CS 267: Automated Verification

Lecture 3: Fixpoints and Temporal Properties

Instructor: Tevfik Bultan



What is a Fixpoint (aka, Fixed Point)

Given a function
F:D—>D

X € D is a fixpoint of ‘F if and only if F(x)=x



Temporal Properties = Fixpoints
[Emerson and Clarke 80]

Here are some interesting CTL equivalences:

AGp=pAAXAGDP
EGp=pAEXEGDP

AFp=pv AXAFDp
EFp=pVvEXEFDp

pAUg=qvVv (pAAX(p AUQ))
pEUg=qv(pAEX(pEUQ))

Note that we wrote the CTL temporal operators in terms of
themselves and EX and AX operators



Functionals

* Given a transition system T=(S, |, R), we will define
functions from sets of states to sets of states

- F:25-5 25

* For example, one such function is the EX operator (which
computes the precondition of a set of states)

— EX:25—>5 25
which can be defined as:
EX(p)={s]|(s,s’)e Rands” ep}

Abuse of notation: | am using p to denote the set of states
which satisfy the property p (i.e., the truth set of p)



Functionals

* Now, we can think of all temporal operators also as
functions from sets of states to sets of states.

* For example:
AX p = —=EX(—p)

or if we use the set notation
AXp=(S-EX(S-p))

Logic Set
, _ pAq pPMQ
Abuse of notation: | will use the set DV Q pDuU(Q
and logic notations interchangeably. —p S—-p
False %

True S



Lattices

The set of states of the transition system forms a lattice:

lattice

partial order

bottom element

top element

Least upper bound (lub)
(aka join) operator
Greatest lower bound (glb)
(aka meet) operator

25
-
& (alternative notation: L)
S (alternative notation: T)

N\

M



Lattices

In general, a lattice Is a partially ordered set with a least upper
bound operation and a greatest lower bound operation.

« Least upper bound a U b is the smallest element where
acaubandbcaub

* Greatest lower bound a m b is the biggest element where
anbcaandanbchb

A partial order is a

 reflexive (for all x, x < x),

* transitive (forall x,y,z,xcyAnycz=xcz),and
* antisymmetric (forall X, y, XcyAycXxX=Xx=Yy)
relation.



Complete Lattices

25 forms a lattice with the partial order defined as the subset-
or-equal relation and the least upper bound operation
defined as the set union and the greatest lower bound
operation defined as the set intersection.

In fact, (25, <, &, S, U, N) is a complete lattice since for each
set of elements from this lattice there is a least upper bound
and a greatest lower bound.

Also, note that the top and bottom elements can be defined
as:

L ==n{y|y e 25}

T=S=u{y|ye 25}

This definition is valid for any complete lattice.



An Example Lattice

{9, {0}, {1}, {2}, {0,1},{0,2},{1,2},{0,1,2}}
partial order: — (subset relation)
bottom element: & = 1| top element: {0,1,2} =T

lub: U (union) glb: m (intersection)

{0,1,2} = T (top element)

e

{0,1} {0,2} {1,2}
The Hasse diagram for the example
lattice (shows the transitive reduction of
the corresponding partial order relation)
{0} {1} {2}

\\/

@& = 1 (bottom element)



Temporal Properties = Fixpoints

Based on the equivalence
EFp=pVvEXEFDp
we observe that EF p is a fixpoint of the following function:
Fy=pvEXy (we can alsowriteitasAy.p v EXY)
F(EFp)=EFp

In fact, EF p is the least fixpoint of ‘F, which is written as:

EFp=py.Ffy =py.pvEXyYy (umeans least fixpoint)



EFp=ny.pvEXYy

 To prove
EFp=pny.pvEXy
we need to show
*uy.pvEXycEFp
and

*EFpcuy.pvEXy



EFp=ny.pvEXYy

— First we have the equivalence EF p=p vEXEF p

« Why? Because according to the semantics of EF, EF p
holds in a state either if p holds in that state, or if that
state has a next state in which EF p holds.

* From this equivalence we know that EF p is a fixpoint of
the function Ay . p v EX y and since the least fixpoint is
the smallest fixpoint we have:

ny.pvEXycEFp



EFp=ny.pvEXYy

 Nextwe needtoprovethatEFpcuy.pvEXyto
complete the proof.

« Suppose zis a fixpointof Ay . p v EXy, then we know that

z =p v EX zwhich means that EX z < z and this means that
no path starting from a state that is outside of z can reach a

state in z.

Since we also have p c z, any path that can reach p must
start with a state in z.

Hence, we can conclude that EF p ¢ z.

Since we showed that EF p is contained in any fixpoint of the
function Ay . p v EXy, we get

EFpcuy.pvEXy
which completes the proof.



