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—— Abstract

We study the problem of finding a minimum-distortion embedding of the shortest path metric
of an unweighted graph into a “simpler” metric X. Computing such an embedding (exactly or
approximately) is a non-trivial task even when X is the metric induced by a path, or, equivalently,
into the real line. In this paper we give approximation and fixed-parameter tractable (FPT)
algorithms for minimum-distortion embeddings into the metric of a subdivision of some fixed
graph H, or, equivalently, into any fixed 1-dimensional simplicial complex. More precisely, we
study the following problem: For given graphs G, H and integer c, is it possible to embed G
with distortion ¢ into a graph homeomorphic to H? Then embedding into the line is the special
case H = K5, and embedding into the cycle is the case H = K3, where K}, denotes the complete
graph on k vertices. For this problem we give

an approximation algorithm, which in time f(H)-poly(n), for some function f, either correctly

decides that there is no embedding of G with distortion ¢ into any graph homeomorphic to

H, or finds an embedding with distortion poly(c);

an exact algorithm, which in time f'(H,c) - poly(n), for some function f’, either correctly

decides that there is no embedding of G with distortion ¢ into any graph homeomorphic to

H, or finds an embedding with distortion c.

Prior to our work, poly(OPT)-approximation or FPT algorithms were known only for embed-
ding into paths and trees of bounded degrees.
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1 Introduction

Embeddings of various metric spaces are a fundamental primitive in the design of algorithms
[16, 18, 23, 22, 1, 2]. A low-distortion embedding into a low-dimensional space can be used
as a sparse representation of a metrical data set (see e.g. [17]). Embeddings into 1- and
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2-dimensional spaces also provide a natural abstraction of vizualization tasks (see e.g. [9]).
Moreover embeddings into topologically restricted spaces can be used to discover interesting
structures in a data set; for example, embedding into trees is a natural mathematical
abstraction of phylogenetic reconstruction (see e.g. [11]). More generally, embedding into
“algorithmically easy” spaces provides a general reduction for solving geometric optimization
problems (see e.g. [7, 12]).

A natural algorithmic problem that has received a lot of attention in the past decade
concerns the exact or approximate computation of embeddings of minimum distortion of a
given metric space into some host space (or, more generally, into some space chosen from a
specified family). Despite significant efforts, most known algorithms for this important class
of problems work only for the case of the real line and trees.

In this work we present exact and approximate algorithms for computing minimum
distortion embeddings into arbitrary 1-dimensional topological spaces of bounded complexity.
More precisely, we obtain algorithms for embedding the shortest-path metric of a given
unweighted graph into a subdivision of an arbitrary graph H. The case where H is just one
edge is precisely the problem of embedding into the real line. We remark that prior to our
work, even the case where H is a triangle, which corresponds to the problem of embedding
into a cycle, was open.

We remark that the problem of embedding shortest path metrics of finite graphs into any
fixed finite 1-dimensional simplicial complex C is equivalent to the problem of embedding into
arbitrary subdivisions of some fixed finite graph H, where H is the abstract 1-dimensional
simplicial complex corresponding to C'. Since we are interested in algorithms, for the
remainder of the paper we state all of our results as embeddings into subdivisions of graphs.

1.1 OQur contribution

We now formally state our results and briefly highlight the key new techniques that we
introduce. The input space consists of some unweighted graph G. The target space is
some unknown subdivision H' of some fixed H; we allow the edges in H' to have arbitrary
non-negative edge lengths.

We first consider the problem of approximating a minimum-distortion embedding into
arbitrary H-subdivisions. We obtain a polynomial-time approximation algorithm, summarized
in the following. The proof is given in Section 5.

» Theorem 19. There exists a 8"n°(1) time algorithm that takes as input an n-vertex graph
G, a graph H on h vertices, and an integer ¢, and either correctly concludes that there is
no c-embedding of G into a subdivision of H, or produces a cag-embedding of G into a
subdivision of H, with cag < 64 -10° - ¢?4(h 4+ 1).

In addition, we also obtain a FPT algorithm, parameterized by the optimal distortion
and H. The proof is given in Section 6.

» Theorem 20. Given an integer ¢ > 0 and graphs G and H, it is possible in time f(H, ¢)-n®M)
to either find a non-contracting c-embedding of G into a subdivision of H, or correctly
determine that no such embedding exists.

! Here, a d-dimensional simplicial complex, for some integer d > 1, is the space obtained by taking a set
of simplices of dimension at most d, and identifying pairs of faces of the same dimension. An abstract
d-dimensional simplicial complex A is a family of nonempty subsets of cardinality at most d 4+ 1 of some
ground set X, such that for all Y/ C Y € A, we have Y’ € A; in particular, any 1-dimensional simplicial
complex corresponds to the set of edges and vertices of some graph.
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1.2 Related work
1.2.0.1 Embedding into 1-dimensional spaces.

Most of the previous work on approximation and FPT algorithms for low-distortion embedding
(with one notable recent exception [27]) concerns embeddings of a more general metric space
M into the real line and trees. However, even in the case of embedding into the line, all
polynomial time approximation algorithms make assumptions on the metric M such as
having bounded spread (which is the ratio between the maximum and the minimum point
distances in M) [3, 26] or being the shortest-path metric of an unweighted graph [5]. This
happens for to a good reason: as it was shown by Badoiu et al. [3], computing the minimum
line distortion is hard to approximate up to a factor polynomial in n, even when M is the

weighted tree metrics with spread n®™.

Most relevant to our approximation algorithm is the work of Bidoiu et al. [5], who gave
an algorithm that for a given n-vertex (unweighted) graph G and ¢ > 0 in time O(cn?) either
concludes correctly that no ¢-distortion of G into line exists, or computes an O(c)-embedding
of G into the line. Similar results can be obtained for embedding into trees [5, 6]. Our
approximation algorithm can be seen as an extension of these results to much more general
metrics.

Parameterized complexity of low-distortion embeddings was considered by Fellows et
al. [13], who gave a fixed parameter tractable (FPT) algorithm for finding an embedding of
an unweighted graph metric into the line with distortion at most ¢, or concludes that no such
embedding exists, which works in time O(nc*(2c + 1)2¢). As it was shown by Lokshtanov et
al. [24] that, unless ETH fails, this bound is asymptotically tight. For weighted graph metrics
Fellows et al. obtained an algorithm with running time O(n(cW)?*(2¢ + 1)2W), where W is
the largest edge weight of the input graph. In addition, they rule out, unless P=NP, any
possibility of an algorithm with running time O((nW)")) where h is a function of ¢ alone.
The problem of low-distortion embedding into a tree is FPT parameterized by the maximum
vertex degree in the tree and the distortion ¢ [13].

Due to the intractability of low-distortion embedding problems from approximation
and parameterized complexity perspective, Nayyeri and Raichel [26] initiated the study of
approximation algorithms with running time, in the worse case, not necessarily polynomial
and not even FPT. In a very recent work Nayyeri and Raichel [27] obtained a (1 + ¢)-
approximation algorithm for finding the minimum-distortion embedding of an n-point metric
space M into the shortest path metric space of a weighted graph H with m vertices. The
running time of their algorithm is (copTA)“"\'(l/E)Hz'o((COPT)m) 0O . mOM)  where A is
the spread of the points of M, w is the treewidth of H and X is the doubling dimension
of H. Our approximation and FPT algorithms and the algorithm of Nayyeri and Raichel
are incomparable. Their algorithm is for more general metrics but runs in polynomial time
only when the optimal distortion copt is constant, even when H is a cycle. In contrast,
our approximation algorithm runs in polynomial time for any value of copt. Moreover, the
algorithm of Nayyeri and Raichel is (approximation) FPT with parameter copt only when
the spread A of M (which in the case of the unweighted graph metric is the diameter of the
graph) and the doubling dimension of the host space are both constants; when copt = O(1)
(which is the interesting case for FPT algorithms), this implies that the doubling dimension of
M must also be constant, and therefore M can contain only a constant number of points, this
makes the problem trivially solvable in constant time. The running time of our parameterized
algorithm does not depend on the spread of the metric of M.
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1.2.0.2 Embedding into higher dimensional spaces.

Embeddings into d-dimensional Euclidean space have also been investigated. The problem of
approximating the minimum distortion in this setting appears to be significantly harder, and
most known results are lower bounds [25, 10]. Specifically, it has been shown by Matousek and
Sidiropoulos [25] that it is NP-hard to approximate the minimum distortion for embedding
into R? to within some polynomial factor. Moreover, for any fixed d > 3, it is NP-hard to
distinguish whether the optimum distortion is at most « or at least n?, for some universal
constants «, 8 > 0. The only known positive results are a O(1)-approximation algorithm for
embedding subsets of the 2-sphere into R? [5], and approximation algorithms for embedding
ultrametrics into R? [4, 9].

1.2.0.3 Bijective embeddings.

We note that the approximability of minimum-distortion embeddings has also been studied
for the case of bijections [28, 15, 19, 21, 8, 20, 10]. In this setting, most known algorithms
work for subsets of the real line and for trees.

2 Notation and definitions

For a graph G, we denote by V(G) the set of vertices of G and by E(G) the set of edges of
G. For some U C V(G), we denote by G[U] the subgraph of G induced by U. Let deg,.,(G)
denote the maximum degree of G.

Let M = (X,d), M’ = (X’,d’) be metric spaces. An injective map f : X — X’ is called

an embedding. The expansion of f is defined to be expansion(f) = SUP, /2y e X %

and the contraction of f is defined to be contraction(f) = sup, _,¢ x m We say that
f is non-expanding (resp. non-contracting) if expansion(f) > 1 (resp. contraction(f) > 1).
The distortion of f is defined to be distortion(f) = expansion(f) - contraction(f). We say that
f is a c-embedding if distortion(f) < c.

For a metric space M = (X, d), for some z € X, and r > 0, we write bally/(z,r) = {y €
X :d(z,y) <r}, and for some Y C X, we define diamy/(Y') = sup, ,cy d(z,y). We omit the
subscript when it is clear from the context. We also write diam(M) = diamy(X). When
M is finite, the local density of M is defined to be §(M) = maxyex r>0 % For a
graph G, we denote by dg the shortest-path distance in G. We shall often use G to refer to
the metric space (V(G),dg).

For graphs H and H', we say that H' is a subdivision of H if it is possible, after replacing
every edge of H by some path, to obtain a graph isomorphic to H'.

3 Overview of our results and techniques

Here we present our main theorems and algorithms, with a short discussion. Formal proofs
and detailed statements of the algorithms are left to later sections in the paper.

3.0.0.1 Approximation algorithm for embedding into an H-subdivision for general
H.

Here, we briefly highlight the main ideas of the approximation algorithm for embedding into
H-subdivisions, for arbitrary fixed H. A key concept is that of a proper embedding: this
is an embedding where every edge of the target space is “necessary”. In other words, for
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every edge e of H' there exists some vertices u, v in G, such that the shortest path between
u and v in H’ traverses e. Embeddings that are not proper are difficult to handle. We
first guess the set of edges in H such that their corresponding subdivisions in H' contain
unnecessary edges; we “break” those edges of H into two new edges having a leaf as one
of their endpoint. There is a bounded number of guesses (depending on H), and we are
guaranteed that for at least one guess, there exists an optimal embedding that is proper. By
appropriately scaling the length of the edges in H’ we may assume that the embedding we
are looking for has contraction exactly 1. The importance of using proper embeddings is that
a proper embedding which is “locally” non-contracting is also (globally) non-contracting,
while this is not necessarily true for non-proper embeddings.

A second difficulty is that we do not know the number of times that an edge in H is being
subdivided. Guessing the exact number of times each edge is subdivided would require nf(*)
time, which is too much. Instead we set a specific threshold ¢, based on c¢. The threshold ¢ is
approximately ¢, and essentially £ is a threshold for how many vertices a BFS in G needs to
see before it is able to distinguish between a part of G that is embedded on an edge, and a
part of G that is embedded onto in an area of H' close to a vertex of degree at least 3. In
particular, parts of G that are embedded close to the middle of an edge can be embedded
with low distortion onto the line, while parts that are embedded close to a vertex of degree
3 in H can not - because G “grows in at least 3 different directions” in such parts. Since
BFS is can be used as an approximation algorithm for embedding into the line, it will detect
whether the considered part of G is close to a degree > 3 vertex of H or not.

Instead of guessing exactly how many times each edge of H is subdivided, we guess
for every edge whether it is subdivided at least ¢ times or not. The edges of H that are
subdivided at least £ times are called “long”, while the edges that are subdivided less than ¢
times are called “short”. We call the connected components of H induced on the short edges
a cluster. Having defined clusters, we now observe that a cluster with only two long edges
leaving it can be embedded into the line with (relatively) low distortion, contradicting what
we said in the previous paragraph! Indeed, the parts of G mapped to a cluster with only
two long edges leaving it are (from the perspective of a BFS), indistinguishable from the
parts that are mapped in the middle of an edge! For this reason, we classify clusters into two
types: the boring ones that have at most two (long) edges leaving them, and the interesting
ones that are incident to at least 3 long edges.

Any graph can be partitioned into vertices of degree at least 3 and paths between these
vertices such that every internal vertex on these paths has degree 2. Thinking of clusters
as “large” vertices and the long edges as edges between clusters, we can now partition the
“cluster graph” into interesting clusters (i.e vertices of degree 3), and chains of boring clusters
between the interesting clusters — these chains correspond to paths of vertices of degree 2.

