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—— Abstract

In this paper we study recently introduced conflict version of the classical FEEDBACK VERTEX
SET (FVS) problem. Let F be a family of graphs. Then, for every family F, we get F-CF-
FEEDBACK VERTEX SET (F-CF-FVS, for short). The problem F-CF-FVS takes as an input
a graph G, a graph H € F, and an integer k, and the objective is to decide if there is a set
S C V(Q) of size at most k such that G— S is a forest and S is an independent set in H. Observe
that if we instantiate F to be the family of edgeless graphs then we get the classical FVS problem.
Jain, Kanish and Misra [CSR 2018| showed that in contrast to FVS, F-CF-FVS is W[1]-hard
on general graphs and admits an FPT algorithm if F is a family of d-degenerate graphs. In
this paper we relate 7-CF-FVS to the INDEPENDENT SET problem on special classes of graphs
and obtain a complete dichotomy result on the Parameterized Complexity of the problem F-
CF-FVS. In particular, we show that F-CF-FVS is FPT parameterized by the solution size if
and only if F+CLUSTER IS is FPT parameterized by the solution size. Here, F+CLUSTER IS
is the INDEPENDENT SET problem in the (edge) union of a graph G € F and a cluster graph
H (G and H are explicitly given). Next we exploit this characterization to obtain new FPT
results as well as intractability results for F-CF-FVS. In particular, we give FPT algorithms for
F+CLUSTER IS when F is the family of K; ;-free graphs. Finally, we consider for each 0 < € < 1,
the family of graphs F., which comprise of graphs G such that |[E(G)| < |V(G)|?>~€ and show that
Fe+CLUSTER IS is W[1]-hard, when parameterized by the solution size, for every 0 < e < 1.

2012 ACM Subject Classification Dummy classification
Keywords and phrases Dummy keyword

Digital Object ldentifier 10.4230/LIPIcs.MFCS.2018.23

1 Introduction

FEEDBACK VERTEX SET (FVS) is one of the classical NP-hard problems that has been
subjected to intensive study in algorithmic paradigms that are meant for coping with NP-hard
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problems, and particularly in the realm of Parameterized Complexity. In this problem, given
a graph G and an integer k, the objective is to decide if there is S C V(G) of size at most k
such that G — S is a forest. F'VS has received a lot of attention in the realm of Parameterized
Complexity. This problem is known to be in FPT, and the best known algorithm for it runs
in time O(3.618¥n°(W) [7, 14]. Several variant and generalizations of FEEDBACK VERTEX
SET such as WEIGHTED FEEDBACK VERTEX SET [2, 6], INDEPENDENT FEEDBACK VERTEX
SET [1, 16], CONNECTED FEEDBACK VERTEX SET [17], and SIMULTANEOUS FEEDBACK
VERTEX SET [3, 5] have been studied from the viewpoint of Parameterized Complexity.

Recently, Jain et al. [13] defined an interesting generalization of well-studied vertex
deletion problems — in particular for FVS. The CF-FEEDBACK VERTEX SET (CF-FVS,
for short) problem takes as input graphs G and H, and an integer k, and the objective is
to decide if there is a set S C V(G) of size at most k such that G — S is a forest and S is
an independent set in H. The graph H is also called a conflict graph. Observe that the
CF-FVS problem generalizes many classical graph problems such as FEEDBACK VERTEX
SET, INDEPENDENT FEEDBACK VERTEX SET, etc. Among other results, Jain et al. [13]
showed that CF-FVS is W[1]-hard on general graphs. Also, they designed FPT algorithms
when the input graph H is from the family of d-degenerate graphs and the family of nowhere
dense graphs.

A natural way of defining CF-FVS will be by fixing a family F from which the conflict
graph H is allowed to belong. Thus, for every fixed F we get a new CF-FVS problem. In
particular we get the following problem.

F-CF-FEEDBACK VERTEX SET (F-CF-FVS) Parameter: k
Input: A graph G, a graph H € F (where V(G) = V(H)), and an integer k.
Question: Is there a set S C V(G) of size at most k such that G — S is a forest and S
is an independent set in H?

Jain et al. [13] showed that F-CF-FVS is W[1]-hard when F is family of all graphs and
admits FPT algorithm when the input graph H is from the family of d-degenerate graphs
and the family of nowhere dense graphs. The most natural question that arises here is the
following.

Question 1: For which graph families F, F-CF-FVS is FPT?

Our Results. Starting point of our research is Question 1. We obtain a complete dichotomy
result on the Parameterized Complexity of the problem F-CF-FVS in terms of another
well-studied problem, namely, the INDEPENDENT SET problem — the wall of intractability.
Towards stating our results, we start by defining the problem F+CLUSTER IS, which is of
independent interest. A cluster graph is a graph formed from the disjoint union of complete
graphs (or clique).

F+CLUSTER INDEPENDENT SET (F+CLUSTER IS) Parameter: k
Input: A graph G € F, a cluster graph H (where V(G) = V(H)), and an integer k,
such that H has exactly k connected components.

Question: Is there a set S C V(G) of size k such that S is an independent set in both
G and in H?

We note that F+CLUSTER IS is the INDEPENDENT SET problem on the edge union of two
graphs, where one of the graphs is from a family of graphs F and the other one is a cluster
graph. Here, additionally we know the partition of edges into two sets £ and FEs such that
the graph induced on Ej is in F and the graph induced on Fj5 is a cluster graph. We note



81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

A. Agrawal and P. Jain and L. Kanesh and D. Lokshtanov and S. Saurabh

that F+CLUSTER IS has been studied in the literature for F being the family of interval
graphs (with no restriction on the number of clusters) [21]. They showed the problem to
be FPT. Recently, Bentert et al. [?] generalized the result from interval graphs to chordal
graphs. This problem arises naturally in the study of scheduling problems. We refer the
readers to [21, ?] for more details on the application of F+CLUSTER IS.

We are now ready to state our results. We show that F-CF-FVS is in FPT if and only if
F+CLUSTER IS is in FPT. This gives a complete characterization of when the F-CF-FVS
problem is in FPT. To prove the forward direction, i.e., showing that F+CLUSTER IS is in
FPT implies F-CF-FVS is in FPT, we design a branching based algorithm, which at the
base case generates instances of F+CLUSTER IS, which is solved using the assumed FPT
algorithm for F+CLUSTER IS. Thus, we give “fpt-turing-reduction” from F-CF-FVS to
F+CLUSTER IS. It is worth to note that there are very known reductions of this nature.
To show that F-CF-FVS is in FPT implies that F+CLUSTER IS is in FPT, we give an
appropriate reduction from F+CLUSTER IS to F-CF-FVS, which proves the statement.

Next, we consider two families of graphs. We first design FPT algorithm for the corres-
ponding F+CLUSTER IS problem. For the second class we give a hardness result. First, we
consider the problem Kj ;j-free+-CLUSTER IS, which is the F+CLUSTER IS problem for the
family of K; j-free graphs. We design an FPT algorithm for K ;-free4-CLUSTER IS based on
branching together with solving the base cases using a greedy approach. This adds another
family of graphs, apart from interval and chordal graphs, such that F+CLUSTER IS is FPT.

