(a
(i)
t |s

(i)
t )

]
(12.21)

The variance is exponential in H.

v̂πMIS =
1

n

n∑
i=1

H∑
t=1

d̂πt (s
(i)
t )

d̂µt (s
(i)
t )

r̂πt (s
(i)
t ) (12.22)

Ideas for estimating the marginalized importance weight:
Idea 1: averaging over multiple visits to the same state.

d̂πt (s)

d̂µt (s)
=

1

n

n∑
i=1

t∏
h=1

ρ
(i)
h (s(i)n , a(i)n )1(S

(i)
t = s) (12.23)

Idea 2: recursive estimation:

dπt =
∑
st−1

Pπt (st|st−1)dπt−1(st−1),

d̂πt = P̂πt d̂
π
t−1,

P̂πt (st|st−1) =
1

nst−1

n∑
i=1

π(a
(i)
t−1|st−1)

µ(a
(i)
t−1|st−1)

1((s
(i)
t−1, s

(i)
t ) = (st−1, st))

r̂πt (st) =
1

nst

n∑
i=1

π(a
(i)
t |st)

µ(a
(i)
t |st)

r
(i)
t 1(s

(i)
t = st)

(12.24)

Result: OPE error bound of MIS: The MSE of MIS estimator obeys:

1

n

H∑
t=1

Eµ
[
dπt (st)

2

dµt (st)2
Var

[
πt(at|st)
µt(at|st)

(V πt+1(st+1) + rt)

∣∣∣∣st]]+ Õ(n−1.5) (12.25)

Bound
dπt (st)

2

dµt (st)
2 ≤ τs, πt(at|st)µt(at|st) ≤ τa, MSE is bounded by H3

n τ
2
s τ

2
a .

Challenges of the analysis:

1. Dependent data.
Address: define an approximate martingale.
Consider the data collection in parallel.
Group all data from time h together.
Conditioning on the number of times states are visited.

2. An annoying bias: non-zero probability that some states are not visited at all.
Fictitious estimator:

ṽπ :=

H∑
t=1

∑
st

d̃πt (st)t̃
π
t (st),

d̃πt = P̃πt,t−1d̃
π
t−1,

(12.26)
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r̃πt =

{
r̂πt if nst ≥ n

µ
d (st)(1− δ)

rπt otherwise

P̃πt,t−1 =

{
P̂πt,t−1 if nst ≥ n

µ
d (st)(1− δ)

Pπt,t−1 otherwise

(12.27)

Lemma 12.1. Multiplicative Chernoff Bound. Let X be a binomial random variable with parameter p, n.
For any δ > 0, we have

P [X < (1− δ)pn] ≤ e−
δ2pn

2 (12.28)

P (ns,t < ndµt (s)(1− δ)) ≤ e−
δ2nd

µ
τ (s)

2 (12.29)

Union bound for all t, s:

P (Fictitious estimator 6= MIS) ≤ HS exp(−δ2nmin
s,t

dtµ(s)),

δ = Õ(
1√
n

)
(12.30)

3. Error propagation from recursive estimation.
Empirical / offline version of Bellman equation of variance.

Var[ṽπ] =

H∑
h=0

∑
sh

E

[
d̃πh(sh)2

nsh
1

(
nsh ≥

ndµh(sh)

(1− δ)−1

)]
Varµ

[
π(a

(1)
h |sh)

µ(a
(1)
h |sh)

(V πh+1(s
(1)
h+1) + r

(1)
h )

∣∣∣∣∣s(1)h = sh

]
(12.31)

Bounding error propagation.

E[
d̃πh(sh)2

nsh
1

(
nsh ≥

ndµh(sh)

(1− δ)−1

)
] ≤ (1− δ)−1

n

(
dπh(sh)2

dµh(sh)
+ Var[d̃πh(sh)]

)
(12.32)

Bounding the variance requires to bound the covariance:

Var[d̃πh(sh)] ≤ 2(1− δ)−1hdπh(sh)

n
(12.33)

MIS is optimal for finite-state / infinite action space. For fully tabular setting, it is not optimal, at least
asymptotically.

12.11 Tabular MIS

v̂πMIS =
1

n

n∑
i=1

H∑
t=1

d̂πt (s
(i)
t )

d̂µt (s
(i)
t )

r̂πt (s(i)) (12.34)

With a minor change to the following recursive estimation:

P̂πt (st|st−1) =
1

nst−1

n∑
i=1

π(a
(i)
t−1|st−1)

µ(a
(i)
t−1|st−1)

1((s
(i)
t−1, s

(i)
t , a

(i)
t ) = (st−1, st, at))

r̂πt (st) =
1

nst

n∑
i=1

π(a
(i)
t |st)

µ(a
(i)
t |st)

1(s
(i)
t = st)

(12.35)



12-8 Lecture 12: OPE in Bandits and in RL (May 3 / May 5)

How to do DM in RL:
1. Estimate MDP.
2. Plug-in the target policy.
TMIS is equivalent to DM.

1. TMIS has an error that is linear in H. (H2τaτs/n)
2. TMIS is better than MC even when we are doing on-policy evaluation.

TMIS is equivalent to DM - a model-based approcach.

V̂MIS =
1

n

n∑
i=1

H∑
t=1

d̂π(s
(i)
τ )

dµ(s
(i)
τ )

r̂πτ (s(i)τ ) =
∑
s∈S

H∑
t=1

d̂πτ (s)r̂t(s) = V̂DM (12.36)
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