The parts of G that are embedded onto a chain of boring clusters can be embedded into
the line with low distortion, and therefore, for a BFS these parts are indistinguishable from
the parts of G that are embedded onto a single long edge. However, the interesting clusters
are distinguishable from the boring ones, and from the parts of G that are mapped onto long
edges, because around interesting clusters the graph really does “grow in at least 3 different
directions” for a long enough time for a BFS to pick up on this.

Using the insights above, we can find a set F of at most |V (H)| vertices in G, such
that every vertex in F' is mapped “close” to some interesting cluster, and such that every
interesting cluster has some vertex in F' mapped “close” to it. At this point, one can
essentially just guess in time O(h") which vertex of F is mapped close to which clusters
of H. Then one maps each of the vertices that are “close” to F' (in @) to some arbitrarily
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chosen spot in H which is close enough to the image of the corresponding vertex of F'. Local
density arguments show that there are not too many vertices in G that are “close” to F', and
therefore this arbitrary choice will not drive the distortion of the computed mapping up too
much.

It remains to embed all of the vertices that are “far” from F' in G. However, by the choice
of F we know that all such vertices should be embedded onto long edges, or onto chains of
boring clusters. Thus, each of the yet un-embedded parts of the graph can be embedded with
low distortion into the line! All that remains is to compute such low distortion embeddings
for each part using a BFS, and assign each part to an edge of H. Stitching all of these
embeddings together yields the approximation algorithm.

There are multiple important details that we have completely ignored in the above
exposition. The most important one is that a cluster can actually be quite large when
compared to a long edge. After all, a boring cluster contains up to E(H) short edges, and
the longest short edge can be almost as long as the shortest long edge! This creates several
technical complications in the algorithm that computes the set F'. Resolving these technical
complications ends up making it unnecessary to guess which vertex of F' is mapped to which
vertex of H, instead one can compute this directly, at the cost of increasing the approximation
ratio.

3.0.0.2 FPT algorithm for embedding into an H-subdivision for general H.

Our FPT algorithm for embedding graphs G into H-subdivisions (for arbitrary fixed H)
draws inspiration from the algorithm for the line used in [14, 5], while also using an approach
similar to the approximation algorithm for H-subdivisions. The result here is an exact
algorithm with running time f(H, copt) - n®W.

A naive generalization of the algorithm for the line needs to maintain the partial solution
over f(H) intervals, which results in running time n9H) which is too much. Supposing
that there is a proper c-embedding of G into some H-subdivision, we attempt to find this
embedding by guessing the short and long edges of H. Using this guess, we partitions H into
connected clusters of short and long edges (we call the clusters of short edges “interesting”
clusters, and the clusters of long edges “path” clusters). We show that if a c-embedding exists,
we can find a subset of V(G), with size bounded by a function of |H| and ¢, that contains all
vertices embedded into the interesting clusters of H. From this, we make further guesses as
to which specific vertices are embedded into which interesting clusters, then how they are
embedded into the interesting clusters. We also make guesses as to what the embedding
looks like for a short distance (for example, O(c?)) along the long edges which are connected
to the important clusters.

(a) (b)

.
(c) ; .
—— o [ 2 ° °
.

Figure 1 The FPT algorithm follows this process: (a) A quasi-subgraph of the target graph is
chosen. (b) Short (solid line) and long (dotted line) edges are chosen. (¢) The graph is divided into
interesting (left 2) and path (right 3) components.

Since the number of guesses at each step so far can be bounded in terms of ¢ and H, we
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can iterate over all possible configurations. Once our guesses have found the correct choices
for the interesting clusters and for a short distance along the paths leaving these clusters,
we are able to partition the remaining vertices of GG, and guess which path clusters these
partitions are embedded into. Due to the “path-like” nature of the path clusters, when we
pair the correct partition and path cluster, we are able to use an approach inspired by [14, 5]
to find a c-embedding of the partition into the path cluster, which is compatible with the
choices already made for the interesting clusters. The formal description and analysis of this
algorithm is quite lengthy, and deferred to Section 6.

4 Preliminaries on embeddings into general graphs

Let G, H be connected graphs, with a fixed total order < on V(G) and V(H). A non-
contracting, copr-embedding of G to H is a function fopt : V(G) — (HopT, wopT), Where
Hopr is a subdivision of H, wopt : E(Hopt) — R>?, and for all u,v € V(G),

da(u,v) < dHopr,wopr) (JorT (1), forT(v)) < copT - da(u,v),

where d(gopr,wopr) 18 the shortest path distance in Hopt with respect to wopt. Stated
formally, for all hy, he € V(HopT), if P is the set of all paths from hy to hy in Hopr, then

d(HOPT,wOPT)(hlv hQ) - glel% {Z wOPT(e)} .

ecP

» Definition 1. For a graph G and subdivision G| of Gy, for e € E(G1), let SUBg;, (e) be
the subdivision of e in G. For convenience, for each e € E(H), we shall use egpr to indicate
the subdivision of e in Hopt.

The following notion of consecutive vertices will be necessary to describe additional
properties we will want our embeddings to have.

» Definition 2. Suppose there exists u,v € V(G) and e € E(H) such that fopr(u), fopt(v) €
V(eopt) and fopt(u) < fopt(v). If for all w € V(G) \ {u, v}, fopt(w) is not in the path in
eopt between fopt(u) and fopt(v), then we say that u and v are consecutive w.r.t. e, or we
say that u and v are consecutive.

The first property we will want our embeddings to have is that they are “pushing”. The
intuition here is that we want our embedding to be such that we cannot modify the embedding
by contracting the distance further between two consecutive vertices.

» Definition 3. If for all u,v € V(G) and e € E(H) such that v and v are consecutive
w.r.t. e we have that

deOPT(fOPT(u)7 fOPT('U)) =dg (uv v)v

then we say that fopt is pushing.

A B © D

Figure 2 A pushing embedding of the cycle on 4 vertices into a path of length 5.
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The next property we want for our embeddigns is that they are “proper”, meaning that
all edges of the target graph are, in a loose sense, covered by an edge of the source graph.

» Definition 4. For any z € V(Hopr), if there exists {u,v} € E(G) such that

d( Hoprwopr) (foPT (), forT (V) = d(Hopr,worr) (2 JOPT (1)) + d(Hopr worr) (25 fopT(V))

then we say that z is proper w.r.t. fopr. If for all z € V(G), x is proper w.r.t. fopT, then we
say that fopT is proper.

~—<>—~@—®/\>o—@

Figure 3 The cycle on 4 vertices, embedded into the two graphs on the left. The first embedding
is not proper. The second embedding is proper.

Given some target graph to embed into, there may not necessarily be a proper embedding.
However, for some “quasi-subgraph” (defined below) of our target, there will be a proper
embedding, which can be used to find an embedding into the target graph.

» Definition 5. Let J and J’ be connected graphs. We say J' is a quasi-subgraph of J if J

can be made isomorphic to J’ by applying any sequence of the following rules to J:

1. Delete a vertex in V(J).

2. Delete an edge in E(J).

3. Delete an edge {u,v} € E(J), add vertices u', v’ to V(J), and add edges {u,u'},{v,v'}
to E(J).

D,

Figure 4 K, and three quasi-subgraphs of Kjy.
We now show that by examining the quasi-subgraphs of our target graph, we can restrict
our search to proper, pushing, non-contracting embeddings.

» Lemma 6. There exists a proper, pushing, non-contracting copt-embedding of G to some
(H?, w?), where H? is the subdivision of some quasi-subgraph of H, and w? : E(H?) — R>0,
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Proof. If fopT yields a non-contracting copt-embedding of G to the line, then by a theorem
of [14], there exists a pushing, non-contracting copr-embedding of G to the line. Since G
is connected, a line embedding must also be proper. Therefore, in this case the claim of
the lemma is true. For the rest of the proof, we shall assume fopt does not yield such an
embedding.

Suppose that fopt is not proper. Let

E™ ={e€ E(H): 3z € V(eopr) such that z is not proper w.r.t. fopr}
and
V™ ={veV(H): v is not proper w.r.t. fopT}.

Suppose that for some e € F(H) there exists z1, 20 € V(eopT) such that z; and 29 are both
not proper w.r.t. fopr, and there exists v € V(G) such that fopt(v) is in the path in egpt
from z; to z5. Since G is a connected graph, we therefore have that fopt embeds all of V(G)
to the path in egpt from z; to zo. Therefore, fopT yields a non-contracting copr-embedding
of G to the line, contradicting our assumption above. Thus, for any vertex zs in the path in
eopT from z; to z, we have that z3 is not proper w.r.t. fopr.

Using the following procedure, we can modify fopT, (HopT, wopT) so that fopt is still a
copt-embedding of G to (Hopt,wopt and |V 7| 4+ |E™| is reduced by at least one.

If V7 # 0, choose 2 € V™. Modify Hopt by applying rule 2 of Definition 5 to all
e € E(Hopt) adjacent to z, and then rule 1 to z. With these modifications, Hopt is now
a subdivision of the quasi-subgraph of H found by applying rule 3 to all edges in E(H)
adjacent to z, and then rule 1 to all vertices in the component containing z. Before these
modification, for all u,v € V(G), there exists a path P, , € (Hopt,wopT) from fopr(u) to
fopT(v) such that | Py | = d(fopr worr) (forT(w), fopT(v)) and z & V(P ). Therefore, after
the modifications, a corresponding path P, , exists in (HopT,wopT), wWith |P, ,| = |P,,

u,v ,'u|'

Thus after these modifications, fopt is again a non-contracting, copr-embedding of G to
(HopT,wopT), and |V7| is reduced by at least 1.

If V7 = 0, choose {a,b} € E”. Modify Hopt by applying rule 1 of Definition 5 to
every z € Z = {e € V(eopT) : € is not proper w.r.t. fopr}. Before these modifications, for
all u,v € V(G), there exists a path P,, € (HopT,wopt) from fopr(u) to fopt(v) such
that |Puo| = d(Hopr,weer) (forT (W), forT(v)) and Z NV (P, ,) = 0. Therefore, after the
modifications, path P, , exists in (HopT,wopT). Therefore, there is a single connected
component C' of (Hopt,wopT) \ Z such that fopt(V(G)) C (C,wopt). Modify Hopr again
by applying rule 1 to any v € V(H) such that fopt(v) ¢ C. Thus fopr remains a non-
contracting, copr-embedding of G to (HopT,wopT), and |E™| is reduced by one.

The sum |V7| + |E™] is finite, and so a finite number of iterations of the procedure above
will yield a proper, non-contracting copt embedding of G to (HopT, wopT), where HopT is
some quasi-subgraph of H.

Suppose fopT is a proper, non-contracting copt-embedding of G to (HopT, wopT), where
Hopt is some quasi-subgraph of H, and foprt is not pushing. Therefore, there exists
a,b € V(G) such that a,b are consecutive w.r.t some edge e € E(Hopt), and since fopT is
non-contracting,

deopT(fOPT(a)’ fOPT(b)) > dG’(av b)

Modify Hopt to replace the path in eppr between fopt(a), fopt(b) with a single edge
{fopt(a), forT(b)}. Modify wopr so that

wopt ({ forT(a), forT(b)}) = dc(a,b).
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Then for all u,v € V(G), we either have that

d(Hoprworr) (forT (1), forT(V))

is unchanged by the modification to egpT, or

d(Hopr,woer) (foPT (1), forT(v)) = d(Hopr wopr) (foPT (1), forT(a))
+ d(Hopr wopr) (fopT (D), forT(v)) + da(a,b)
< d(Hopr worr) (forT (1), fopT(V)),

or

d(HOPT,'wop'r) (fOPT(U), JopT (U)) = d(HOPT7'wOPT) (fOPT(U)v fOPT(a))
+ d(HOPT,wopT)(fOPT(b)7 fOPT(u)) + dG(a’7 b)
< d(Hop-r,wop-r) (fOPT(u)a fOPT(U))

If it is that case that

d(HOPT,wopT) (fOPT(u)a fOPT (’U)) = d(HOPT,UJOPT) (fOPT(u)7 fOPT(a’))
+ d(HOPTﬂUOPT)(fOPT(b)7 fOPT('U)) + dG(a7 b)
< d(Hopr,wopr) (forT (1), forT(v)),

then by the triangle inequality we have that

d(Hoprwoer) (fopT (1), forT(a))
+d(Hopr wopr) (fOPT (D), forT(v)) + dg(a, b)
> dg(u,a) + dg(b,v) + dg(a,b)
de(u,v)

and therefore

da(u,v) < d(Hopr wopr) (foPT (1), forT (V)
< d( Hoprworr) (forT (1), forT(v))
< copT - dg(u,v).

Similarly, if it is the case that

d(HOPT,wop'r) (fOPT(U), JopT (U)) - d(HOPT7'LUOPT) (fOPT(U)a fOPT(a))
+ d(Hopr wopr) (forT (D), forT (1)) + dg(a,b)
< d(Hopr worr) (forT (1), forT(V))

then we have that

dg (u’ U) < d(HopT,wopT) (fOPT(u)a fOPT (U))
< dr(Hopr,worr) (JorT (1), fopT(v))
< copT - dg(u,v).
Therefore, after these modifications fopt remains a copr-embedding of G to (HopT, wopT)-
By repeated modifications as described above, fopt can be modified until it is a proper,

pushing, non-contracting copt-embedding of G to (HopT, wopT), with HopT a quasi-subgraph
of H. <
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Finally, we show the local density lemma.