We note that K; j-free graphs have at most n?~¢ edges, where n is the number of vertices
in the input graph and € = €(4,5) > 0 [20, 12]. We complement our FPT result on K ;-
free+CLUSTER IS with the W[1]-hardness result of the F+CLUSTER IS problem when
F is the family of graphs with at most n?~¢ edges. This result is obtained by giving an
appropriate reduction from the problem MULTICOLORED BICLIQUE, which is known to be
WI[1]-hard [7, 10]. We also show that the F+CLUSTER IS problem is W[1]-hard when F is the
family of bipartite graphs. Again, this result is obtained via a reduction from MULTICOLORED
BICLIQUE.

2 Preliminaries

In this section, we state some basic definitions and terminologies from Graph Theory that
are used in this paper. For the graph related terminologies which are not explicitly defined
here, we refer the reader to the book of Diestel [8].

Graphs.

Consider a graph G. By V(G) and E(G) we denote the set of vertices and edges in G,
respectively. When the graph is clear from the context, we use n and m to denote the
number of vertices and edges in the graph, respectively. For X C V(G), by G[X] we denote
the subgraph of G with vertex set X and edge set {uv € E(G) | u,v € X}. Moreover, by
G — X we denote graph G[V(G)\ X]. For v € V(G), Ng(v) denotes the set {u | uv € E(G)},
and Ng[v] denotes the set Ng(v) U {v}. By degy(v) we denote the size of Ng(v). A path
P = (v1,...,v,) is an ordered collection of vertices, with endpoints v; and vy, such that
there is an edge between every pair of consecutive vertices in P. A cycle C = (v1,...,v,) is
a path with the edge vv,,. Consider graphs G and H. We say that G is an H -free graph if
no subgraph of G is isomorphic to H. For u,v € V(G) NV (H), we say that v and v are in
conflict in G with respect to H if wv € E(H).
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A clique is a subgraph of an undirected graph such that every two distinct vertices in it
are adjacent. A connected component of an undirected graph is a (vertex) maximal induced
subgraph in which every two vertices are connected by a path. If a graph has only one
connected component then it is called connected graph. A graph is a cluster graph if each of
its connected components are cliques. For k € N, a k-cluster graph is cluster graph with
exactly k connected components. Let C be the set of connected components in cluster graph.
We define vertex set of C as follows: V(C) = Ugee' V(C). A graph G is a complete bipartite
graph if its vertex set can be partitioned into two disjoint (independent) sets X and Y, such
that E(G) = {zy |z € X,y € Y}. For z,y € N, by K,, we denote the complete bipartite
graph on x + y vertices which admits a vertex bipartition into sets X and Y of sizes x and y,
respectively, such that E(K,,) = {zy |z € X,y € Y}. A graph is a chordal graph if it has
no induced cycle of length at least 4.

Sets.

We denote the set of natural numbers and real numbers by N and R, respectively. For k € N,
by [k] we denote the set {1,2,...,k}. For a,b € R, a half open interval denoted by (a,b] is
the set of all real numbers z, such that a < < b. For a set X, by 2% we denote the power
set of X, i.e., the set comprising of all subsets of X.

Parameterized Complexity.

A parameterized problem II is a subset of 3* x N, where 3 is a finite alphabet set. An
instance of a parameterized problem is a tuple (x, k), where x is a classical problem instance
and k is an integer, called the parameter. A central notion in parameterized complexity is
fized-parameter tractability (or in FPT) which means, for a given instance (z, k), decidability
in time f(k) - poly(|z|), where f(-) is an arbitrary computable function and poly(-) is a
polynomial function. To prove that a problem is FPT, it is possible to give an explicit
algorithm, called a parameterized algorithm, which solves it in time f(k) - poly(|z|). On the
other hand, to show that a problem is unlikely to be in FPT, it is possible to use FPT time
reductions analogous to the polynomial time reductions employed in Classical Complexity.
Here, the concept of W[t]-hardness replaces the concept of NP-hardness, and we need not only
construct an equivalent instance in FPT time, but also ensure that the size of the parameter
in the new instance depends only on the size of the parameter in the original instance. For
more details on Parameterized Complexity, we refer the reader to the books of Downey and
Fellows [9], Flum and Grohe [11], Niedermeier [18], and the recent book by Cygan et al. [7].

3 W-hardness of F-CF-FVS Problems

This section is devoted to showing W-hardness results for /-CF-FVS problems for certain
graph classes, F. In Section 3.1, we show one direction of our dichotomy result. That is, if
for a family of graphs F, F+CLUSTER IS is not in FPT when parameterized by the size of
solution then F-CF-FVS is also not in FPT when parameterized by the size of solution. This
result is obtained by giving a parameterized reduction from F+CLUSTER IS to F-CF-FVS.
Next, we show that the problem F-CF-FVS is W[1]-hard, when parameterized by the size
of solution, where F is the family of bipartite graphs (Section 3.2) or the family of graphs
with sub-quadratic number of edges (Section 3.3). These results are obtained by giving an
appropriate reduction from the problem MULTICOLORED BICLIQUE, which is known to be
WI[1]-hard [7, 10].
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3.1 F4CLUSTER IS to F-CF-FVS

In this section, we show that, for a family of graphs F, if F/+CLUSTER IS is not in FPT,
then F-CF-FVS is also not in FPT (where the parameters are the solution sizes). To prove
this result, we give a parameterized reduction from F+CLUSTER IS to F-CF-FVS.

Let (G, H, k) be an instance of F+CLUSTER IS. We construct an instance (G', H', k')
of F-CF-FVS as follows. We have H' = G, k' =k, and V(G') = V(H). Let C be the set
of connected components in H. Recall that we have |C| = k. For each C € C, we add a
cycle (in an arbitrarily chosen order) induced on vertices in V(C') in G’. This completes the
description of the reduction. Next, we show the equivalence between the instance (G, H, k)
of F+CLUSTER IS and the instance (G', H', k') of F-CF-FVS.

» Lemma 1. (G, H,k) is a yes instance of F+CLUSTER IS if and only if (G', H', k') is a
yes instance of F-CF-FVS.

Proof. In the forward direction, let (G, H, k) be a yes instance of F+CLUSTER IS, and S
be one of its solution. Since H' = G, therefore, S is an independent set in H'. Let C be the
set of connected components in H. As S is a solution, it must contain exactly one vertex
from each C' € C. Moreover, G’ comprises of vertex disjoint cycles for each C' € C. Thus S
intersects every cycle in G’. Therefore, S is a solution to F-CF-FVS in (G', H', k).
In the reverse direction, let (G', H', k") be a yes instance of F-CF-FVS, and S be one of
its solution. Recall that G’ comprises of k vertex disjoint cycles, each corresponding to a
connected component C' € C, where C is the set of connected components in H. Therefore,
S contains exactly one vertex from each C € C. Also, H = G, and therefore, S is an
independent set in G. This implies that S is a solution to F+CLUSTER IS in (G, H, k).
|

» Theorem 2. For a family of graphs F, if F+CLUSTER IS is not in FPT when parameterized
by the solution size, then F-CF-FVS is also not in FPT when parameterized by the solution
size.