Temporal Properties = Fixpoints

Based on the equivalence
EGp=pAEXEGDP
we observe that EG p is a fixpoint of the following function:
Fy=pArEXy (we can alsowriteitas Ay .p AEXY)
F(EGP)=EGp

In fact, EG p is the greatest fixpoint of ‘F, which is written as:

EGp=vy.Fy=vy.pAEXy (vmeans greatest fixpoint)



EGp=vy.pAEXYy

« Let's prove this too.

* First we have the equivalence EGp=p A EXEGDP

« Why? Because according to the semantics of EG, EG p
holds in a state if and only if p holds in that state and if
that state has a next state in which EG p holds.

* From this equivalence we know that EG p is a fixpoint of
the function Ay . p A EX y and since the greatest fixpoint
IS the biggest fixpoint we have:

EGpcvy.pAEXYy



EGp=vy.pAEXYy

* Nextwe needtoprovethatvy.p AEXycEGpto
complete the proof.

« Suppose zis a fixpointof Ay . p A EXy, then we know that

z=p A EXzwhich means thatzc pandzc EXz. Hence, p
holds in every state in z and every state in z has a next state
that is also in z. Therefore from any state that is in z, we can
build a path that starts at that state and on all states on that
path p holds. This means that every state in z satisfy EG p,
l.e., zc EGp.

Since we showed that any fixpointof Ay . p A EX y is
contained in EG p, we get

vy.pAEXYcCEGDpP
which completes the proof.



Fixpoint Characterizations

Fixpoint Characterization Equivalences

AGp=vy.pAAXy AGp=pAAXAGDP
EGp=vy.pAEXYy EGp=pAEXEGpP
AFp=pny.pvAXy AFp=pvAXAFDp
EFp=pny.pvEXy EFp=pVvEXEFDp

pPAUg=py.qv(pArAX(y) pAUg=qv (pAAX(pAUQ))
PEUg=py.qv(pAEX(Y)) pEUg=qv(pAEX(pEUGQ))

All of these fixpoint characterizations can be proved based on
the semantics of the temporal operators (like we did for EF p

and EG p).



Monotonicity

* Function ‘F is monotonic if and only if, for any x and vy,
xcy=>%Fxcty

Note that, all the functions we used for representing temporal
operators are monotonic:

ANy.pArAXYy

ANy.pArEXYy

ANy.pvAXy

ANy.pvEXYy

Ay.qv(pAAX(y))

Ay.qv(paEX(y)

For all these functions, if you give a bigger y as input you will

get a bigger result as output



Monotonicity

 One can define non-monotonic functions:
Forexample:A y.pAEX =y

This function is not monotonic. If you give a bigger y as input
you will get a smaller resuilt.

* For the functions that are non-monotonic the fixpoint
computation techniques we are going to discuss will not
work. For such functions a fixpoint may not even exist.

* The functions we defined for temporal operators are all
monotonic because there is no negation in front of the input
variable y. In general, if you have an even number of
negations in front of the input variable y, then you will get a
monotonic function.



Least Fixpoint

Given a monotonic function ‘F, its least fixpoint exists, and it is
the greatest lower bound (glb) of all the reductive elements:

wy.Fy=n{ylFycy}



wy.fy=n{ylFfycy}

« Let's prove this property.
 Letusdefinezasz=n{y|Fycy}

We will first show that z is a fixpoint of J and then we will

show that it is the least fixpoint which will complete the
proof.

« Based on the definition of z, we know that:
foranyy, Fycy,wehavezcy.

Since Fis monotonic,zcy= Fzc Tv.

But since Fycy,then Fzcy.

l.e.,forally, Tycy,wehave T zcy.

Thisimpliesthat, Fzcn{y| Ffycy},

and based on the definition of z, we get Tz c z



wy.fy=n{ylFfycy}

* Since ‘f'is monotonic and since F'z — z, we have

F(Fz)cFzwhichmeansthat Fze{y| Fycy}
Then by definition of zwe get, zc F z

* Since we showed that 'z c z and z ¢ ‘F z, we conclude
that Fz=2z, i.e., zis a fixpoint of the function 7.

* For any fixpoint of /'we have 'y =y which implies Fycy
So any fixpoint of +'is a member of the set{y | Fycy }and

z is smaller than any member of the set{y | Fy c vy} since it
IS the greatest lower bound of all the elements in that set.

Hence, z is the least fixpoint of 7.



Computing the Least Fixpoint

The least fixpoint py . Fvy is the limit of the following
sequence (assuming ‘Fis w-continuous):

3, Fo, 20, PO, ..

‘Fis w-continuous if and only if
PicpP2cpsc ... impliesthat F (uip) =y J (pi)

If S is finite, then we can compute the least fixpoint using the
sequence J, F O, FP I, F O, ... This sequence is
guaranteed to converge if S is finite and it will converge to
the least fixpoint.