» Lemma 7 (Local Density). Let fopt be a non-contracting copt-embedding of G to some
(H?, w?), where H? is the subdivision of some quasi-subgraph of H, and w? : E(H?) — R>0.
Then for allv € V(Q), for any r > 0,

[ballg (v, )| < 2r - copr - |E(H)|.

Proof. Since fopt is a non-contracting copr-embedding, for any u € V(G) such that
da(u,v) <r

we have that

1 < d(poprwopr) (forT (1), forT(v))
S dG (’LL, /U)

< coPT * d(Hopr wopr) (forT (1), fopT(V))

< CopPT * T

Therefore, for each edge e € E(H), there are at most 2copt - r vertices x € ballg(v,r) such
that fopT(x) € eopT, and therefore

|ballg(v,7)| < 2r - copt - |E(HY)|.
Thus, by Definition 5,
ballg (v, )| < 4r - copr - |E(H).

5 An approximation algorithm for embedding into arbitrary graphs

In this section we give our approximation algorithm for embedding into arbitrary graph. In
particular, we prove Theorem 19. By Lemma 6 there is a proper, pushing copt embedding of
G into a quasi-subgraph H? of H with edge weight function w?. Furthermore, by subdividing
each edge of H sufficiently many times, for any € > 0 any c-embedding of G into (H?,w?)
can be turned into an (¢ + €)-embedding of G into a subdivision of H.

The weighted quasi-subgraph (H?,w?) of H is a subdivision of a subgraph Hg,;, of H.
Since H only has 2/P(F)+VH)| gubgraphs our algorithm can guess Hg,,. Thus, for the
purposes of our approximation algorithm, it is sufficient to find an embedding of G into a
weighted subdivision (Harg,wara) of Hsy, under the assumption that a proper, pushing
copt embedding of G into some weighted subdivision of Hg, exists. Furthermore, any proper
and pushing embedding is non-contracting and has contraction exactly equal to 1. Such an
embedding f is a c-embedding if and only if for every edge

w € E(G), dy,w)(f(u), f(v)) < c (1)

Thus, to prove that our output embedding is a c-embedding (for some ¢) we will prove that
it is proper, pushing and that (1) is satisfied. Thus, the main technical result of this section
is encapsulated in the following lemma.

» Lemma 8. There is an algorithm that takes as input a graph G with n vertices, a graph
H and an integer ¢, runs in time 2" - n®W and either correctly concludes that there is no
c-embedding of G into a weighted subdivision of H, or produces a proper, pushing ¢’ -embedding
of G into a weighted subdivision of a subgraph H' of H, where caLg = O(c**h?).
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5.0.0.1 Definitions.

To prove Lemma 8 we need a few definitions. Throughout the section we will assume
that there exists a weighted subdivision (HopT,wopt) and a c-embedding fopt : V(G) —
V(Hopt). This embedding is unknown to the algorithm and will be used for analysis
purposes only. Every edge e = uv in H corresponds to a path P, in Hopt from u to v.
Based on the embedding fopt : V(G) — V(Hopt) we define the embedding pattern function
fopt : V(G) = V(H) U E(H) as follows. For every vertex v € V(@) such that fopt maps v
to a vertex of Hopt that is also a vertex of H, fopT maps v to the same vertex. In other
words if fopt(v) = u for v € V(H), then fopT(v) = u. Otherwise fopt maps v to a vertex u
on a path P, corresponding to an edge e € E(H). In this case we set fopr(v) = e.

We will freely make use of the “inverses” of the functions fopt and fopT. For a vertex set
C C V(Hopt) we define fopr = {v € V(G) : fopt(v) € C}. We will also naturally extend
functions that act on elements of a universe to subsets of that universe. For example, for a set
F C E(Hopt) we use wopT(F) to denote ) . wopt(e). We further extend this convention
to write wopt(Pe.) instead of wopT(E(P,)) for a path (or a subgraph) of Hopt. We extend
the distance function to also work for distances between sets

Throughout the section we will use the following parameters, for now ignore the paren-
thesized comments to the definitions of the parameters, these are useful for remembering the
purpose of the parameter when reading the proofs.

h = |E(H)| (the number of edges in H),

¢ (the distortion of fopT),

¢ =20c? (long edge threshold)

r = 5¢h (half of covering radius)

care = 64-10° - c*(h 4+ 1)Y (distortion of output embedding)

Using the parameter ¢ we classify the edges of H into short and long edges. An edge
e € E(H) is called short if wopt(P.) < ¢ and it is called long otherwise. The edge sets
Ehort and Ejypg denote the set of short and long edges in H respectively. A cluster in H is
a connected component C of the graph Hgport = (V(H), Esport). We abuse notation and
denote by C' both the connected component and its vertex set. The long edge degree of a
cluster C' in H is the number of long edges in H incident to vertices in C'. Here a long edges
whose both endpoints are in C' is counted twice. A cluster C of long edge degree at most 2 is
called boring, otherwise it is interesting. Most of the time when discussing clusters, we will
be speaking of clusters in H. However we overload the meaning of the word cluster to mean
something else for vertex sets of G. A cluster in G is a set C' such that there exists a cluster
Cy of H such that C = {v e V(@) : forr(v) € V(Cx) U E(Cy)}. Thus there is a one to
one correspondence between clusters in G and H.

The following lemma is often useful when considering embeddings into the line, or “line-
like structures”. We will need this lemma to analyze the parts of the graph G that the
embedding fopt maps to long edges of H

» Lemma 9. Suppose there exists a c-embedding fopt of G into (Hopt,wopT), and let a, b
and v be vertices of G such that dg(a,v) = dg(b,v) and a shortest path from a to v in G
contains a vertex w such that dgy (fopt(w), forT(b)) < c. Then dg(a,b) < 2c.

Proof. We have that dg(b,v) = dg(a,v) = dg(a,w) + dg(w, s) And also that dg(b,v) <
dg (b, w)+d(w, s), but fopT is non-contracting so dg (b, w) < dg(fopt(w), fort(h))+d(w,s) <
¢+ d(w, s). We conclude that dg(a,w) + dg(w, s) < ¢+ d(w, s), and cancelling d(w, s) on
both sides yields dg(a,w) < ¢. Finally we have that dg(a,b) < dg(a,w) + dg(w,b) <

c+dg(fopt(w), forT(b)) < 2¢, concluding the proof. <
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A cluster-chain is a sequence C1,e1,Cs, €s,...,e;_1,Cy such that the following conditions
are satisfied. First, the C;’s are distinct clusters in H, except that possibly C7 = C;. Second,
C7 and C} are interesting, while Cs, ... C;_1 are boring. Finally, for every i < ¢ the edge e;
is a long edge in H connecting a vertex of C; to a vertex of C; 1.

5.1 Using Breadth First Search to Detect Interesting Clusters

In this subsection we prove a lemma that is the main engine behind Lemma 8. Once the
main engine is set up, all we will need to complete the proof of Lemma 8 will be to complete
the embedding by running the approximation algorithm for embedding into a line for each
cluster-chain of H, and stitching these embeddings together.

Before stating the lemma we define what it means for a vertex set F' in G to cover a
cluster. We say that a vertex set F' C V(G) r-covers a cluster C' in G if some vertex in F' is
at distance at most r from at least one vertex in C. A vertex set F' C V(G) covers a cluster
C in H if F covers the cluster Cg corresponding to C' in G.

» Lemma 10 (Interesting Cluster Covering Lemma). There exists an algorithm that takes as
input G, H and ¢, runs in time 2"n®®) and halts. If there exists a proper c-embedding fop-r
from G to a weighted subdivision of H, the algorithm outputs a family F such that |F| < 2",
every set F' € F has size at most h, and there exists an F' € F that 2r-covers all interesting
clusters of H.

Towards the proof of Lemma 10 we will design an algorithm that iteratively adds vertices
to a set F'. During the iteration the algorithm will make some non-deterministic steps, these
steps will result in the algorithm returning a family of sets F rather than a single set F.

5.2 The SEARCH algorithm

We now describe a crucial subroutine of the algorithm of Lemma 10 that we call the SEARCH
algorithm. The algorithm takes as input G, ¢, a set F' C V(G) and a vertex v. The algorithm
explores the graph, starting from v with the aim of finding a local structure in G that on
one hand, can not be embedded into the line with low distortion, while on the other hand
is far away from F. It will either output fail, meaning that the algorithm failed to find a
structure not embeddable into the line, or success together with a vertex #, meaning that
the algorithm succeeded to find a structure not embeddable into the line, and that u is close
to this structure. We begin with describing the algorithm, we will then prove a few lemmata
describing the behavior of the algorithm.

5.2.0.1 Description of the SEARCH algorithm

The algorithm takes as input G, ¢, a set F' C V(G) and a vertex v. It performs a breadth
first search (BFS) from v in G. Let X3, Xa, etc. be the BFS layers starting from v. In other
words X; = {z € V(G) : dg(v,z) =i}. The algorithm inspects the BFS layers X7, X, ...
one by one in increasing order of i.

For i < 2c¢? the algorithm does nothing other than the BFS itself. For i = 2¢? the
algorithm proceeds as follows. It picks an arbitrary vertex vy € X; and picks another vertex
vgr € X; at distance at least 2c + 1 from vy, in G. Such a vertex vy might not exist, in this
case the algorithm proceeds without picking vg. The algorithm partitions X; into X} and
X in the following way. For every vertex = € X;, if dg(w,vr) < 2¢ then x is put into X£.
If dg(x,vR) < 2c then x is put into X/*. If some vertex x € X; is put both into X} and in
XE_ or neither into X* nor into X7 the algorithm returns success together with i = v.
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For i > 2¢? the algorithm proceeds as follows. If any vertex in X; is at distance at most
r from any vertex in F' (in the graph G), the algorithm outputs fail and halts. Otherwise,
the algorithm partitions X; into X and XF. The vertex x € X; is put into X7 if x has
a neighbor in X | and into X if z has a neighbor in X7 ,. Note that = has at least one
neighbor in X;_1, and so = will be put into at least one of the sets XiL or XZR. If z is put into
both sets X and X7, the algorithm outputs success with @& = x and halts. If | XF| > 2¢2 or
if two vertices in X} have distance at least 2c + 1 from each other in G the algorithm picks a
vertex € X} and returns success with 4 = x. Similarly, if | X[| > 2¢2 or if two vertices in
X[ have distance at least 2¢ + 1 from each other in G the algorithm picks a vertex x € X7
and returns success with @ = x. If the BFS stops, (i.e X; = 0), the algorithm outputs fail.

5.2.0.2 Properties of the SEARCH algorithm.

We will only give guarantees on the behavior of the SEARCH algorithm provided that there
exists a c-embedding fopr of G into (HopT, wopT), and that v is at distance at least 4c? from
every cluster C' in GG. Therefore within this subsection, v refers to the vertex SEARCH is
started from, and all lemmas assume that these two conditions are satisfied. In this case we
have that fopT(v) = e for a long edge e € E(H). The edge e belongs to a unique cluster-chain
Ci,e1,Ca,e,...,e4-1,Ct. For some ¢ <t —1 we have that e; = e.

The vertex v splits the cluster-chain in two parts, Ci, e1,Cy, ea,...,Cq—1 and Cy, eqy1, ..., C,
we may think of these as the “left” and the “right” part of the chain. The edge e = ¢,
is “split down the middle” in the following sense, the path P, is divided in two parts PZ,
defined as the sub-path of P. from the endpoint in C,—; to fopt(v), and P, defined as the
sub-path of P, from fopt(v) to the endpoint in C;. We now define the left and the right
part of the chain:

L

U Forr(C) U fopr(e) | U fopr(Co) U fopr (PF)

i<g—1

R = fopr(PYU| | fopr(C) U fopr(es)

i>g+1

Note that L and R are vertex sets in G. The sets L and R intersect only in v, unless C; = C%,
in which case both L and R contain fga(C1) = faplT(Ct). No other vertices are common to
L and R. We define { = L U R to be the set of all vertices of G on the chain.

We will say that the left and right side of the search met in iteration i if SEARCH put
some vertex x € X; both in X} and in X/*. In this case the algorithm outputs success and
halts in this iteration. We also say that the algorithm left-succeeded (right-succeeded) if it
output success with @ € XF (4 € X[?) for some i.

The focus of our analysis is on how SEARCH explores (. We say that SEARCH leaves
¢ in dteration i if i is the lowest number X; \ ¢ # (. We say that the inner part of  is
Cinner = C\ (ngIT(Cl) U fgplT(Ct)). We say that SEARCH leaves the inner part of ¢ in
iteration i if ¢ is the lowest number such that X; \ (inner # 0. The next lemma shows that
that X and X7 correctly classify the vertices of ¢ into L and R as long as SEARCH has
not yet left ¢, and as long as the left and right side of the search have not met.

» Lemma 11. if i > 2¢?, and SEARCH does not halt or leave ¢ in any iteration j < i, and
vr, € L then
XF=X,nL and X} =X,NR.
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If vy, € R then
XF=X,NRand X'=X;N L.