Proof. Follows from the construction of instance (G, H', k') of F-CF-FVS for the given
instance (G, H, k) of F+CLUSTER IS with H' = G and Lemma 1. <

3.2 W][1]-hardness on Bipartite Graphs

In this section, we show that for the family of bipartite graphs, B, the B-CF-FVS problem is
WI(1]-hard, when parameterized by the solution size. Throughout this section, B will denote
the family of bipartite graphs. To prove our result, we give a parameterized reduction from
the problem MULTICOLORED BICLIQUE to B-CF-FVS. In the following, we formally define
the problem MULTICOLORED BICLIQUE.

MULTICOLORED BICLIQUE (MBC) Parameter: k
Input: A bipartite graph G, a partition of A into k sets A1, Aa,- -+, Ak, and a partition
of B into k sets By, Ba,--- , By, where A and B are a vertex bipartition of G.

Question: Is there a set S C V(G) such that for each i € [k] we have |S N A;| =1 and
|S N B;| =1, and G[S] is isomorphic to K 7

Let (G, Ay, -+, Ak, By, -+, Bx) be an instance of MULTICOLORED BICLIQUE. We con-
struct an instance (G', H', k") of B-CF-FVS as follows. We have V(G') =V (H') =V (G),
and E(H') = {uv | u € UjepAi, v € Ui Bi, and uwv ¢ E(G)}. Next, for each i € [k], we
add a cycle (in an arbitrary order) induced on vertices in A; in G’. Similarly, we add for
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each 7 € [k], a cycle induced on vertices in B; in G’. Notice that G’ is comprises of 2k vertex
disjoint cycles, and H’ is a bipartite graph. Finally, we set k¥’ = 2k. This completes the
description of the reduction.

» Lemma 3. (G, Ay, , A, B1, -+, Bi) is a yes instance of MULTICOLORED BICLIQUE if
and only if (G', H' k') is a yes instance of B-CF-FVS.

Proof. In the forward direction, let (G, Ay,--- , Ag, B1,--- , Bg) be a yes instance of MULTI-
COLORED BICLIQUE, and S be one of its solution. We will show that S is a solution
to B-CF-FVS in (G',H',k"). Since S is a solution to MULTICOLORED BICLIQUE in
(G,Ay,-- ,Ag, By, -+, By), therefore for each ¢ € [k], |[SN A;] = 1 and |SN B;| = 1.
Since G’ comprises of vertex disjoint cycles corresponding to sets in A; and B;, therefore, S
intersects every cycle in G’. By the construction of H' it follows that S is an independent
set in H'. This concludes the proof of forward direction.

In the reverse direction, let (G’, H', k") be a yes instance of B-CF-FVS, and S be one of
its solution. By construction of G', for each i € [k] we have [SNA;] =1and |[SNB;| =1
and by the construction of H’, we have that S is isomorphic to Ky in G. Therefore, S is a
solution to MULTICOLORED BICLIQUE in (G, Ay, , Ak, By, -+, By).

<

Now we are ready to prove the main theorem of this section.

» Theorem 4. B-CF-FVS parameterized by the solution size is W[1]-hard, where B is the
family of bipartite graphs.

Proof. Follows from the construction, Lemma 3, and WJ[1]-hardness of MULTICOLORED
BICLIQUE [7, 10].
<

3.3 W]|[1]-hardness on Graphs with Sub-quadratic Edges

In this section, we show that F-CF-FVS is W[1]-hard, when parameterized by the solution
size, where F is the family of graphs with sub-quadratic edges. To formalize the family of
graphs with subquadratic edges, we define the following. For 0 < e < 1, we define F, to
be the family comprising of graphs G, such that |E(G)| < |[V(G)[>~¢. We show that for
every 0 < € < 1, the F.-CF-FVS problem is W[1]-hard, when parameterized by the solution
size. Towards this, for each (fixed) 0 < € < 1, we give a parameterized reduction from
MULTICOLORED BICLIQUE to F.-CF-FVS.

Let (G, Ay, , Ak, B1, -+, Bi) be an instance of MULTICOLORED BICLIQUE. We con-
struct an instance (G’, H’, k’;) of F-CF-FVS as follows. Let n = |V(G)|, m = |E(G)|, and
X be a set comprising of n?=< —n (new) vertices. The vertex set of G’ and H' is X U V(G).
For each i € [k], we add a cycle (in arbitrary order) induced on vertices in 4; in G’. Similarly,
we add for each ¢ € [k], a cycle induced on vertices in B; in G’. Also, we add a cycle induced
on vertices in X to G'. We have E(H') = {uv | u € UjeAi, v € Ui Bi, and uv ¢ E(G)}.
Finally, we set k' = 2k + 1. Notice that since |V (H)| = n7>7, and |E(H")| < n?, therefore,
H e F..

» Lemma 5. (G, Ay, , Ak, B1, -+, Bi) is a yes instance of MULTICOLORED BICLIQUE if
and only if (G', H' k') is a yes instance of F.-CF-FVS.

Proof. In the forward direction, let (G, Ay, -, Ag, B1,--- , Br) be a yes instance of MUL-
TICOLORED BICLIQUE, and S be one of its solution. Let x € X be an arbitrarily chosen
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vertex from X. We will show that S U {z} is a solution to F.-CF-FVS in (G', H', k). Since
S is a solution to MULTICOLORED BICLIQUE in (G, Ay, -+ , Ak, B1,- -+ , By), therefore for
each i € [k], |[SN A;| =1 and |SN B;| = 1. Since G’ comprises of vertex disjoint cycles
corresponding to sets in A; and B;, and a cycle induced on vertices in X therefore, S U {z}
intersects every cycle in G’. By the construction of H' it follows that SU{x} is an independent
set in H'. This concludes the proof of forward direction.

In the reverse direction, let (G', H', k') be a yes instance of F.-CF-FVS, and S be one
of its solution. Let S" = S\ X. By construction of G’, for each ¢ € [k] we have |S' N A4;| =1

and |S' N B;| = 1, and by construction of H’', we have that S’ is isomorphic to Ky j in G.

Therefore, S’ is a solution to MULTICOLORED BICLIQUE in (G, Ay, -+, Ak, B1,--+ ,Bi). <
Now we are ready to prove the main theorem of this section.
» Theorem 6. For 0 < e < 1, F.-CF-FVS parameterized by the solution size is W[1]-hard.

Proof. Follows from the construction, Lemma 5, and WJ[1]-hardness of MULTICOLORED
BICLIQUE [7, 10]. <

4 FPT algorithms for F-CF-FVS for Restricted Conflict Graphs

For a hereditary (closed under taking induced subgraphs) family of graphs F, we show that
if F+CLUSTER IS is FPT, then F-CF-FVS is FPT. Throughout this section, whenever we
refer to a family of graphs, it will refer to a hereditary family of graphs. To prove our result,
for a family of graphs F, for which F+CLUSTER IS is FPT, we will design an FPT algorithm
for F-CF-FVS, using the (assumed) FPT algorithm for F+CLUSTER IS. Our algorithm
will use the technique of compression together with branching. We note that the method
of iterative compression was first introduced by Reed, Smith, and Vetta [19], and in our
algorithm, we (roughly) use only the compression procedure from it.