Computing the Least Fixpoint

Given a monotonic and union continuous function ‘F

wy. Fy=uF (@)

We can prove this as follows:

 First, we can show that for all i, F' (&) cpy. Fy using
iInduction

fori=0, we have F° (D)= cpny. Fy

Assuming F'(D)cpy. Fy

and applying the function ‘F to both sides and using

monotonicity of Fwe get: F(F' (D)< F(uy. Fy)

and since ny . Fyis a fixpoint of ' we get:

F(@)cuy. Fy

which completes the induction.



Computing the Least Fixpoint

« So, we showed thatforalli, F' (J)cpny. Fy

 |f we take the least upper bound of all the elements in the
sequence T' () we get u; F' (&) and using above result,
we have:

UF(@@)cpny. Fy

* Now, using union-continuity we can conclude that
FOF @) =0 F(F (@) =uF* (@)
=@y (D) =y F1 (D)

« So, we showed that u; F' (©) is a fixpoint of F and u; F'
(P cuy. Fy, thenwe conclude thatuy . Fy =y, F' (D)



Computing the Least Fixpoint

» S0, we showed that
U; F' (D) is a fixpoint of F
and
U (@) cuy. Ty
then we conclude that

py. Fy=u F' (D)



Computing the Least Fixpoint

If there exists a j, where F! (&) = Fi*1 (&), then
uy. Fy=F1(9)

« We have proved earlier thatfor alli, F' (@) cpny. Fy

o If F1 (@)= F* (D), then F! (D) is a fixpoint of F and since
we know that ! () cny. Fy then we conclude that

ny. Fy=F(9)



EF Fixpoint Computation

EFp=pny.pvEXYyisthe limit of the sequence:
J, pvEX G, pvEX(pVvEX OG) , pvEX(pVvEX(pv EX &), ...
which is equivalent to

d,p,pvEXp,pvEX(pVvEX(P)),..



EF Fixpoint Computation

G—@—a—6)"

Start
%)

18t iteration
pvEX & ={s1,s4} U EX(D)= {s1,54} U & ={s1,s4}

2"d jteration
PVEX(pVvEX ©) = {s1,s4} U EX({s1,s4})= {s1,s4} {s3}={s1,s3,54}

3" jteration
pvEX(pvEX(pv EX ©)) = {s1,s4} U EX({s1,s3,54})= {s1,s4} {s2,s3,s4}={s1,52,53,54}

4t jteration
PVEX(pVvEX(pVvEX(pv EX ©@))) = {s1,s4} U EX({s1,s2,53,54})= {s1,54} U {s1,s2,53,54}
= {s1,s2,s3,s4}



EF Fixpoint Computation

EF(p) = states thatcanreachp =p U EX(p) v EX(EX(p)) v ...

/




Greatest Fixpoint

Given a monotonic function 7, its greatest fixpoint exists and it
IS the least upper bound (lub) of all the extensive elements:

vy.Fy=u{ylycFy}

This can be proved using a proof similar to the one we used
for the dual result on least fixpoints



Computing the Greatest Fixpoint

The greatest fixpoint vy . F'y is the limit of the following
sequence (assuming Fis n-continuous):

S, S, 2S, S, ...

‘F'is n-continuous if and only if
For any sequence p4, Py, P3 ... If pirq < p; for all i, then

F(ip) =i F(pi)

If S is finite, then we can compute the greatest fixpoint using
the sequence S, S, F?S, /S, ...This sequence is
guaranteed to converge if S is finite and it will converge to
the greatest fixpoint.



Computing the Greatest Fixpoint

Given a monotonic and intersection continuous function F

vy. Fy=n F' (S)

If there exists a j, where F! (S) = Fi*1 (S), then
vy. Fy =F(S)

Again, these can be proved using proofs similar to the ones
we used for the dual results for the least fixpoint.



EG Fixpoint Computation

Similarly, EGp=vy.p A EXYyis the limit of the sequence:
S, pAEX S, pAEX(p A EX' S), pAEX(p A EX (p A EXS)), ...
which is equivalent to

S,p, PAEXp,pAEX(pAEX(P)), ..



EG Fixpoint Computation

P P
P
Start
S ={s1,s2,53,54}

1st iteration
PAEX S = {s1,s3,s4}~EX({s1,s2,53,54})= {s1,s3,54}{s1,s2,53,s4}={s1,s3,54}

2"d jteration
PAEX(pAEX S) = {s1,s3,s4}EX({s1,s3,54})= {s1,53,54}{s2,53,54}={s3,s4}

3" jteration
PAEX(PAEX(PAEX S)) = {s1,s3,54}NEX({s3,54})= {s1,53,54}{s2,53,54}={s3,54}



EG Fixpoint Computation

EG(p) = states that can avoid reaching —p = p N EX(p) N EX(EX(p)) N ...