Proof. We show the lemma when v; € L, the case when vy € R is symmetric. We
first show the statement of the lemma for i = 2¢2, and start by proving that vp € R.
Suppose not, then either the shortest path from vg to v in G contains a vertex w such
that dpgpr wopr (forT(w), forT(vL)) < ¢ or the shortest path from vy to v in G contains a
vertex w such that dggpr weer (forT(W), forT(vr)) < c. In either case, Lemma 9 shows that
da (v, vr) < 2¢, contradicting the choice of vg. We conclude that vy ¢ L and therefore that
vr € R (if it exists).

We have that X; N R # () because the embedding fopt is proper. Furthermore we have
that

dHopT,UJOPT (fOPT(UL)7 fOPT (U)) 2 282

and that for any x € X; N R we have that

dHOPT,wOPT (fOPT(x)7 fOPT(U)) > 2¢2.

Thus

dHOPT,wOPT (fOPT (;E), fOPT (UL)) > 4c?

implying that dg(z,vr) > 4c. Thus, the SEARCH algorithm does indeed pick a vertex
vr € R.

Now, for any vertex v; € X; N L we have that either the shortest path from v} to v in G
contains a vertex w such that dpgpr weer (fopT(w), forT(vL)) < ¢ or the shortest path from
vp, to v in G contains a vertex w such that dpgpr wopr (forT (W), forT(v})) < c. In either case,
Lemma 9 shows that dg(vr,v)) < 2¢, implying that v} € XX. An identical argument shows
that every v, € X; N R is in XE. Since XF and XF form a partition of X; this proves the
statement of the lemma for i = 2¢2.

Suppose now that the statement of the lemma holds for every i’ < i (with i’ > 2¢?), we
prove the lemma for ¢. If SEARCH halts in iteration i there is nothing to prove, so assume
that SEARCH does not halt in iteration 7. Then the left and right side of the search did
not meet in iteration 4. This means that every vertex u in X; either has a neighbor v’ in
XE ., =X,NnLorin X, = X; N R, but not both.

If w' € X} | then SEARCH puts u into X}. Furthermore we have that «’ is in L, and

dHopT,wOPT (fOPT(u/)a fOPT(U)) > 2027

while dpgpr,weer (forT(W'), forT(1)) < c. Thus we conclude that v € L. By an identical
argument, if v’ € X7, then SEARCH puts u into X and u € R. Since both X7, X' and
X; N L, X; N R form partitions of X; the lemma follows. |

» Lemma 12. [f SEARCH leaves the inner chain in iteration i, then before reaching iteration
i+c+ Ll -h+4c?, SEARCH either succeeds or fails by finding a vertex within distance r from
F.

Proof. In iteration i, SEARCH visits a vertex u € X; \ (inner, ¢ has a neighbor v’ €
Cinner N X;_1. We have that v’ is either in L or in R, without loss of generality we have that
u' € L. Since u ¢ it follows that fopT(u’) = e1. Since v'u € E(G) and u € (inner it follows
that drgpr woer (forT(¥'), C1) < c. In Hopr the distance between all vertices of C is at most
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¢ h. Since fopr is non-contracting a BFS (and thus SEARCH) will visit all of fgp(C1) by
iteration ¢ + ¢+ £ - h.

At this point, either the left and right side of the search have already met (in which case
the algorithm succeeded), the algorithm encountered a vertex at distance at most r from F'
(in which case it failed), or it leaves ¢ within iteration ¢ + ¢+ ¢ - h + 1. Since the embedding
is proper, we have that for some iteration j < i+ c -+ £ - h + 4c?, the search visits a vertex
z € X such that fopr(z) = e® for e* # ey and 4¢® > dpopr wopr (fopT(2), C1) < 4¢% + c. Let
j be the first iteration such that this event occurs, and x and e, as defined above for this
iteration j. We remark that technically e* might not be an edge different from e; but rather
the other endpoint of e;. This does not affect the proof other than in notation, so we will
treat e” and ey as different edges.

We claim that unless SEARCH already has halted, in iteration j, X JL contains a vertex
y' at distance more than 2¢ from z, making SEARCH succeed. This is all that remains to
prove in order to prove the statement of the lemma.

Since C; is an interesting cluster, C1 is incident to at least one more long edge eV distinct
from e; and e*. Again, technically e, could be the other endpoint of the e” or e, however
this does not affect the proof and thus we treat them as separate edges. Let y be a vertex
in G such that fopT(y) = e¥ and 4¢* > dpgpr wopr (forT(y), C1) < 4c* + c. We have that
da(W,y) < dHoprwopr (forT ('), forT(y)) < ¢+ £+ h + 4c. By the choice of z we have that
y is not discovered by SEARCH before z is.

The subgraph of Hopt corresponding to the cluster C; and the sub-path of P,y from C4
to fopt(y) is connected, and therefore there is an index j° > j such that j/ < j+ ¢
such that XjL, contains a vertex y* such that fopr(y*) € C; U {e¥}. We have that
dHopr wopr (foPT(Y*), fopT(x)) > 4c2, hence dg(y*,x) > 4c. However there exists a pre-
decessor 4 of y* in the BF'S such that ' € XjL and dg(y,y’) < c. The triangle inequality
yields that dg(y’, z) > 4¢ — ¢ > 2¢ and the statement follows. <

Finally we show that whenever SEARCH succeeds, the vertex it outputs is near a cluster.

» Lemma 13. If SEARCH outputs success and a vertex 4, then there exists a cluster C in
G such that dg(a,C) < 2¢+ £ - h+ 4c? < 2(h.

Proof. SEARCH can succeed either because the left and right side of the search meet, or
because SEARCH left-succeeds or because it right-succeeds. If the left and right side of
the search meet in iteration 4, it means that in this or one of the previous iterations the
search has visited a vertex u such that dpgpr wepr (forT(1), C1) < ¢. By Lemma 12 it follows
that SEARCH halts within 2c 4 £ - h + 4c? iterations and outputs a vertex @ within distance
2¢+ 0 - h+ 4c? from Cy.

Suppose now that SEARCH left-succeeds in iteration ¢, and assume for contradiction that
dg(6,C) > 2c+ £ - h+ 4c? for every cluster C in G. If the output vertex @ is not in Cinner,
then Lemma 12 again yields that dg(4, f(;PlT(Cl)) < c+ /- h+4c?. Therefore, assume that
U € Cinner- In this case there is an edge e, on the cluster-chain of v such that fopT(ﬂ) = ep.
The edge e, connects the clusters C,, and Cpyq. Since da (1, fopr(Cp U Cpi1)) > 106 we
have that dpgpr wopr (forT (@), Cp U Cpi1) > 102, Let w' be the predecessor of @ in the BFS,
we have that v/ € X} ;. Since SEARCH did not succeed in iteration i — 1 we have that
da(u',u") < 2¢ for every u” € XF . Since every vertex in X} has a predecessor in X} |
we conclude that every vertex in X! is at distance at most 2¢ + 2 from @ in G. Thus,
every vertex in fopt(X}) is at distance at most 2¢? + 2¢ in (HopT, wopt) from fopt ().
Most importantly fopt(u”) = e, for every u” € X}. Therefore, for every pair of vertices
v’ and u* in X%, either the shortest path from u” to v contains a vertex w such that

7
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d Hoprwopr (foPT (W), fopT(u*)) < ¢ or the shortest path from u* to v contains a vertex w such
that dgopr wopr (forT (W), forT(u”)) < c. It follows from Lemma 9 that dg(u*,w”’) < c. Since
this holds for every pair of vertices v and u* in X} this contradicts that the algorithm
left-succeeded in iteration i. The proof if the algorithm right-succeeded is symmetric. <«

5.2.0.3 The COVER algorithm

We are now almost in position to prove Lemma 10. We begin by describing the COVER
algorithm, and then prove that it satisfies the conditions of Lemma 10. We will describe
the COVER algorithm as a non-deterministic algorithm that takes as input G, H and c,
runs in time polynomial time, and outputs a single set vertex set F' C V(G) of size at most
h. If there exists a proper c-embedding fop-r from G to a weighted subdivision of H, then
in at least one of the computation paths of the algorithm, the output set F' 2r-covers all
interesting clusters of H. The algorithm will use only h non-deterministic bits. By defining
F to be the family containing all sets F' output by the computation paths of COVER, the
family F satisfies the conditions of Lemma 10.

The COVER algorithm proceeds as follows, given G, H and c¢, it initializes F' = ().
It then proceeds in stages. In stage i the algorithm loops over all choices of a vertex
v € V(G)\ballg(F,r), and runs SEARCH on G, starting from v, with the set F'. If SEARCH
fails for all choices of v the COVER algorithm terminates and outputs F'. Otherwise, let v
be the first vertex that made SEARCH succeed in stage i, and let @ be the vertex output by
SEARCH. The algorithm makes a non-deterministic choice: in one computation path v is
added to F', in the other computation path @ is added to F'. Then the algorithm proceeds to
stage i + 1. If the algorithm reaches stage h + 1 it terminates without outputting any set.
This concludes the description of the algorithm.

Proof of the Interesting Cluster Covering Lemma (Lemma 10). Each stage of the COVER
algorithm ends when SEARCH started from a vertex v succeeds and outputs a vertex @&. The
entire analysis of SEARCH is only valid if v is at distance at least 4c? from every cluster C' in
G. The non-deterministic guess of the COVER algorithm is whether this assumption is valid;
i.e whether Gg(v,C) > 4c? for every cluster C. We proceed analyzing the computation path
where the non-deterministic guess is correct.

If v is at distance at least 4c? from every cluster C' in G, the COVER algorithm adds
i to F', otherwise COVER adds v to F. In either case the vertex added to F' is at least at
distance r + 1 from every other vertex in F. Furthermore, if COVER adds v to F' then v is
within distance 4¢? from some cluster C' in G. On the other hand, if COVER adds @ to F
then, by Lemma 13 there exists a cluster C' in G such that dg (4, C) < 2¢+ £ - h + 4c? < 2(h.

Since every pair of vertices in a cluster C are at distance at most ¢ - h apart in G, every
vertex in F is at distance at most 2c + £ - h + 4¢? < 2¢h away from a cluster, and every pair
of vertices in F' are at distance at least r > 5¢h apart, we have that in the computation path
that makes the correct guesses the algorithm terminates and outputs a set F' of size at most
h before reaching stage h + 1.

To complete the proof we need to show that every cluster in C' is 2r-covered by F'. Suppose
not, and consider an un-covered cluster C' in the last stage of the COVER algorithm. In this
stage, SEARCH failed when starting from every vertex v of G. Let v be a vertex at distance
exactly 4c? from C such that such that fop-r(v) is a long edge incident to the cluster in H
corresponding to C. By Lemma 12, starting SEARCH from v will result in the algorithm
halting within 4c¢% + ¢ + £ - h 4c¢? < 2(h iterations. Furthermore, if the algorithm does not
succeed (which it does not, since this was the last stage of COVER), it finds a vertex u at
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distance at most 7 from F. But then dg(F,C) < dg(F,u) + dg(u,C) < r+ 20h + 4c® < 2r,
completing the proof. <

5.3 STITCHing Together Approximate Line Embeddings

We now describe the STITCH algorithm. This algorithm takes as input G, H, ¢ and
F C V(G), runs in polynomial time and halts. We will prove that if there exists a c-
embedding fopr of G into a weighted subdivision (Hopr,wopt) of H such that all F
2r-covers all interesting clusters of G, the algorithm produces a caig-embedding fa g of G
into a weighted subdivision (HaLg, waLg) of a subgraph H’ of H. Throughout this section
we will assume that such an embedding fopt exists.

The STITCH algorithm starts by setting R = 4r, A = 4r and then proceeds as follows.
As long as there are two vertices v; and v; in F' such that 2R < dg(u,v) < 2R+ A, the
algorithm increases R to R+ A. Note that this process will stop after at most (lg ‘) iterations,
and therefore when it terminates we have R < 4r - h? < 400¢3h®. Define B = ballg(F, R),
and B to be the family of connected components of G[B]. Notice that the previous process
ensures that for any By, Bs € B we have dg(B1, B2) > A. Notice further that for every
interesting cluster C' in H we have that ballg(faF}T(C), r) C G.

We now classify the connected components of G — B. A component Z of G — B is called
deep if it contains at least one vertex at distance(in G) at least % from F', and it is shallow
otherwise. The shallow components are easy to handle because they only contain vertices
close to F'.

» Lemma 14. For every shallow component Z of G — B, there is at most one connected
component By € B that contains neighbors of Z

Proof. Suppose not, then there are two vertices v1 and vy in Z that are neighbors, such that
the closest vertex in B to vy is in B; while the closest vertex in B to vs is in Bs, for distinct
components By and By € B. The distance from vy to By is at most % — 1, the distance from
v9 to Bs is at most % — 1, and hence, by the triangle inequality, the distance between B,
and By is at most A — 1, contadicting the choice of R. |

The next sequence of lemmas allows us to handle deep components. We say that a
component Z in G — B lies on the cluster-chain x = Cq,eq,...,Cy if

2 C [\ forr(C) U fodr(e | \ forr(C1UCL).

i<t
» Lemma 15. Fvery component Z of G — B lies on some cluster-chain.