In the following, we let F to be a (hereditary) family graphs, for which F+CLUSTER
IS is in FPT. Towards designing an algorithm for F-CF-FVS, we define another problem,

which we call F-D1sJOoINT CONFLICT FREE FEEDBACK VERTEX SET (to be defined shortly).

Firstly, we design an FPT algorithm for /-CF-FVS using an assumed FPT algorithm for
F-Di1sJOINT CONFLICT FREE FEEDBACK VERTEX SET. Secondly, we give an FPT algorithm
for F-DisJOINT CONFLICT FREE FEEDBACK VERTEX SET using the assumed algorithm for
F+CLUSTER IS. In the following, we formally define the problem F-DISJOINT CONFLICT
FREE FEEDBACK VERTEX SET (F-DCF-FVS, for short)

F-Di1sJOINT CONFLICT FREE FEEDBACK VERTEX SET (F-DCF-FVS) Parameter: k
Input: A graph G, a graph H € F, an integer k, aset W C V(G), aset RCV(H)\ W,
and a set C, such that the following conditions are satisfied: 1) V(G) C V(H),2) G- W
is a forest, 3) the number of connected components in G[W] is at most k, and 4) C is a
set of vertex disjoint subsets of V(H).

Question: Is there a set S C V(H) \ (W U R) of size at most k, such that G — S is a
forest, S is an independent set in H, and for each C' € C, we have |S N C| # (07

We note that in the definition of F~-DCF-FVS, there are two (additional) inputs namely,
the set R and the set C. The purpose and need for these sets will become clear when we
describe the algorithm for F-DCF-FVS. In Section 4.1, we will prove the following theorem.

» Theorem 7. Let F be a hereditary family of graphs for which there is an FPT algorithm
for F+CLUSTER IS running in time f(k)n®®, where n is the number of vertices in the
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input graph. Then, there is an FPT algorithm for F-DCF-FVS running in time f(k)d*n®M),
where n is the (total) number of vertices in the input graphs, and d is a fized constant.

In the rest of the section, we show how we can use the FPT algorithm for F~-DCF-FVS
to obtain an FPT algorithm for F-CF-FVS.

Algorithm for F-CF-FVS using algorithm for F-DCF-FVS. Let [ = (G, H, k) be an
instance of F-CF-FVS. We start by checking whether or not G has a feedback vertex set of
size at most k, i.e. a set Z of size at most k, such that G — Z is a forest. For this we employ
the algorithm for FEEDBACK VERTEX SET running in time O(3.619*7°()) of Kociumaka
and Pilipczuk [14]. Here, n is the number of vertices in the input graph. Notice that if G does
not have a feedback vertex set of size at most k, then (G, H, k) is a no instance of F-CF-FVS,
and we can output a trivial no instance of F-DCF-FVS. Therefore, we assume that (G, k)
is a yes instance of FEEDBACK VERTEX SET, and let Z be one of its solution. We note that
such a set Z can be computed using the algorithm presented in [14]. We generate an instance
Iy of F-DCF-FVS, for each Y C Z, where Y is the guessed (exact) intersection of the set
Z with an assumed (hypothetical) solution to F-CF-FVS in I. We now formally describe
the construction of Iy. Consider a set Y C Z, such that Y is an independent set in H. Let
Gy =G-Y,Hy=H-Y, ky =k— Y|, Wy =Z\Y, Ry = (Nug(Y)\ Wy)NV(Hy),
and Cy = (). Furthermore, let Iy = (Gy, Hy, ky, Wy, Ry,Cy), and notice that Iy is a
(valid) instance of F-DCF-FVS. Now we resolve Iy using the (assumed) FPT algorithm for
F-DCF-FVS, for each Y C Z, where Y is an independent set in H. It is easy to see that
I is a yes instance of F-CF-FVS if and only if there is an independent set Y C Z in H,
such that Iy is a yes instance of F-DCF-FVS. From the above discussions, we obtain the
following theorem.

» Lemma 8. Let F be a family of graphs for which F-DCF-FVS admits an FPT algorithm
running in time f(k)n®®), where n is the (total) number of vertices in the input graph. Then
F-CF-FVS admits an FPT algorithm running in time g(k)2kno(1), where n is the number
of vertices in the input graphs.

Using Theorem 7 and Lemma 8, we obtain the main theorem of this section.

» Theorem 9. Let F be a hereditary family of graphs for which there is an FPT algorithm for
F+CLUSTER IS running in time f(k)n®®Y), where n is the number of vertices in the input
graph. Then, there is an FPT algorithm for F-CF-FVS running in time f(k)d*n®®, where
n s the number of vertices in the input graphs of F-CF-FVS, and d is a fired constant.

4.1 FPT Algorithm for 7-DCF-FVS

The goal of this section is to prove Theorem 7. Let F be a (fixed) hereditary family of
graphs, for which F+CLUSTER IS admits an FPT algorithm. We design a branching based
FPT algorithm for F-DCF-FVS, using the (assumed) FPT algorithm for F+CLUSTER IS.

Let I = (G,H,k,W,R,C) be an instance of F~-DCF-FVS. In the following we describe
some reduction rules, which the algorithm applies exhaustively, in the order in which they
are stated.

» Reduction Rule 1. Return that (G, H,k, W, R,C) is a no instance of F-DCF-FVS if one of
the following conditions are satisfied:

1. if k<0,

2. if k=0 and G has a cycle,

3. k=0and C # 0,
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4. G[W] has a cycle;
5. if |C| > k; or
6. there is C' € C, such that C C R.

» Reduction Rule 2. If k = 0, G is acyclic, and C = ) then, return that (G, H,k, W, R,C) is a
yes instance of F-DCF-FVS.

In the following, we state a lemma, which is useful in resolving those instances where the
graph G has no vertices.

» Lemma 10. Let (G, H, k, W, R,C) be an instance of F-DCF-FVS, where Reduction Rules 1
is not applicable and G — W has no vertices. Then, in polynomial time, we can generate
an instance (G', H', k') of F+CLUSTER IS, such that (G, H,k, W, R,C) is a yes instance of
F-DCF-FVS if and only if (G',H', k') is a yes instance of F+CLUSTER IS.

Proof. Let Vo = (UcecC) \ R. We have V(G') = V(H') = V. For each C' € C, we make
C'\ R a clique in H'. We set G' = H[V], and ¥’ = |C|. In the following we show that
(G,H,k,W,R,C) is a yes instance of F-DCF-FVS if and only if (G’, H’', k) is a yes instance
of F+CLUSTER IS.

In the forward direction, let (G, H, k, W, R,C) be a yes instance of F-DCF-FVS, and let
S be one of its solution. By construction, S is an independent set in G’ and H' of size C.

In the reverse direction, let (G', H', k') be a yes instance of F+CLUSTER IS, and S be
one of its solution. Since Reduction Rule 1 (item 4) is not applicable on (G, H, k, W, R,C), we
have |C| < k. Therefore, S is of size at most k. By non-applicability of item 6 of Reduction
Rule 1, we have SN R = (. By construction, |[S N C| = 1, for each C € C, and S is an
independent set in H. From the above discussions, together with the fact that G = G[W] is
acyclic, implies that S is a solution to F-DCF-FVS in (G, H,k,W, R,C). This concludes
the proof. |

Lemma 10 leads us to the following reduction rule.

» Reduction Rule 3. If G — W has no vertices, then return the output of algorithm for
F+CLUSTER IS with the instance generated by Lemma 10.

» Reduction Rule 4. If there is a vertex v € V(G) of degree at most one in G, then return
(G - {U},H,k,W \ {’U},R,C).

The safeness of Reduction Rule 4 follows from the fact that a vertex of degree at most one
does not participate in any cycle.

» Reduction Rule 5. Let uwv € E(G) be an edge of multiplicity greater than 2 in G, and G’
be the graph obtained from G by reducing the multiplicity of wv in G to 2. Then, return
(G, H, k, W, R,C).

The safeness of Reduction Rule 5 follows from the fact that for an edge, multiplicity of 2 is
enough to capture multiplicities of size larger than 2.

» Reduction Rule 6. Let v € R be a degree 2 vertex in G with «w and w being its neighbors in
G. Furthermore, let G’ be the graph obtained from G by deleting v and adding the (multi)
edge vw. Then, return (G', H — {v}, k, W, R\ {v},C).

The safeness of Reduction Rule 6 follows from the fact that a vertex in R cannot be part of

any solution and any cycle (in G) containing v must contain both v and w.

» Reduction Rule 7. If there is v € (V(G) N R) \ W, such that v has at least two neighbors
in the same connected component of W, then return that (G, H, k, W, R,C) is a no instance
of F-DCF-FVS.
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» Reduction Rule 8. If there is v € V(G) \ (W U R), such that v has at least two neighbors in
the same connected component of W, then return (G — {v}, H — {v},k—1,W, RUNg(v),C).

» Reduction Rule 9. Let v € V(G)NR, such that Ng(v) "W # 0. Then, return (G, H, k, W U
{v}, R\ {v},C).

Let 1 be the number of connected components in G[W]. In the following, we define the
measure we use to compute the running time of our algorithm.

ILL(I) :,LL((G,H,k,VV,R,C)) :k+77*|c|

Observe that none of the reduction rules that we described increases the measure, and a
reduction rule can be applied only polynomially many time. When none of the reduction
rules are applicable, the degree of each vertex in G is at least two, multiplicity of each edge
in G is at most two, degree two vertices in G do not belong to the set R, and G[W] and
G[V(G) \ W] are forests. Furthermore, for each v € V(G) \ W, v has at most 1 neighbor (in
G) in a connected component of G[W].

In the following, we state the branching rules used by the algorithm. We assume that
none of the reduction rules are applicable, and the branching rules are applied in the order
in which they are stated. The algorithm will branch on vertices in V/(G) \ W.

» Branching Rule 1. If there is v € V(G) \ W that has at least two neighbors (in G), say
wi,we € W. Since Reduction Rule 7 and 8 are not applicable, w; and wy belong to different
connected components of G[W]. Also, since Reduction Rule 9 is not applicable, we have
v ¢ R. In this case, we branch as follows.

(i) v belongs to the solution. In this branch, we return (G — {v}, H — {v},k—1,W,RU
NH (’U), C)

(ii) v does not belongs to the solution. In this branch, we return (G, H, k, W U {v}, R,C).
In one branch when v belongs to the solution, k decreases by 1, and 1 and |C| do not change.
Hence, p decreases by 1. In other branch when v is moved to W, number of components in
7 decreases by at least one, and k and |C| do not change. Therefore, 1 decreases by at least
1. The resulting branching vector for the above branching rule is (1, 1).

If Branching Rule 1 is not applicable, then each v € V(G) \ W has at most one neighbor
(in Q) in the set W. Moreover, since Reduction Rule 4 is not applicable, each leaf in G — W
has a neighbor in W.

In the following, we introduce some notations, which will be used in the description of
our branching rules. Recall that G — W is a forest. Consider a connected component 7" in
G — W. A path P,, from a vertex u to a vertex v in T is nice if u and v are of degree at
least 2 in G, all internal vertices (if they exist) of P,, are of degree exactly 2 in G, and v is a
leaf in T". In the following, we state an easy proposition, which will be used in the branching
rules that we design.

» Proposition 1. Let (G, H,k,W,R,C) be an instance of F-DCF-FVS, where none of
Reduction Rule 1 to 9 or Branching Rule 1 apply. Then there are vertices u,v € V(G) \ W,
such that the unique path P,, in G — W is a nice path.

Consider u,v € V(G)\ W, for which there is a nice path P,, in T, where T is a connected
component of G — W. Since Reduction Rule 4 is not applicable, either u has a neighbor in
W, or u has degree at least 2 in T'. From the above discussions, together with Proposition 1,
we design the remaining branching rules used by the algorithm. We note that the branching
rules that we describe next is similar to the one given in [3].



419

420

421

422

423

425

426

427

428

429

430

431

432

433

434

435

436

437

438

439

440

441

442

443

444

445

446

448

449

450

451

452

453

454

455

456

457

458

459

460

461

A. Agrawal and P. Jain and L. Kanesh and D. Lokshtanov and S. Saurabh

» Branching Rule 2. Let v € V(G) \ W be a leaf in G[V(G) \ W] for which the following
holds. There is u € V(G) \ W, such that Ng(u) N W # @ and there is a nice path P, from
uto v in G[V(G) \ W]. Let C = V(Py,) \ {u}, v’ and v’ be the neighbors (in G) of u and v
in W, respectively. Observe that since Reduction Rule 9 is not applicable, we have u,v ¢ R.
We further consider the following cases, based on whether or not «’ and v’ are in the same
connected component of G[IW].

Case 2.A. v/ and v’ are in the same connected component of G[W]. In this case, G[V (P, ) UW]
contains exactly one cycle, and this cycle contains all vertices of V(P,,) (consecutively).
Since vertices in W cannot be part of any solution, either u belongs to the solution or a
vertex from C' belongs to the solution. Moreover, any cycle in G containing v must contain
all vertices in V(Py,), consecutively. This leads to the following branching rule.

(i) u belongs to the solution. In this branch, we return (G — {u}, H — {u},k—1,W,R U

(ii) u does not belong to the solution. In this branch, we return (G—C, H, k, W, R,CU{C}).
In the first branch k decreases by one, and 7 and |C| do not change. Therefore, u decreases
by 1. On the second branch |C| increases by 1, and k and 1 do not change, and therefore, u
decreases by 1. The resulting branching vector for the above branching rule is (1,1).