Proof. Z does not contain any vertices in interesting clusters, or even within distance r of
interesting clusters. No two vertices that (a) are at least ¢ from all interesting clusters and
(b) are mapped by fopt on different cluster-chains can be adjacent, because the distance
between their fopt images in H is at least 2c. The lemma follows. <

» Lemma 16. No two deep components Z1, Zs of G — B can lie on the same cluster-chain x

Proof. Suppose to such deep components exist. Because A = 4r and r > £ - h, and every
cluster of G has at most £ - h vertices, it follows that Z; contains a vertex v; such that the
distance from v to any cluster in G is at least 2¢? and dg(v1, B) > A/4. Thus fopr(v1) = e
for an edge e; on the cluster chain y. By an identical argument there is a vertex vy in Zs
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such that the distance from v, to any cluster in G is at least 2¢? and d(ve, B) > A/4. Thus
fopT(vg) = e; for an edge e; on the cluster chain .

Without loss of generality ¢ < j and if ¢ = j then fopt(v1) is closer than fopt(v2) to the
endpoint of P, that lies in Cj.

The graph Hopt \ fopt({v1,v2}) has two connected components, one that contains Cy
and C;, and one that does not. Consider the connected component ¢ that does not. Because
the embedding fopt is proper, G[f(;PlT(C)] contains a path P with one endpoint within
distance at most ¢ from vy, and the other within distance at most ¢ from v,. Since
d({vi Uwvs}, B) > A/4 we have that one endpoint of P is in Z; and the other is in Z5. But
any path from Z; to Z; (and in particular P) must contain a vertex from B. This implies
that ¢ N B # 0.

This yields a contradiction: we have that the component B; of G[B] that has non-empty
intersection with ¢ also has non-empty intersection with an interesting cluster. It follows
that B; contains a vertex within distance at most ¢ from either vy or vs, contradicting the
choice of {vy,v2}. <

» Lemma 17. There is a polynomial time algorithm that given G, B and a component Z of
G — B computes an embedding of Z components of G — B into the line with distortion at
most (£ - h -c)*. Furthermore, all vertices in Z with neighbors outside Z are mapped by this
embedding within distance (£ - h - c)® from the end-points.

Proof. Let Z be a component of G — B. By Lemma 15, Z lies on a cluster-chain y =
Ci,e1,...,C. Define a following total ordering of the vertices in Z: If fopr(a) € C; U {e;}
and fopr(b) € C; U {e;} and i < j, then a comes before b. If fopr(a) € C; and fopt(h) = €;
then a comes before b. If fopT(a) = fopT(b) = ¢; and fopr(a) is closer than fopt(b) to C;_1,
then a comes before b. If fopT(a) € C; and fopT(b) € C; break ties arbitrarily.

At most £ - h vertices are mapped to any boring cluster C;, and the distance between
any two vertices in the same boring cluster in Hopr is at most £ - h. Thus the distance (in
() between any two consecutive vertices in this ordering is at most £ - h - ¢. The number of
vertices appearing in the ordering between the two endpoints of an edge is at most ¢-h (all the
vertices of a boring cluster). Thus, if the ordering is turned into a pushing, non-contracting
embedding into the line, the distortion of this embedding is at most (¢ - h)? - c. Using the
known polynomial time approximation algorithm for embedding into the line [5] we can find
an embedding of Z into the line with distortion at most (¢ -k - ¢)* in polynomial time.

Because B is a union of at most h balls, it follows that at most ¢ - h? vertices in Z have
neighbors in G, and that all of these vertices are among the ¢ - h first or last ones in the
above ordering. Since any two low distortion embeddings of a metric space into the line map
the same vertices close to the end-points, it follows that all vertices in Z with neighbors
outside Z are mapped by this embedding within distance (¢ - h - ¢) from the end-points. <

The STITCH algorithm builds the graph H’ as follows. Every vertex of H’' corresponds
to a connected component B € B. Every deep component Z of G — B corresponds to an
edge between the (at most two) sets By and By € B that have non-empty intersection with
N¢g(Z). Note that the graph H’ is a multi-graph because it may have multiple edges and
self loops. However, since each set B € B has a connected image in H under f, Lemmata 15
and 16 imply that H' is a topological subgraph of H. Hence any weighted subdivision of H’
is a weighted subdivision of a subgraph of H.

The STITCH algorithm uses Lemma 17 to compute embeddings of each deep connected
component Z of G\ B. Further, for each component B; € B the algorithm computes the set
B} which contains B;, as well as the vertex sets of all shallow connected components whose
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neighborhood is in B;. By Lemma 14 the B}’s together with the deep components of G — B
form a partition of V(G).

What we would like to do is to map each set B} onto the vertex of H' that it corresponds
to, and map each deep connected component Z of G — B onto the edge of H' that it
corresponds to. When mapping Z onto the edge of H we use the computed embedding of Z
into the line, and subdivide this edge appropriately.

The reason this does not work directly is that we may not map all the vertices of B} onto
the single vertex v; in H’ that corresponds to B;. Instead, STITCH picks one of the edges
incident to v;, sub-divides the edge an appropriate number of times, and maps all the vertices
of B} onto the newly created vertices on this edge. The order in which the vertices of B} are
mapped onto the edge is chosen arbitrarily, however all of these vertices are mapped closer to
v; than any vertices of the deep component Z that is mapped onto the edge. This concludes
the construction of Ha g and farg. The STITCH algorithm defines a weight function waig
on the edges of HaLg, such that the embedding is pushing and non-contracting.

» Lemma 18. faLg is a caLg-embedding of G into (HAL(g,’LUALG).

Proof. It suffices to show that the distance in (Haig,waLg) between the image of two
endpoints of an edge uv € E(G) is never more than ca g. To that end, the main observation
is every B; € B is the union of at most h balls of radius R. Every vertex of B} is within
distance A/2 < R from some vertex in B;. Hence, for any two vertices a,b € B} we have that
dg(a,b) < 2-R-(h+1). Thus, by Lemma 7 we have that |B;| < 4Rh(h+1). Therefore, for any
B?, the embedding faLg embeds B} on a path of length at most 8R2h(h +1)? < 8R?*(h+1)3
in (HaLG, wALG)-

Every edge with both endpoints in B is therefore stretched at most 8R2(h + 1)3 by faLc-
By Lemma 17, every edge with both endpoints in a deep component Z of G \ B is stretched
at most (£ h-c)*. Furthermore, by Lemma 17, any edge with one endpoint in B} and the
other in Z is stretched at most 8R?(h + 1)3 + (£ - h - ¢)®. Hence every edge is stretched at
most caLg completing the proof. |

5.4 The Approximation Algorithm
We are now ready to prove Lemma 8, for convenicence we re-state the lemma here.

Lemma 8. There is an algorithm that takes as input a graph G with n vertices, a graph H and
an integer ¢, runs in time 2" -n°W) and either correctly concludes that there is no c-embedding
of G into a weighted subdivision of H, or produces a proper, pushing caLg-embedding of G
into a weighted subdivision of a subgraph H' of H, where caLg = 64 - 106 - ¢2*(h + 1)°.

Proof. The algorithm runs the COVER algorithm, to produce a collection F, such that
|F| < 2" every set in F has size at most h, and such that if G has a c-embedding fopt of
into a weighted subdivision of H, then some F' € F 2r-covers all interesting clusters (of fopr)
in G. For each F' € F the algorithm runs the STITCH algorithm, which takes polynomial
time. If STITCH outputs a cag-embedding of G into a weighted subdivision of a subgraph
H’ of H, the algorithm returns this embedding.

By Lemma 18, for the choice of F' € F that 2r-covers all interesting clusters, the STITCH
algorithm does output a ca| g-embedding of G into a weighted subdivision of a subgraph H’
of H. This concludes the proof. |

The discussion prior to the statement of Lemma 8 immediately implies that Lemma 8 is
sufficient to give an approximation algorithm for finding a low distortion (not necessarily
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pushing, proper or non-contracting) embedding G into a (unweighted) subdivision of H. The
only overhead of the algorithm is the guessing of the subgraph Hg,;, of H, this incurs an
additional factor of 2!V UIHEEH)] < 47 ip the running time, yielding the following theorem.

» Theorem 19. There exists a 8"n°M) time algorithm that takes as input an n-vertex graph
G, a graph H on h vertices, and an integer ¢, and either correctly concludes that there is
no c-embedding from G to a subdivision of H, or produces a caLg-embedding of G into a
subdivision of H, with caLg < 64 -10° - ¢?4(h +1)°.

Finally, we remark that at a cost of a potentially higher running time in terms of h, one
may replace the (h + 1)? factor with ¢. If ¢ > h + 1 we have that cag < 64 -10° - ¢33, On
the other hand, if ¢ < h + 1 we may run the algorithm of Theorem 20 in time f(H)n®®
instead and solve the problem optimally.

6 A FPT algorithm for embedding into arbitrary graphs

In this section we design our FPT algorithm for embedding into arbitrary graph. In particular
we show the following result in this section.

» Theorem 20. Given an integer ¢ > 0 and graphs G and H, it is possible in time f(H,c) -
n®W to either find a non-contracting c-embedding of G into some subdivision of H, or
correctly determine that no such embedding exists.

The proof of Theorem 20 will come at the end of the section. Using Lemma 6, for the rest
of this section we shall assume w.l.o.g. that fopt is a proper, pushing, non-contracting copt-
embedding of G into (HopT, wopT), where HopT is a subdivision of H?, some quasi-subgraph
of H, and wopt : BE(HY) — R>°.

» Definition 21. For any e € E(HY), we say e is short if wi(e) < 16(copt)*. Otherwise, e
is long.

Based on this definition of short and long edges, we define the following notions of clusters
in HY.

» Definition 22. Let C the set of connected components of H?\ {e € E(H) : e is long}. We
say that C € C is an interesting cluster of H? if there exist at least 3 paths leaving C' in HY.
Let

C=3 = {C € C : Cis an interesting clusters of H9}
and let
ct=c\c™?

» Definition 23. For each connected component C of H?\ CZ3, we say C is a path cluster
of H1. Let P be the set of path clusters of HY.

The following lemma describes the 3 categories these path clusters may fall into.

» Lemma 24. For all P € P, one of the following cases holds:
Case 1. There exists k > 0 and a sequence

61,01,.--,€k70k

such that
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1. eq,...,ex are long edges of HY.

2. Cl,...,CkEC<3.
3.P:€1U01U...U€kUOk.

4. There exists C € CZ3 such that C Ney # ().

Case 2. There exists k > 0 and a sequence

61,01, ‘e ,ek,Ck,€k+1
such that
1. ey,...,exy1 are long edges of HY.

2.Cy,...,C, €C<3.

3.P=eiUCLU...UepUC,.

4. There erists C € CZ2 such that C Ney # O and for all C' € CZ3, C' Nepy1 = 0.
Case 3. There exists k > 0 and a sequence

617017 LY 7ekycktaek+1
such that
1. ey,...,exy1 are long edges of HY.

2. Cl,...,CkEC<3.
3.P:61U01U...U6kUCk.
4. There exists C,C’ € C=3 such that CNey # 0 and C' Negyq # 0.

Proof. Let H' be the graph which results from contracting all short edges of H?. In H’,
each C' € C<3 is expressed as a vertex of degree 1 or 2, and each C’ € CZ3 as a vertex of
degree 3 or more. If all vertices of degree 3 are removed, the remaining components must be
paths. Since H? is a connected graph, each path component was connected to some vertex
of degree 3 through one or both of the endpoints of the path. <

To find an embedding, it will be necessary to partition the vertices of G into those
which must be embedded near an interesting cluster, and those which do not. The following
definition defines which vertices these will be. The theorem and lemma following the definition
show that finding these vertices is a tractable problem.

» Definition 25. Let v € V(G) and a > 1. We say that v is a-interesting if the metric space
(ballg(v, @), dg) does not admit a copr-embedding into the line.

» Theorem 26 (Fellows et al. [14]). There exists an algorithm which given a weighted graph
T, with weights in {1,..., W}, and some ¢ > 1, decides whether T' admits a c-embedding into
the line in time O(n(cW)*(2¢ + 1)2W).

» Lemma 27 (Importance is tractable). There exists an algorithm which given v € V(G) and
a >0, decides whether v is a-interesting, in time O(n(copt2a)*(2copt + 1)*c0PTe),

Proof. Let T be the complete weighted graph with V(T') = ballg (v, ), and such that for all
{z,y} € (V(QF)), the length of {z,y} is set to dg(x,y). By the triangle inequality, it follows
that the maximum edge length in I' is at most 2«. Thus, by Theorem 26 we can decide
whether T' admits a copr-embedding into the line in time O(n(copt2a)*(2copt + 1)4¢0PTe),
as required. |

Our algorithm will proceed by finding partial embeddings of G into the interesting and
path clusters. Later, these partial embeddings will be “stitched” together to form a complete
embedding. To aid in the stitching process, we define a notion of compatibility between
partial embeddings on quasi-subgraphs of H.
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» Definition 28. Let H;, Hy be quasi-subgraphs of H such that there exists {a,b} €
E(H,) N E(H3) so that a is a leaf node in H;, and b is a leaf node in Hy. Let f; and fo
be pushing, non-contracting copr-embeddings of subgraphs G1,G» of G into (H{,w;) and
(Hi,wy). We say f1 and fo are compatible on {a,b} if

1. Forallv € V(G1)NV(Gs), fi(v) € SUBH, ({a,b}) and fo(v) € SUBg, ({a,b})
2. For all u,v € V(G1) NV (Gs), we have u,v are consecutive w.r.t. {a,b} if and only if u, v

are consecutive w.r.t. {a,b}.
3. There exists v’ € V(G1) N V(G2) such that fi(u') = a.
4. There exists v € V(G1) N V(G2) such that fi(v') = b.