Case 2.B. v’ and v’ are in different connected component of G[W]. In this case, we branch as
follows.
(i) u belongs to the solution. In this branch, we return (G — {u}, H — {u}, W,k —1,R U
NH (’LL), C) .
(ii) A vertex from C is in the solution. In this branch, we return (G—C, H, k, W, R,CU{C}).
(iii) No vertex in {u} U C is in the solution. In this branch, we add all vertices in {u} UC
to W. That is, we return (G, H, k,W U ({u} UC),R\ {u}UC),C).
In the first branch k decreases by one, and 7 and |C| do not change. Therefore, u decreases
by 1. On the second branch |C| increases by 1, and k and 1 do not change, and therefore, u
decreases by 1. In the third branch, n decreases by one, and k and |C| do not change. The
resulting branching vector for the above branching rule is (1,1, 1).

» Branching Rule 3. There is u € V(G) \ W which has (at least) two nice paths, say P, and
Py, to leaves v1 and vy (in G — W). Let Cy = V(Pyy,) \ {u} and Cy = V(P ) \ {u}. We
further consider the following cases depending on whether or not v; and vs have neighbors
(in G) in the same connected component of G[W] and u € R.

Case 3.A. v1 and vg have neighbors (in G) in the same connected component of G[W] and
u € R. In this case, GIW U {u} U Cy U Cy] contains (at least) one cycle, and u cannot belong
to any solution. Therefore, we branch as follows.
(i) A vertex from C; belongs to the solution. In this branch, we return (G—C4, H, k, W, R,CU
{C1}).
(ii) A vertex from C5 belongs to the solution. In this branch, we return (G—Cs, H, k, W, R,CU
{C2}).
Notice that in both the branches p decreases by 1, and therefore, the resulting branching
vector is (1,1).
Case 3.B. v; and vy have neighbors (in G) in the same connected component of G[W] and
u ¢ R. In this case, GIW U{u}UCy UC5] contains (at least) one cycle. We branch as follows.
(i) u belongs to the solution. In this branch, we return (G — {u}, H — {u},k—1,W,RU
(ii) A vertex from Cj belongs to the solution. In this branch, we return (G—C1, H, k, W, R,CU

{C1}).
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(iii) A vertex from C5 belongs to the solution. In this branch, we return (G—Cs, H, k, W, R,CU
{Ca}).
Notice that in all the three branches p decreases by 1, and therefore, the resulting branching
vector is (1,1,1).
Case 3.C. If v; and v have neighbors in different connected components of G[W] and u € R.
In this case, we branch as follows.
(i) A vertex from C belongs to the solution. In this branch, we return (G—C4, H, k, W, R,CU
{C1}).
(ii) A vertex from C3 belongs to the solution. In this branch, we return (G—Cs, H, k, W, R, CU
{C2}).
(iii) No vertex from C; U Cs belongs to the solution. In this case, we add all vertices in
{u}UC;UC5 to W. That is, the resulting instance is (G, H, k, WU ({u}UC, UCs), R\
({u} UCLU(Cy),C).
Notice that in all the three branches p decreases by 1, and therefore, the resulting branching
vector is (1,1,1).

Case 3.D. If v; and vq have neighbors in different connected components of G[W] and u ¢ R.
In this case, we branch as follows.
(i) u belongs to the solution. In this branch, we return (G — {u}, H — {u},k —1,W,RU
Ny (u),C).

(ii) A vertex from C belongs to the solution. In this branch, we return (G—C4, H, k, W, R, CU
{C1}).

(iii) A vertex from C5 belongs to the solution. In this branch, we return (G—Cs, H, k, W, R,CU
{C2}).

(iv) No vertex from {u} U C; U Cs belongs to the solution. In this case, we add all vertices
in {u} UC; UC;y to W. That is, the resulting instance is (G, H,k, W U ({u} UC; U
Cg),R\ ({u} U Cl U Cg),C)

Notice that in all the four branches i decreases by 1, and therefore, the resulting branching
vector is (1,1,1,1).

This completes the description of the algorithm. We are now ready to prove Theorem 7.

Proof of Theorem 7. Let I = (G, H,k,W, R,C) be an instance of F-DCF-FVS, and n be
the (total) number of vertices in G and H. We prove the correctness of our algorithm by
induction on .

When p < 0, then Reduction Rule 1 or Reduction Rule 2, correctly resolve the given
instance of F-DCF-FVS. This forms the base case of our induction. For the induction
hypothesis, we assume that for some § € N, for each p < §, the algorithm can correctly
resolve the instance. The algorithm either applies one of Reduction Rule 1 to 9 or one of
Branching Rule 1 to 3. Proposition 10 implies that either one of Reduction Rule 1 to 9
or Branching Rule 1 is applicable, or one of Branching Rule 2 to 3 is applicable. Each of
the reduction rules are safe, they do not increase the measure, and can be applied only
polynomially many times. Each of our branching rules are exhaustive, and in each of the
branches, the measure strictly decreases. If we apply the reduction rules (exhaustively),
either we completely resolve the instance correctly, or eventually apply a branching rule (in
polynomial number of application of reduction rules). If one of the branching rules apply,
then the measure strictly decreases, and then the induction hypothesis implies the correctness
of the algorithm. This concludes the proof of correctness of the algorithm.

In the following, we prove the claimed running time bound for the algorithm for F-DCF-
FVS. We note that the worst case branching vector is (1,1,1,1) (Branching Rule 3.D). And,
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whenever the measure drops below zero, we immediately resolve the instance using one of
our reduction rules in time bounded by f(k) - n®M . The time required to execute any of the
reduction rules is bounded by f(k) - n®® . From the above discussions, the running time of
our algorithm is bounded by the following expression.

T(p,n) < AT(u—1,n) + f(u)n°®

From the above expression, we obtain that the running time of our algorithm is bounded
by O(4F f(k) - n®M). This concludes the proof. <

5 FPT Algorithm for K; ;-free4Cluster IS

In this section, we give an FPT algorithm for K; ;-free4-CLUSTER IS, which is the /4+CLUSTER
IS where F is family of K; j-free graphs. Here, 4,7 € N, 1 < ¢ < j. In the following we
consider a (fixed) family of K; ;-free graphs. To design an FPT algorithm for F+CLUSTER
IS, we define another problem called LARGE K; j-free4-CLUSTER IS. The problem LARGE
K; j-free+CLUSTER IS is formally defined below.

LARGE K; j-free+CLUSTER IS Parameter: k
Input: A K j-free graph G, a cluster graph H (G and H are on the same vertex set),
and an integer k, such that the following conditions are satisfied: 1) H has exactly k
connected components, and 2) each connected component of H has at least k* vertices.
Question: Is there a set S C V(G) of size k such that S is an independent set in both
G and in H?

In Section 5.1, we design a polynomial time algorithm for the problem LARGE Kj ;-
free+CLUSTER IS. In the rest of this section, we show how to use the polynomial time al-
gorithm for LARGE K j-free4-CLUSTER IS to obtain an FPT algorithm for K ;-free4+-CLUSTER
IS.

» Theorem 11. K; ;-free+-CLUSTER IS admits an FPT algorithm running in time (’)(k‘kz
no(l)), where n is the number of vertices is the input graph.

Proof. Let (G, H, k) be an instance of K; j-free4+CLUSTER IS, and let C = {C1,C5,--- ,Cy}
be the set of connected components in H. If £ < 0, we can correctly resolve the instance
in polynomial time (by appropriately outputting yes or no answer). Therefore, we assume
k > 1. If for each C € C, we have |V (C)| > k¥, then (G, H, k) is also an instance of LARGE
K; j-free+-CLUSTER IS, and therefore we resolve it in polynomial time using the algorithm
for LARGE K; j-free+CLUSTER IS (Section 5.1). Otherwise, there is C' € C, such that
[V(C)| < k*. Any solution to K; j-free+CLUSTER IS in (G, H, k) must contain exactly one
vertex from C. Moreover, if a vertex v € V(C) is in the solution, then none of its neighbors
in G and in H can belong to the solution. Therefore, we branch on vertices in C' as follows.
For each v € V(C), create an instance I,,(G — (Ng(v) U Ng(v)), H — (Ng(v) U Ng(v)), k— 1)
of K; j-free4+CLUSTER IS. If number of connected components in H — N[C] is less than
k — 1, then we call such an instance I,, as invalid instance, otherwise the instance is a valid
instance. Notice that for v € V(C), if I, is an invalid instance, then v cannot belong to any
solution. Thus, we branch on valid instances of I, for v € V(C). Observe that (G, H, k)
is a yes instance of K j-free+CLUSTER IS if and only if there is a valid instance I, for
v € V(C'), which is a yes instance of K; ;-free+CLUSTER IS. Therefore, we output the OR
of results obtained by resolving valid instances I,,, for v € V(C).
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In the above we have designed a recursive algorithm for the problem Kj; j-free+CLUSTER
IS. In the following, we prove the correctness and claimed running time bound of the
algorithm. We show this by induction on the measure u = k. For p < 0, the algorithm
correctly resolve the instance in polynomial time. This forms the base case of our induction
hypothesis. We assume that the algorithm correctly resolve the instance for each p < 9,
for some § € N. Next, we show that the correctness of the algorithm for p =6 + 1. We
assume that k& > 0, otherwise, the algorithm correctly outputs the answer. The algorithm
either correctly resolves the instance in polynomial time using the algorithm for LARGE
K; j-free+CLUSTER IS, or applies the branching step. When the algorithm resolves the
instance in polynomial time using the algorithm for LARGE Kj ;-free+-CLUSTER IS, then
the correctness of the algorithm follows from the correctness of the algorithm for LARGE
K; j-free+CLUSTER IS. Otherwise, the algorithm applies the branching step. The branching
is exhaustive, and the measure strictly decreases in each of the branches. Therefore, the
correctness of the algorithm follows form the induction hypothesis. This completes the proof
of correctness of the algorithm.

For the proof of claimed running time notice that the the worst case branching vector is
is given by the k¥ vector of all 1s, and at the leaves we resolve the instances in polynomial
time. Thus, the claimed bound on the running time of the algorithm follows. |

5.1 Polynomial Time Algorithm for LARGE K; ;-free4Cluster IS

Consider a (fixed) family of K; ;-free graphs, where 1 <7 < j. The goal of this section is to
design a polynomial time algorithm for LARGE K; ;-free+CLUSTER IS. Let (G, H, k) be an
instance of LARGE K j-free4-CLUSTER IS, where G is a K j-free graph and H is a cluster
graph with k& connected components. We assume that k > max{i + j, 5}, as otherwise, we
can resolve the instance in polynomial time (using brute-force). Let C = {C1,Cy, - ,Ck}
be the set of connected components in H, such that |V(Cy)| > |V(Ca)| > - -+ [V(Ck)|-

We start by stating/proving some lemmata, which will be helpful is designing the
algorithm.

€

» Lemma 12. [4] The number of edges in a K, ;j-free graph are bounded by n*~
e € (0,1].

, where

» Lemma 13. Let (G, H, k) be an instance of LARGE K ;-free+CLUSTER IS. There exists
v € V(C1), such that for each C € C\ {C1}, we have |[Ng(v) N C| < lec L

Proof. Consider a connected component C € C\ {Cy}, and let x = |Cy| and y = |C].
Furthermore, let E(Cy,C) = {uv € E(G) | u € C1,v € C}. In the following, we prove some
claims which will be used to obtain the proof of the lemma.

» Claim 14. |E(Cy,0)| < jy' + ja.

Proof. Consider the partition of V/(C1) in two parts, namely, C} and C}, where C} = {v €
V(Cy) | INg(v) NV (C)| > i} and Cf = V(Cy)\ C}.

|E(C1,Cr)| = > INa(v) N V(C)| = Y [Na(v)nV(C)|+ > [Na(v)nV(C)].

veCy veC} veC}

By construction of C}, we have Zveczl |INg(v) NV (C)| < iz. In the following, we bound
ZueC}L |INg(v) N V(C)|. Since G is a K; j-free graph, therefore, any set of ¢ vertices in
V(C) can have at most 7 — 1 common neighbors (in G) from V(Cy), and in particular
from C}. Moreover, every v € C} has at least i neighbors in Ng(v) N V(C). Therefore,
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Yvecy Ne(0)NV(O) < i(j—1)(}). Hence, |E(Cy, Cp)| < i(j—1)(}) +iz < i(—1)Y +iz <
Iy + g
<

Let Adegc, ¢, denote average degree of vertices in set C into set Cy. Formally, Adegc ¢, =
%. We give following upper bound on Adegc, c, -
> Claim 15. Adeg, ¢, < 2

Proof. Since |E(Cy,Cy)| < jy' + jz,

s
Adege, ¢, <J+ Y (1)
Using Lemma 12, we give the following bound on Adeg¢, (, -
2—e¢
Adege, ¢, < ZTW < gt )
' x

To prove the lemma, let us assume the following cases:
Case 1: x > k?yi!
By substituting = in (1) we get the following bound:

STy
AdegCth < ]+ ﬁ
Since y > k2,
2y
Adegcl Cr > ﬁ

Case 2: x < k?yi~1
By substituting = in (2) we get the following bound:
4k%y

2(1—e€),,(i—1)(1—¢) oy
Adegc, ¢, <4k Yy < Y@= +eG—1)

Since y > kF, y(2=d+ei=1) 5 QJE , thus we have following equation:
2jy
/-\degclyck < ﬁ

<

Let degc, (ve,) denote degree of a vertex v € Cy in Cy. Since Adege, ¢, < %, using
Markov’s Inequality we get following upper bound on the probability that degree of a vertex
v € Cq in C} is greater than or equal to ijy
25y 1
P<d€ng (vey) = T) < T
Similarly, we can prove that the probability that degree of a vertex v € C in any C)p € C,
p € {2,3,...,k} is greater than or equal to % is at most % Using Boole’s inequality, we
get following upper bound on the probability that degree of a vertex v € C is greater than

24|C
% for at least one Cp.

2j1Cy|
k

or equal to

P( U degc, (ve,) > ) < %(k‘ -1)<1

p€{2,3, k}

This implies that probability that degree of a vertex v € C is less than %Cpl inall Cp, €C
is greater than 0. This completes the proof. < |
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Conflict Free Feedback Vertex Set: A Parameterized Dichotomy

We are now ready to describe our algorithm. Let (G, H,k) be an instance of K ;-
free+-CLUSTER IS such that size of all connected components in H is at least k* then we use
Algorithm 1 to find independent set S C V(G) such that S contains exactly one vertex from
each connected component in H. Let S be initially (.