If f1 and f, are compatible on {a, b}, then we can combine f1, f2 in the following way:

1. For every u € V(G1) NV (Gs), let f1(u) = fa(u).
2. For any u,v € V(G1) N V(G3) consecutive w.r.t. {a, b}, replace the shortest path in G;

from fi(u) to fi(v) and the shortest path in Gy from fa(u) to fa(v) with a single edge of
weight dg(u,v). All other edges have their weight from wq or ws.

The a parameter A will appear in several places within the algorithm. We set the value
of A now.

» Definition 29. Let
A = diam(H?) + 8 - (cop1)*.

Our algorithm will make use of two sub-procedures, CLUSTER and PATH.

6.1 CLUSTER algorithm

The CLUSTER algorithm will find embeddings restricted to the interesting clusters of H9.
Let S C V(G), C a subgraph of HY.

» Definition 30. Let ey,...,e gy be some fixed ordering of E(C), and for each i €
{1,...,|E(C)|}, let e; = {hi 1, hi2}.

» Definition 31. We say fo, (C’',w') is a solution of CLUSTER(S, C) if C' is a subdivision
of C,w': E(C) = R>% and fo: S — (C’,w') such that:
1. For all u,v € S,

dg(u,v) < dcrwy(fo(u), fo(v)) < copt - dg(u,v).

2. For all u,v € S, if u and v are consecutive then

dicr o (fo(u), fo(v) = da(u,v).

» Definition 32. A configuration of S, C consists of the following:
1. A partition Ey,..., E|g) of S.
2. An ordering O; = 01, ..., 0|, of each E;. Let

|Ei|-1
0l = > da(0i,01541)-
=1
3. Let
x(0i,1) = hi1,

X(Oi,|Ei\) = hi7\E,i|a

XX:23
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and
B(C
Q= UZMo; 1,045, }
For each z,y € Q, the configuration has a simple path P, , in C from x(z) to x(y).

The following algorithm will be used to generate solutions to CLUSTER(S, C):

Step 1. For each choice of configuration of S, C:

Step 1.1.Minimize ZLE&C” a; + B; subject to the following constraints:

For all i € {1,...,|E(C)|,
a; >0
and
B > 0.
For all z € Q, if 2 = 0;; for some i € {1...,|E(C)|}, then let
w(z) = a4,
and if z = 0; |, | for some i, then let
w(z) = B;.
For all a,b € V(H), for each path P from a to b, let

[Pl= Y (ai+Bi+]0i).

e;€E(P)
For all x,y € Q,
loy = w(@) +w(y) + |Pryl = do(z,y)
and for all other simple paths P from x(z) to x(y),
w(@) +w(y) +|P| > Loy
Step 1.2. Define the subdivision C’. For each edge e; € E(C), if
a; #0and 8; #0
then subdivide e; |E;| many times. Otherwise, if
a; + beta; # 0

then subdivide e; |F;| — 1 many times. Otherwise, subdivide e; |E;| — 2 many times.
Step 1.3. Define an embedding fe. For all ¢ € {1,...,|E(C)|}, let e; = {a,b}, a < b.
If a; = 0 then let

fC(Oi,l) =a,
otherwise let fc(0;1) be the first vertex in the subdivision of {a,b}. If 5; = 0 then let
fc(oig,|) = b,

otherwise let fc(0;1) be the last vertex in the subdivision of {a,b}. For each j €
{2,...,|Ei| — 1}, let fc(oi ;) be the fist vertex on the path in the subdivision of e;
from fC(Oi,j—l) and b.
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Step 1.4. Define the weight function w’. For all e; = {a,b} € E(C), a < b, if a; # 0 let
w'({a, fe(oin)}) = o,
and if 8; # 0 let
w' ({ax, fc (o, 8,)}) = Bis
and for all j € {1,...,|E;| — 1}, let
w'({fc(0i), fo(0ij41)}) = da(0i,0ij41)-

» Lemma 33. The above algorithm finds O(|E(C)|IS!-|S|! - (]V(C)| — 2)!) solutions to
CLUSTER(S, O).

Proof. The algorithm finds one solution for each configuration of S, C. There are no more
than

|B(C)[*]

possible partitions Fy, ..., Ejg(c). Given Ei, ..., E|g)|, there are no more than
|S]!

possible orderings Oy, ..., Og)- For any x,y € V(C), there are no more than
(V@) -2)!

simple paths between z and y. Therefore, there are no more than
|BO)1S!-[S)- (v (C)] - 2)!

configurations of S, C. <

6.2 PATH algorithm

The PATH algorithm will find embeddings restricted to the path clusters of H?.
Let P be a path cluster of H? such that

P = 61,01,62,02,...,€j,0j
or
P= 613015627025”'aejacjvej-‘rL

Let X C V(G), S = s1,..,S4(copr)?+1> T = t1,. . ta(eopr)2+1 Or T = (), be sequences of
vertices such that V(S)UV(T) C V(G)\ X and V(S)NV(T) = 0. Let

Z=XUV(S)UV(T)
and
A {U e XU V(S) UV(T) : |ballg(v, (4(COPT)2 + 1) . COPT))l < (4(COPT)2 +1)- (COPT)2}-

Here we adapt the idea of feasible partial embeddings from [14] to our needs.

XX:25
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» Definition 34. A partial embedding of A C Z* is a bijective function
f:A— {0 (COPT) + 1}.

Let
1. fe be the embedding of Ay into (¢/,w’) derived in the following way:
a. Let e = {a,b} € E(H?), a <.
b. Let ¢’ be the subdivision of e with 4(copt)? + 1 vertices. Let vy, vg, ... s Va(copr)2+1 D€
the sequence of vertices encountered when traversing e’ from a to b.
c.Forallae Ay, let fo(a) = vf(a).
d FOI' all i € {1 (COPT) 1}, let ’U)I({Ui,vi_i_l}) = dg(f_l(i),f_l(i + 1))

2. ﬁ f ({0 (COPT) Ik

{2(COPT) +1,... 74(COPT)2 + 1})

4, L(A) is the union of the vertex sets of all connected components C of Z¢\ A such that C
has a neighbor in A%, and the union of the vertex sets of all connected components C’ of
Z*\ A such that ballg(C’, copt) N C # 0.

5. R(A) is the union of the vertex sets of all connected components C of Z¢\ A such that
C has a neighbor in AJI?, and the union of the vertex sets of all connected components C’
of Z*\ A such that ballg(C’, copt) N C # 0.

w

» Definition 35. A partial embedding f of A C Z* is called feasible if
fe is a proper, pushing, non-contracting copr-embedding of (Ay, d¢) into (¢/, w’).
L(f)NR(f) =0.

ba||G(f_1(2<CopT)2>,COPT) is in A.
For all ¢ € {0, ce 74(COPT)2};

pPob=

da(f~1(@), f1 (i + 1)) < copr.
» Lemma 36. The number of feasible partial embeddings of Z* is n - (copt)?(coPr).

Proof. For every feasible partial embedding starting with vy, there exists a sequence
V0, V1, + -+ Va(copr)2+1 Such that for all i € {0, ..., vy(copr)2 } We have

de(vi, vig1) < copT,

and therefore for all ¢ € {1,. )24+1} we have

V4(copr
da(vo, v;) < (4(copt)? + 1) - copT-

Since for all v € Z*, we have that
[ballg: (v, (4(copt)? +1) - copt))| < (4(copT)? + 1) - (copT)?,

and so there are at most (4(copt)?+1)-(copT)? vertices which can be in any partial embedding
starting with vg. Therefore, the number of possible such sequences is

<(4(COPT)2 +1) - (copT)?

4(copT)? > < (copr)?e0Pr)

for each vy € Z¢. <

» Definition 37. Let f and g be feasible partial embeddings of Z¢, with domains A and
Ag. We say g succeeds f if
Lo A7)} = A\ {g7 (4(copT)® + 1)} = A N Ay
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2. Forevery a € AfNagy, f(a) =g(a) + 1.
3. {g " (4(cop7)® + 1)} € R(f).
4. {f710)} € L(g)

» Definition 38. A feasible partial embedding of W C Z is a 3-tuple F' = (f,r, R) such that

f is a feasible partial embedding of Z*
ref0,1,...,5}.

If r = j then R = 0.

If r < j and ej41 € P then R is a solution to

el ol

CLUSTER(baIIZ(Af, A) N (Af @] R(f)), ery1 UCr11 U 6r+2)

such that R and f are compatible w.r.t. ;1.
If r < j and e;41 ¢ P then R is a solution to

(&,

CLUSTER(ballz (Af, A) N (Af UR(f)), er41 U Cry1)
such that R and f are compatible w.r.t. e,1.

» Lemma 39. There are at most n - (copt)© ("7 - 2| E(H)| - |E(H)|O(|E(H)|2) feasible partial
embeddings of Z.

Proof. By Lemma 36, we have that there are

n - (copr)?corT)

many feasible partial embeddings of Z*. Since P C H?, we have that k < 2|E(H)|, and thus
r < 2|E(H)|.

Each of Cy,...,C} are subgraphs of H?, and Z is a subgraph of G. Therefore, by Lemma
33, R is one of at most

OQ|E(H)2orm 1EEDE  (2c0pr - |E(H)[?)! - 2]V (H)| — 2)!) = |E(H)|CIFEP),

solutions.
Therefore, there are at most

n - (copr)CT) 2| E(H)| - | E(H)|CIPHE)
feasible partial embeddings of Z. <

» Definition 40. Let Fy = (f1,71,R1), F» = (f2,72, Ra2) be two feasible partial embeddings
of Z. We say F; succeeds Fj if either of the following conditions are met:

1. r1 =7y and fo5 succeeds fi.
2. ro=r1+1, e, € P, and fo, Ry are compatible on e,,.

» Definition 41. Let F1y,..., F; be a sequence of feasible partial embeddings of Z such that
L(Fy) = 0, R(Fy) = 0, and for all i € {2,...,t}, we have that F; = (f;,r, R;), and F;
succeeds F;_;. Let fp,(P’,w’') be the embedding of Z derived from the sequence in the
following way:

1. Step 1. While the r values do not change, proceed through the sequence in order, while

building fp, P’,w’ in the obvious way, so that fp is a pushing embedding.
2. Step 2. If a value i is reached so that r; > r;_1, use R; to find the subdivision, embedding,

and weights for C;. Advance to edge e,, where R; left off, and return to Step 1.
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» Lemma 42. Let P be a path cluster of H?, let
I = {v € V(HY) : v connects P to some interesting cluster}

and let

Zp = {U € V(G) : fOPT(U) € SUB(HOPT/U)OPT)(P) and d(HOPTywOPT)(U’IP) 2 (4(COPT)2+1)'COPT}

For any path cluster of HY, there is a sequence Fy, fo, ..., Fy of feasible partial embeddings
of Zp such that L(Fy) =0, R(F}) =0, and for alli € {2,...,k}, we have that F; succeeds
Fi—l-

Proof. Since P is a path cluster of HY, we have that 1 < [I”| < 2. Choose s € I”, and
orient each long edge of P away from s. If both ends of P connect to P, forming a cycle,
choose a clockwise or counter-clockwise direction in which to orient the long edges.

Let

A {v e Z:|ballg(v, (4(COPT)2 +1)-copr))| < (4(COPT)2 +1)- (COPT)Q}.

For each long edge e = {e1,ea} of P, let Z. be the sequence of vertices such that

V(Ze) ={v € Z: forr(v) € eopt and d(sopr wopr) (forT(v), {€1,€2}) > (4(copt)?+1)-copT}

and Z. has the order imposed on V(Zg) by fopr, traversing e along the orientation. For
any z € V(Z,.), we have that

[ballg: (v, (4(copT)? +1) - cop))| < (4(copT)? +1) - (copT)?,

since fopr is a copr-embedding, and so fopt must embed ballg (v, (4(copt)? + 1) - copT))
within e. Therefore,

V(Z.,) C Z*.

Let Z; be the contiguous subsequence of Z. starting from the i-th vertex of Z, such that
|Zi| = 4(copT)? + 1. Let g; be a function such that for any z; € V(Z;),

gi(z;) = J-

Thus g; is a partial embedding of V(Z;). Since fopt is a proper, pushing, non-contracting
copT-embedding, g; is a feasible partial embedding of V(Z;), and for alli € {2,...,|V(Z;)| —
4(copt)? + 1}, we have that g; succeeds g;_1.

Let k£ be the number of long edges contained in P, so that

P=e,Cy,... e, Ck
or
P:el,Cl,...7ek,Ck

and e is connected to some interesting cluster of H?. For j € {1,...,k}, let gf be the i-th
feasible partial embedding created as described above for the j-th long edge of P.

If gf is that last feasible partial embedding for e; and j # k, we can construct Rf by
copying the embedding of fopt restricted to SUB(rgpr wepr)(Cj) and the path of length
8(copT)? + 1 on SUB(popr wopr) (€41) starting from SUB(pour woer) (C5)- If g is that last
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feasible partial embedding for e;, then take Rg to be the embedding fopt restricted to the
subpath of SUB(rger,woer)(€5) from A ; to Cj.