Algorithm 1 Greedy algorithm for F+CLUSTER IS when size of all clusters is at least k*

1:i1=k

2: while : > 0 do

3: Let Cy,- -+, C; be clusters sorted in decreasing order of their size.

4: Delete a vertex v in C; which satisfy condition in Lemma 13 and add to solution S,

decrease i. Delete Cy and N (v).
5: end while

» Lemma 16. Algorithm 1 finds solution for F+CLUSTER IS where F is the family of K; ;
free graphs and size of each cluster is at least k* in polynomial time.

Proof. We first prove the correctness of algorithm using induction on the number of clusters
in the graph.

Base case: t = 1. We have exactly one connected component in C say, Cy. Since k > 1,
|C1] > 1, we can pick a vertex in Cy which gives an independent set of G.

Inductive step: Let us assume that the algorithm returns correct solution for t < d — 1.
Induction: ¢t =d. Let Cy,--- , Cy be set of connected components sorted in decreasing order.
By Lemma 13, there exists a vertex v € C such that degree of v in any C,, p € {2,3,--- ,d},
is at most %. We delete such vertex v, C; and N(v) from each C, € C. Observe that
from each C,, p € {2,3,--- ,d} we have deleted at most % vertices, which are neighbors
of v. Let C}, be the cluster after deleting neighbors of v from Cp. It is enough to show that
Gl > (d— 1)@V,

2j|Cy|
d

Gl = |G| -

Without loss of generality, let us assume that d > 2j, else we have a polynomial time
algorithm that runs in time O(n?). Hence,

Gl =10,l(1- )

2j
>ai(1 -2
2 (1)
> d*(d - 2j)
> (d— 1)@

This proves the correctness of algorithm.

In the algorithm, at each step we either sort the components on the basis of their size or find
a vertex of lower degree which can be carried out in polynomial time. Since, the algorithm
terminates after at most k iterations, K; j-free4-CLUSTER IS can be solved in polynomial
time when size of each cluster is at least k*. < |



667

668

669

670

671

672

673

674

675

676

677

678

679

680

681

682

683

684

685

686

687

688

689

690

691

692

693

694

695

696

697

698

699

700

701

702

703

704

705

706

707

708

709

710

711

712

713

A. Agrawal and P. Jain and L. Kanesh and D. Lokshtanov and S. Saurabh

—— References

1

10

11

12

13

14

15

16

17

18

19

20

21

Akanksha Agrawal, Sushmita Gupta, Saket Saurabh, and Roohani Sharma. Improved
algorithms and combinatorial bounds for independent feedback vertex set. In IPEC,
volume 63 of LIPIcs, pages 2:1-2:14, 2016.

Akanksha Agrawal, Sudeshna Kolay, Daniel Lokshtanov, and Saket Saurabh. A faster FPT
algorithm and a smaller kernel for block graph vertex deletion. In LATIN, volume 9644 of
LNCS, pages 1-13. Springer, 2016.

Akanksha Agrawal, Daniel Lokshtanov, Amer E. Mouawad, and Saket Saurabh. Simultan-
eous feedback vertex set: A parameterized perspective. In STACS, pages 7:1-7:15, 2016.
Béla Bollobéas. Extremal graph theory. Courier Corporation, 2004.

Leizhen Cai and Junjie Ye. Dual connectedness of edge-bicolored graphs and beyond.
8635:141-152, 2014.

Jianer Chen, Fedor V. Fomin, Yang Liu, Songjian Lu, and Yngve Villanger. Improved
algorithms for feedback vertex set problems. Journal of Computer and System Sciences,
74(7):1188 — 1198, 2008.

Marek Cygan, Fedor V. Fomin, Lukasz Kowalik, Daniel Lokshtanov, Déniel Marx, Marcin
Pilipczuk, Michal Pilipczuk, and Saket Saurabh. Parameterized Algorithms. Springer, 2015.
Reinhard Diestel. Graph Theory, 4th Edition, volume 173 of Graduate texts in mathematics.
Springer, 2012.

Rodney G. Downey and Michael R. Fellows. Fundamentals of Parameterized Complexity.
Texts in Computer Science. Springer, 2013.

Michael R. Fellows, Danny Hermelin, Frances A. Rosamond, and Stéphane Vialette. On
the parameterized complexity of multiple-interval graph problems. Theoretical computer
science, 410(1):53-61, 20009.

Jorg Flum and Martin Grohe. Parameterized Complexity Theory. Texts in Theoretical
Computer Science. An EATCS Series. Springer-Verlag, Berlin, 2006.

Zoltan Firedi. On the number of edges of quadrilateral-free graphs. Journal of Combinat-
orial Theory, Series B, 68(1):1-6, 1996.

Pallavi Jain, Lawqueen Kanesh, and Pranabendu Misra. Conflict free version of covering
problems on graphs: Classical and parameterized. CSR(to appear), 2018.

Tomasz Kociumaka and Marcin Pilipczuk. Faster deterministic feedback vertex set. In-
formation Processing Letters, 114(10):556-560, 2014.

John M. Lewis and Mihalis Yannakakis. The node-deletion problem for hereditary proper-
ties is NP-complete. Journal of Computer and System Sciences, 20(2):219-230, 1980.
Neeldhara Misra, Geevarghese Philip, Venkatesh Raman, and Saket Saurabh. On paramet-
erized independent feedback vertex set. Theoretical Computer Science, 461:65-75, 2012.
Neeldhara Misra, Geevarghese Philip, Venkatesh Raman, Saket Saurabh, and Somnath
Sikdar. Fpt algorithms for connected feedback vertex set. Journal of Combinatorial Op-
timization, 24(2):131-146, 2012.

Rolf Niedermeier. Invitation to Fized-Parameter Algorithms, volume 31 of Ozxford Lecture
Series in Mathematics and its Applications. Oxford University Press, Oxford, 2006.

Bruce A. Reed, Kaleigh Smith, and Adrian Vetta. Finding odd cycle transversals. Opera-
tions Research Letters, 32(4):299-301, 2004.

Jan Arne Telle and Yngve Villanger. FPT algorithms for domination in biclique-free graphs.
In Algorithms - ESA, pages 802-812, 2012.

René van Bevern, Matthias Mnich, Rolf Niedermeier, and Mathias Weller. Interval schedul-
ing and colorful independent sets. Journal of Scheduling, 18(5):449-469, 2015.

23:17

MFCS 2018



	Introduction
	Preliminaries
	W-hardness of F-CF-FVS Problems
	F+Cluster IS to F-CF-FVS
	W[1]-hardness on Bipartite Graphs
	W[1]-hardness on Graphs with Sub-quadratic Edges

	FPT algorithms for F-CF-FVS for Restricted Conflict Graphs
	FPT Algorithm for F-DCF-FVS

	FPT Algorithm for Ki,j-free+Cluster IS
	Polynomial Time Algorithm for Large Ki,j-free+Cluster IS