For each gf, if j # k then let
R} = (g],j,R))

and if j = k then let
R} = (g],5,0)

By construction, each Ri is a feasible partial embedding, and the sequence ordered by j, 1
forms a sequence of succeeding feasible partial embeddings with the desired attributes. <«

» Definition 43. Let D(Z') be the directed graph with feasible partial embeddings of Z as
vertices, and a directed edge between vertices which succeed one another. We call this graph
the succession graph of Z.

We present here the PATH algorithm.

Step 1. Compute Z*.
Step 2. Construct D(Z").
Step 3. Let Fs = (fs,0,0) be the feasible partial embedding of Z implied by S. If

Fs ¢ V(D(Z")) then halt.
Step 4. If P = €1, 01, €a, 02, c.5 €5, Ojl
Step 4.1. Perform a DFS of D(Z"), starting from Fs. If a node with out-degree 0 is
discovered, output the embedding described in Definition 41.
Step 5. If P = €1, Cl, €9, CQ, <o €4, Cj, €j+1-
Step 5.1. If T = {:
Step 5.1.1. Perform a DFS of D(Z%), starting from Fs. If a node with out-degree 0
is discovered, output the embedding described in Definition 41.
Step 5.2. If T # (:
Step 5.2.1. Let Fr = (fr,0,0) be the feasible partial embedding of Z implied by T
If Fr ¢ V(D(Z")) then halt.
Step 5.2.2. Perform a DFS of D(Z%), starting from Fg. If Fr is discovered, output
the embedding described in Definition 41.

» Lemma 44. The PATH algorithm runs in time n? - f(H, copT)-

Proof. For Step 1, for each vertex v € Z, to decide if v € Z¢, explore the neighborhood
around v until it is revealed that

|ballg (v, 4(copT)?) - copT < (4(copT)® + 1) - (copT)?
or that
|ballg (v, 4(copT)}) - copT > (4(copT)® + 1) - (copT)?.

Therefore, Step 1 can be performed in time O(n - (copT)?).

By Lemma 39, |V(D(Z%))| = (copt)?rT), and so |E(D(Z%))| = (copt)®(©"T). For
Fy = (f1,71, R1), Fs = (fa,72, Ry) € V(D(Z?)), there is an edge from F; to F; if F» succeeds
Fy. We can check if fy succeeds f1 in time O(n - 4(copt)?), and check if Ry and g, are
compatible on e, in time O(n - 4(copT)?).

For Step 3, we need time (copt)?(©PT) to find Fg in V(D(ZY)).

For Steps 4.1, 5.1, and 5.2, we use DFS to find an a path in D(Z*), which take time
(COPT)O(COPT).

Therefore, the PATH algorithm tuns in time n? - f(H, copr). <
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6.3 FPT algorithm

Given as input G, H, and an integer ¢ > 0, the following algorithm either produces a non-
contracting c-embedding of G into (HaLg, waLc), HaLc a subdivision of some quasi-subgraph
of H, or correctly decides that no such embedding exists.
We provide first an informal summary of the algorithm:
Step 1. Choose a quasi-subgraph H' of H, and a set of short edges of H'.

Step 1.1. Find and order the interesting clusters of H'.
Step 1.2. Find the A-interesting vertices of GG, and choose a subset I. Choose an
assignment of the vertices in I into the interesting clusters.:

Step 1.2.1. For each interesting cluster, use the CLUSTER algorithm to choose an
arrangement of the interesting vertices in the cluster, and along the start of the
long edges leaving the cluster.

Step 1.2.1.1. Find the path clusters of H' and 7, which is the set of connected

components of G \ I.
Step 1.2.1.2. For each connected component in 7, choose a path cluster f H' to

try embedding it into.

Step 1.2.1.2.1. and Step 1.2.1.2.2. Using the results of the cluster algorithm
above, we know what the embedding into the path cluster should look like
near where the path cluster meets an interesting cluster. This determines our
inputs to the PATH algorithm in the next step.

Step 1.2.1.2.3. For each path cluster P;, use PATH to find an embedding.

Step 1.2.1.2.3.1. By construction the embeddings for the interesting and
path clusters are compatible on the edges they meet on, so they can be

combined into faig and (HaLg, WALG)-

Step 1.2.1.2.3.2. Test faic and (Haig,waLg) to see if falg is a non-
contracting c-embedding of G into (HaLg, warg)- If it is, we halt and output
faLe, (HaLg, waLg). Otherwise, we continue with different choices.

Step 2. If no embedding is found after all choices are exhausted, output NO.

Here we provide the formal algorithm:

Step 1. For each quasi-subgraph H' of H and S C E(H'):

Step 1.1. Supposing that S is the set of short edges of H', let Cfﬁ’ be the set of
interesting clusters of H'. Let k = |C5?|. Fix an ordering C1, ..., C} of CE?
Step 1.2. Let I® be the set of A-interesting vertices of G. For each I C I® and
partition Ug,,...,Ugq, of I
Step 1.2.1. For each i € {1,...,k}, let D; = C; U{e € E(H') : e is incident to C;},
and choose a solution f;, (D}, w;) of CLUSTER(Z, D;) such that for every long edge
e incident to C; we have that 8¢* +2 < |[{v € V(G) : fi(v) € SUBp(e)}|. Perform
the following:
Step 1.2.1.1. Let Py be the set of path clusters of H'. Let p = |Pg/|. Fix an
ordering Pi,..., P, of P. Let T be the set of connected components of G \ I.
Step 1.2.1.2. For each partition Q1,...,Qp of T, and for each i € {1,...,p}, let
W; = UTEQjV(T):
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Step 1.2.1.2.1. Foreach j € {1,...,p},let z; € {1,..., k} such that P;ND,, #
(0. Let {a,b} € E(H') be a long edge connecting P; and D, with a € Cy,.
Let Sj = s1,...,54c.241 be the sequence of the last 4¢® 4+ 1 consecutive vertices

fz; embeds into SUBp: ({a,b}), going from a to b.

Step 1.2.1.2.2. If there Jexists a second long edge {a’,b'} € E(H') connecting
P; to Dz; from some 2’ € {1,...,k} with a’ € Cz; thenlet T; =t1,...,tac241
be the sequence of the last 4¢? + 1 consecutive vertices [z, embeds into {a, b},
going from a to b. Otherwise, let T} = 0.

Step 1.2.1.2.3. For each j € {1,...,p}, let g;, (P}, w}) be the output of
PATH(WJ',P]‘, Sj,Tj)l

Step 1.2.1.2.3.1. Construct faig, (HaLg, waLg) from the outputs of the
CLUSTER and PATH algorithms as follows: For all ¢ € {1,...,k} and
j€{1,...,p}, if C; and P; are connected by an edge e, then by construction,
fi and g; are compatible on edge e. Combine f;, g;. Call the weighed graph
which results from these combinations (Haig,waLc). Let faLg be the
embedding of G into (HALGa wAL(;).

Step 1.2.1.2.3.2. If fa g is a non-contracting, c-embedding of G into
(HaLg, waLg), then output faig, (HaLe, waLg) and halt.

Step 2. Output NO.

» Lemma 45. Ifv € V(G) is A-interesting, then there exists z € V(H?) such that

d( Hopr wopr) (forT(v), 2) < 2copT - A.

Proof. Let v € V(G) be a A-interesting vertex. Suppose that for all p € V(H?) we have
that

d(Hopr wopr) (forT(V),P) > 2c0pT - A,

and we shall find a contradiction.
Since fopr is a non-contracting copr-embedding, for all = € ballg(v, A), we have

d(Hopr sworr) (forT(V), fopT (7)) < copT - A,

and for all z,y € ballg(v, A),

d(Hoprworr) (foPT (), forT(¥)) < dHopr worr) (foPT(V), fopT (%)) 4 d(Hopr worr) (forT(v), fopT(¥))
< 2copT - A.

Since for all p € V(HY) we have that d(fgpr,weer) (forT(v),p) > 2copT - A, We have that fopt
embeds all x € ballg(v, A) into {a,b}opT, for some {a,b} € E(H?). From the limits stated
above, we have that

meb:ﬁlGiI(lv,A){d(HopT’wopT)(a7 fOPT(x))} > copt - A

and

acebarﬁlcizr(lv,A){d(HoPTywoPT)(b’ fopt(z))} > copt - A.

XX:31



XX:32  Algorithms for low-distortion embeddings into arbitrary 1-dimensional spaces

Therefore, for any z, y € ballg(v, A), the shortest path from fopt(z) to fopt(y) in (HopT, wopT)
is the path from fopt(z) to fopT(y) contained in {a,b}opt. Let

Z = argminzeballc(U,A){d(HopT,wopT)(av fort(2))},
and let g be a function so that for any x € ballg(v, A),
9(x) = d(Hopr,wopr) (foPT(2), forT(Z)).

Then for all s,t € V(G), we have that

|g(5) - g(t)| = |d(HopT,w0PT)(fOPT(5)a fOPT(Z)) - d(HopnwoPT)(fOPT(t)a fOPT(Z))|
= d(HOPT,wopT)(fOPT(5>7 fOPT(t))

and therefore
da(s,t) <lg(s) —g(t)| < copt - da (s, ).

Therefore, g is a non-contracting, copr-embedding of ballg(v, A) into the line, which is a
contradiction. Thus the supposition, that for all p € V(H?)

d(HOPT;WOPT)(fOPT(U)?p) > 2copT - A,
is false. <

» Lemma 46. Let 1> be the set of A-interesting vertices of G. Then
|I2| < 8copr - A - |E(H)|.

Proof. By Lemma 45, each A-interesting vertex is within distance 2copt - A of a vertex of
V(H?). Since fopt is non-contracting, for each e € E(H?), fopt can map at most

2copT - A + 2copT - A

A-interesting vertices to e. Therefore, there are at most
deopt - A |E(H?)|

A-interesting vertices in G. Thus,

12| < 8copr - A - |E(H)).

» Lemma 47. Let C be any interesting cluster of H. For any v € V(G) such that

d( Hopr,worr) (forT(v), fopT(C)) < 8copT,
we have that v is diam(C)-interesting.

Proof. Since C is an interesting cluster of HY, there exist long edges e1,eq,e3 € E(H?)
adjacent to C. Since fopr is proper, there exists vertices ai,as,as, b1, be, b3 € V(G) such
that for all ¢ € {1, 2, 3},

fopt(ai) € eiopr,
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fopt(bi) € eiopr,

4(copt)” + 2¢0pT < d(Hoprwopr) (forT(ai), V(C)) < 4(cop)® + 4eopT,
and

0 < d(ga,wa)(forT(bi), V(C)) < 2copr.
Since fopt is a copr-embedding, for each i € {1,2,3} we have that

4(copt)? > de(ai, b;) > 4(copt)?.

Let

Ve ={v € V(G) : digga,wa)(forT(v), (C,w)) < 2(copr)?}-

Suppose that b; and by are in distinct connected components Cy, Cy of G[V¢|. Let Py o
be the shortest path in ball(gyu.,wepr) (C, (copT)?) from fopt(b1) to fopt(b2). Let p1 be the
vertex in Cy such that fopt(p1) € P12 and d(fopr,wopr) (foPT(01), fopT(p1)) is maximal. Let
p € V(G)\ V(Cy) such that fopr(p) is in the subpath of P; 5 from fopt(p1) to fopT(b2) and
d(Hopr,wopr) (foPT(P1), fopT(p)) is minimal. Since fopt is proper we have

d(Hopr,worr) (forT(P1), forT(P)) < 2c0PT,

and since fopt is non-contracting we have

dg(p1,p) < 2copt.

Let S C V(G) be the set of vertices in the shortest path from p; to p in G. For all s € S,

JopT(s) € ball fopr wepr) (foPT (P1); 2¢0PT - COPT),

and since fopt(p1) € P12, we have

fOPT(S) € ba”(HOPT,U)OPT)(C’ Q(COPT)2)'

Therefore, p; and p are in the same connected component of G[V¢], and thus p and by are
in the same connected component of G[V¢]. Therefore p € C; and p € V(G) \ V(C1), a
contradiction. Therefore, by and by are in the same connected component of G[V¢], and by a
similar argument, by and bs are in the same connected component of G[Vi]. Thus, by, ba, b3
are all in the same connected component of G[V¢].

For all i € {1,2,3}, let P; be the set containing the vertices in the shortest path in G
from a; to b;, and let P°T be the set containing the first copt vertices in the shortest path
in G from a; to b;. Suppose there exists 7,5 € {1,2,3}, i # j, such that

‘PiCOPT m chopT # 0.

Then there exists y € P/°"" NPT, and
da(y,a;) < copt

and

da(y,a;) < copr.
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Therefore, since fopt is a copt-embedding, we have that

d(Hopr wopr) (foPT(Y), forT(ai)) < cpr
and

d(Hopr worr) (forT(Y), forT(a;)) < cBpr-

Since fopT(a;), fopt(a;) are not in the same edge of (Hopt, wopT), and each are of distance
greater than (copt)? from either of the endpoints of the edges containing fopt(a;), fopT(a;),
this is a contradiction. Therefore, for all 7,5 € {1,2,3}, i # j, we have that

PiCOPT ) ijCOPT _ (Z)
Furthermore, since for all ¢ € {1,2,3} we have that
4(COPT)3 + 2copT < d(HOinopT)(fOPT(ai)a (C19)) < 4(COPT)3 + 4copT,

for all p € Pf°"T, we have that

d(topr,worr) (foPT (D), V(C)) > 4(copT)® + 2copT — (copT)?
3

(copT)® + 2copT,

(AVARAYS

and therefore P N Ve = 0.

Let C1,2,3 be the connected component of G[Vo U Py U Py U Ps] containing by, ba, bs. For
all i € {1, 2,3}, C4 2,3 contains a path connecting a; and b;, with at least copt vertices not in
V. Therefore, C 2 3 consists of a central component with at least 3 paths of length > copt
leaving the central component. Such a structure cannot be embedding into the line with
distortion copT.

Let v € ball(gropr wopr) (V (C), diam(C) + 2(copr)?). Then for all z € V(Cy 2,3), we have

da(v,z) < diga,we)(forT(v), forT(2))
< max d(ga,we)(forT(v), forT(a:))

i€{1,2,3}
< diam(C) + 8(copT)>.
Therefore, for all v € ball(ggpr wepr) (V(C),diam(C) + 2(copr)?), we have that
ballg (v, diam(C) + 8(copT)?) C ballg(v, A)
does not embed into the line. Therefore, v is A-interesting. |
» Lemma 48. Let

Iopt = {v € V(G) : 3C € C=? such that v € ball(grgpr,wopr) (C, 2(copT)®)}

and let Cg be any connected component of G\ Iopt. Then there exists a path cluster P of
(HopT,wopT) such that fopt(V(Cq)) C (P, wopT).

Proof. Suppose there exists C, a connected component of G\ Iopt such that for some
x,y € V(C), we have that fopr(z) and fopt(y) are in different path clusters of H9. Therefore,
any path in (Hopt, wopTt) between fopt(x) and fopT(y) must intersect the subdivision of an
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interesting cluster of H?. So for any path in G between x and y, the path must contain a
vertex z such that, for C’ the subdivision of some interesting cluster of HY,

d(HopT-,wopT)(fOPT(Z)a V(C/)) < copT,

and thus  and y cannot be in the same connected component of G \ Iopt. Therefore, for
all connected components C of G \ IopT, there exists a path cluster P of H? such that
fort(C) C P. <

» Lemma 49. Let
Iopt = {v € V(G) : 3C € C=* such that v € ball gopr wopr) (Cs 2(copT)?)},
and let T be the set of connected components of G \ Iopt. Then |T| < (4copt - |E(H)|)?.

Proof. Let Cg be a connected component of G \ Iopt. Since G is a connected graph, we
have that

ballg(V(Cq), 1) N Iopt # 0.
Let z € ballg(V(C¢g), 1) N Iopt. Since fopt is a copr-embedding, we have that

z € Iopt \ {v € V(G) : 3C € C=? such that v € ball g wopr) (Cs 2(copT)? — copT)}-
For each edge in E(H?), there are at most 2copt vertices in v € V(G) such that

v € Iopt \ {v € V(G) : 3C € C=? such that v € ball(grgpr werr) (V(C), 2(copt)? — copT)},

and so there are at most 2copt - |E(H?)| < 4copr - |E(H)| vertices to which each connected
component of G\ Iopr is connected to one or more. From Lemma 7, for all v € V(G), we
have that

|ball (v, 1)| < 4copr - |E(H)|.
Therefore, there are at most (4copt - |[E(H)|)? connected components of G \ Iop. <
» Lemma 50. The FPT Algorithm runs in time n®® . f(H, copt).

Proof. For Step 1, when creating a quasi-subgraph, the only rule which increases the number
of edges is rule 3. Since The quasi-subgraph must be connected, rule 3 can be applied at
most once for each edge in E(H). Therefore,

|E(H")| < 2|E(H)]|
and
[V(H")| <2|V(H)|.

We can find an upper bound on the number of quasi-subgraphs of H by first selecting a
subset of edges of H to apply rule 3 to, in which we have 21EUD! choices, and then selecting
subsets of vertices and edges for deletion, of which there are at most 221V U and 221E(H)]
sets to choose from. There are therefore at most

ol B(H)| . g2V ()| 92| B(H)| _ oV (H)| . 93| E(H)]
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choices for quasi-subgraph of H, and therefore
93|E(H)| , 92|E(H)| _ 95|E(H)|
possible choices for Step 1.

For Step 1.1, we can find the interesting clusters of H' in time f(H).
For Step 1.2, Lemma 46 tells us that

1] < 8copr - A+ |[E(H)|.
Therefore, there are at most
2SCOPT~A-‘E(H)|

subsets of . Each interesting cluster of H' must contain a vertex of H’, and so there are
at most

2|V(H)|‘I| < 2|V(H)|8COPT~A-|E(H)I
possible partitions of I. Therefore, there are at most

2SCOPT-A-‘E(H)| . 2|V(H)‘SCOPTA|E(H)|

choices for Step 1.2.
For Step 1.2.1, we have that

[I| < |I*| < 8copr - A - |E(H)|,

and each D; is a subgraph of H', and thus by Lemma 33, each instance of CLUSTER(Z, D;)
has at most

OQIEH)|! - 111+ @IV (H)| - 2)!) = |E(H) ©1F00)

solutions.
For Step 1.2.1.1, we can find the connected components of G\ I in time O(n).
For Step 1.2.1.2; by Lemma 49, we have that

|71 < (4copt - [E(H)])*.

Each path cluster contains at least one long edge of H', so there are at most 2| E(H)| path
clusters. Therefore, there are at most

@IE(H)|)IT! = (2IE(H)|) eorr B

possible partitionings of T .

Steps 1.2.1.2.1 and 1.2.1.2.2 can be done in time f(H,c).

For Step 1.2.1.2.3, by Lemma 44, the PATH algorithm runs in time n? - f(H, copr)-

Step 1.2.1.2.3.1 can be done in time O(n), by checking where each vertex in G is embedded.

Step 1.2.1.2.3.2 can be done by computing all-pairs shortest path on both G and
(HaLG, waLg), then for each u,v € V(G), compare dg(u,v) and d g, ¢ wao) (faLc(u), farc(v)).
Since each edge of H? is subdivided no more than copr-n times, |V (HaLg)| < 2|V (H)|copT 1,
and so this check can be performed in time O(f(H, copt) - n?).

Therefore, the algorithm runs in time n®® - f(H, copt). <
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» Lemma 51. If H contains an interesting cluster and ¢ > copt, then the FPT Algorithm out-
puts fare, (HaLg, waLc), where faLg is a non-contracting c-embedding of G into (HaLg, WALG)-

Proof. Since the algorithm iterates over all possible choices of quasi-subgraphs and short
edges, we may assume that for some iteration, H = HY, and the correct short edges are
chosen. By Lemma 27, we can find all A-interesting vertices. By Lemma 47 and Definition
29, we have that all vertices which fopt embeds into a radius of 8 - (copt)?* of any interesting
cluster is A-interesting. Therefore, since the algorithm tries all assignments of A-interesting
vertices to interesting clusters, and all possible orders in which the vertices might be embedded
along the edges of and incident to the interesting clusters, we may assume that the algorithm
will reach a state where for each interesting cluster C, fopt and the algorithm match for
each edge e € E(C) on the vertices embedded into e, the order of the vertices on e, and the
order of vertices embedded into long edges leaving C, up to distance at least 8 - (copt)? + 2.

For each path cluster, for each long edge in the path cluster connected to an interesting
cluster, the PATH algorithm is given as input a sequence of 4(copt)? + 1) vertices of distance
at least 4(copt)? + 1) from the interesting cluster, and in the order they are embedded, when
traversing the edge away from the interesting cluster. By Lemma 42, for each path cluster
P, there exists a solution to the PATH algorithm such that if P is connected by long edge
e = {a, b} to interesting cluster C, and a € V(C), then the solution is compatible with fopr
restricted ball(gopr,wopr) (V(C), 8(copT)?).

Therefore, we may assume that the algorithm computes faLg, (HaLg, waLg) such that
1. Hag is a subdivision of HY.
2. For each interesting cluster C of HY, for each e € E(Cy),

forT(V(G)) Neopt = farc(V(G)) NSUB (g, ¢ wae) (€)

and the order from imposed on fop1(V(G)) Neopt by fopT is the same as the order

imposed on fALG(V(G)) n SUB(HAmeALG)(e) by fALG~
3. For each path cluster Cp in H?, we have that

fOPT(V(G)) N SUB(HOPT,UJOPT)<CP) = fALG(V<G)) N SUB(HALG,MALG)(CP)

4. For any path cluster Cp in H, for any {a, b} € E(G) such that fopt(a) € SUB(gopr woer) (CP)
and fopT(b) € SUB(Hopr woer) (CP), we have that

1 < d(Hpo,wne) (faLc(a), farc (b)) < copr.

5. For any path cluster Cp in H, for any u,v € V(G) such that fopt(u) € SUB(#opr,woer) (CP)
and fopT(v) € SUB(#opr,woer) (CP), We have that

d(Hae,wne) (faLG (W), faLc (V) 2> d(topr wopr) (fopT (1), fopT(V)).

Let u,v € V(G), and let P, , be the shortest path in G from u to v.
If there exists an interesting cluster C7 in H? such that fopT(Pu,v) € SUB(#Hopr,woer) (C1),
then the CLUSTER algorithm has ensured that

da(u,v) < dfuewne) (faLc(w), fac(v)) < copt - dg(u,v).

If there exists a path cluster Cp in HY such that fopT(Puv) € SUB(#Hopr,weer) (Cp), then
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by the observations above, we have that

dG(uv U) < d(HoPT,wOPT)(fOPT(u)a fOPT(U))
< Ao, wme) (faLe(u), faLc(v))

< Z COPT

e€Py

< copT - dg(u, ).

If u and v are not in the same interesting or path cluster, then there is some minimum
sequence C1,Cs, . .., Cy such that fopt(Pu,w) € SUB(Hopr woer)(C1UC2U. .. UCY). Since the
embeddings on these clusters are compatible, for each i € {1,...,k — 1}, there is a sequence
of 4(copt)? + 1 consecutive vertices embedded in the edge connecting C; and C; 1. For each
ie{l,...,k— 1}, there exists v; € V(P, ,) such that v; intersects the sequence between C;
and Cjy1. Therefore,

d(HALGywALG) (fALG (u)7 faLe (’U)) = d(HALvaALG)(fALG (U)v faLe (Ul)) +...+ d(HALGv'LUALG)(fALG (Uk*l)v faLe (U))
< copt - da(u,v1) + ... + copT - dg(vk—1,v)

= COPT * d(;<u, U).

Since the CLUSTER and PATH algorithms do not allow contraction of distances, we also
have that

d(Havo,wae) (fALG (W), fALG (V) = A6 wae) (faLe(w), farc(v1)) + -+ + d(Ha 6, wae) (fALG (Vk—1), faLg(v))
>dg(u,v1) + ...+ dg(vg—1,v)
= dg(u,v).

Therefore, faLc is a non-contracting, copr-embedding of G into (HaLg, waLg), where
HaLg is some subdivision of H4, and H? is a quasi-subgraph of H. |

We are now ready to prove Theorem 20.

Proof of Theorem 20. To ensure the existence of interesting vertices in GG, and thus inter-
esting clusters in H, we make the following modifications to G and H.

Let k = 8¢-|E(H)|, and K}, the complete graph on k vertices. Note that there cannot be a
non-contracting c-embedding of K into H, since for at least one edge of any quasi-subgraph
H? of H and |E(HY)| < 2|E(H)|, by the pigeonhole principle, for any embedding, at least
4c vertices of G would be embedded into the same subdivsion of an edge of H?, and so two
vertices adjacent in K} would be embedded with distance greater than c.

We will now describe how to use K} to find a non-contracting ¢ embedding of G into H,
if such an embedding exists.

Create a new graph G’ in the following way: Connect a single copy of K} to G by creating
3 paths of length 16¢* + 1 from a single vertex of K}, to 3 arbitrary vertices vy, vs,vs in G.
Let Hj, be the set of graphs creating in the following way: For all A C V(H) U E(H) with
|A| = 3, connect single copy of K} to H by connecting K to each a € A through a single
vertex of K. If a € V(H) then this connection is by an edge from Ky, to a, and if a € E(H)
then the connection is by subdividing a and connecting K}, to the new vertex.

If there exists a non-contracting c-embedding of G into H, then there must exist H' € Hj,
such that there is a non-contracting c-embedding of G” into H’. This is easy to see by taking
the embedding of G into H and extending it. Construct H” by connecting a vertex of Kj
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to the subdivision of H (call this subdivision H,) used for the embedding with 3 paths of
length 16¢* 4 1 to the vertices vi,v2, v3 are embedded to. Using the embedding of G into
H, it is clear that there exists H' € Hj such that a subdivision of H' matches H”. By
how H" was constructed, the additional vertices in V(G’) \ V(G) are all embedded into
vertices in V(H") \ V(H;). By modifying our algorithm so that only embeddings of this
type are considered, if a non-contracting c-embedding of G into H exists, the corresponding
non-contracting c-embedding of G’ into H’ can be found, and then the corresponding
non-contracting c-embedding of G into H can be extracted.

The rest of the theorem follows immediately from Lemma 51 and Lemma 50. <
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