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—— Abstract
A feedback vertex set in a hypergraph H is a set of vertices S such that deleting S from H results
in an acyclic hypergraph. Here, deleting a vertex means removing the vertex and all incident
hyperedges, and a hypergraph is acyclic if its vertex-edge incidence graph is acyclic. We study the
(parameterized complexity of) the HYPERGRAPH FEEDBACK VERTEX SET (HFVS) problem: given
as input a hypergraph H and an integer k, determine whether H has a feedback vertex set of size at
most k. It is easy to see that this problem generalizes the classic FEEDBACK VERTEX SET (FVS)
problem on graphs. Remarkably, despite the central role of FVS in parameterized algorithms and
complexity, the parameterized complexity of a generalization of FVS to hypergraphs has not been
studied previously. In this paper, we fill this void. Our main results are as follows

HFVS is W[2]-hard (as opposed to FVS, which is fixed parameter tractable).

If the input hypergraph is restricted to a linear hypergraph (no two hyperedges intersect in more

than one vertex), HFVS admits a randomized algorithm with running time 9O(k? log k) p O(1)

If the input hypergraph is restricted to a d-hypergraph (hyperedges have cardinality at most d),

then HFVS admits a deterministic algorithm with running time d°®n®®,
The algorithm for linear hypergraphs combines ideas from the randomized algorithm for FVS by
Becker et al. [J. Artif. Intell. Res., 2000] with the branching algorithm for POINT LINE COVER by
Langerman and Morin [Discrete & Computational Geometry, 2005].

2012 ACM Subject Classification Theory of computation — Parameterized complexity and exact
algorithms

Keywords and phrases feedback vertex sets, hypergraphs, FPT, randomized algorithms

Digital Object Identifier 10.4230/LIPIcs.CVIT.2016.23

1 Introduction

It would be an understatement to say that VERTEX COVER (VC) and FEEDBACK VERTEX
SET (FVS) have played a pivotal roles in the development of the field of Parameterized
Complexity. VERTEX COVER asks if given an undirected graph G and a positive integer
k, there exists a set S of k vertices which intersects every edge in G. FEEDBACK VERTEX
SET asks if given an undirected graph G and a positive integer k, there exists a set S (called
feedback vertex set or in short fvs) of k vertices which intersects every cycle in G. While there
has been no improvement in the parameterized algorithm for VC in the last 14 years [9] (the
conference version appeared in MFCS 2006), faster algorithms for FVS have been developed
over the last decade. The best known algorithm for VC runs in time O(1.2738" + kn) [9].
On the other hand, for FVS, the first deterministic O(c*n®M) algorithm was designed only
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FVS in Hypergraphs

in 2005; independently by Dehne et al. [14] and Guo et al. [21]. Tt is important to note here
that a randomized algorithm for FVS with running time O(4*n®M) [5] was known in as
early as 1999. The deterministic algorithms led to the race of improving the base of the
exponent for FVS algorithms and several algorithms [6, 7, 8, 12, 22, 26, 28], both deterministic
and randomized, have been designed. Until few months ago the best known deterministic
algorithm for FVS ran in time 3.619¥n°() [26], while the Cut and Count technique by Cygan
et al. [12] gave the best known randomized algorithm running in time 3*2°(). However,
just in last few months both these algorithms have been improved; Iwata and Kobayashi [22,
IPEC 2019] designed the fastest known deterministic algorithm with running time O(3.460%n)
and Li and Nederlof [28, SODA 2020] designed the fastest known randomized algorithm
with running time 2.7%7°(). We would like to remark that many variants of FVS have
been studied in literature such as CONNECTED FVS [12, 32], INDEPENDENT FVS [2, 29, 31],
SIMULTANEOUS FVS [4, 35] and SUBSET FVS [13, 23, 24, 25, 30].

The main objective of this paper is a study of FVS on hypergraphs. A hypergraphs is a
set family H with a universe V(H) and a family of hyperedges E(H ), where each hyperedge
(or edge) is a subset of V(H). If every hyperedge in F(H) is of size at most d, it is known as
a d-hypergraph. Observe that if each hyperedge is of size exactly two, we get an undirected
graph. The natural question is, how does VC generalize to hypergraphs. If (G, k) is an
instance of VC, we can view VC as the following problem: Given a hypergraph with vertex
set V(@) and the set of hyperedges E(G), does there exist a set of k vertices that intersects
every hyperedge. Thus, VC is a special case of HITTING SET (HS): Given a hypergraph H
and a positive integer k, does there exist a set of k vertices that intersects every hyperedge. If
the size of each hyperedge is upper bounded by d, we refer to the problem as the d-HITTING
SET (d-HS) problem. Observe that VC is equivalent to the 2-HS problem. It is well known
that HS does not admit an algorithm with running time f(k)n®®), where the function f
depends only on k due to Exponential Time Hypothesis (ETH). That is, the problem is
known to be W[2]-hard. On the other hand, d-HS is solvable in time d*n®®) and admits
a kernel of size O(k?) [1, 18]. It is worth to note d-HS does not admit a kernel of size
O(k%=¢) under plausible complexity theory assumptions [15]. Thus, generalization of VC on
hypergraphs is well studied. However, there is very little study of FVS on hypergraphs. The
only known algorithmic result is a factor d approximation for FVS on d-hypergraphs [20].
Upper bounds on minimum fvs in 3-uniform linear hypergraphs are studied in [16].

The objective of this paper is to study the hypergraph variant of the FEEDBACK
VERTEX SET problem from the view point of Parameterized Complexity.

One of the main reasons for the lack of study of FVS on hypergraphs is that it is
not as natural to define the generalization of FVS in hypergraphs, as it is for the case
of VC (generalizing to HS and d-HS) in hypergraphs. To generalize the notion of fvs to
hypergraphs, we need to have notions of cycles and forests in hypergraphs. For cycles,
we use the same notion as that in graph theory [16]: a cycle in a hypergraph H is a
sequence (v, eg, V1, ...,V er,v0) such that vg,...,v, are distinct vertices, eq,...,ep are
distinct hyperedges, £ > 1 and v;,V(i41) mod (¢41) € €; for any 7 € {0,...,¢}. Given the
above definition of cycle, a subset S of vertices in a hypergraph H is called a feedback vertex
set, if there does not exist a cycle in the hypergraph obtained after deleting vertices in S.
The next natural question is what do we mean by deletion of a vertex in a hypergraph. There
are two ways to define the vertex deletion operation in hypergraphs:

1. Strong deletion or simply deletion of a vertex v implies deleting v along with all the
hyperedges containing the vertex v.
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2. Weak deletion of a vertex v implies deleting v without deleting the hyperedges that
contain v. That is, the hypergraph H’ obtained after weak deletion of a vertex v from H
has vertex set V(H) and edge set {e € E(H): v ¢ e}U{e\{v}: e € E(H),v € e, |e| > 2}.

For a hypergraph H we use the notation H — S to denote the graph obtained after
(weak/strong) deletion of the vertices in S. Consequently, there are two ways one may define
the FEEDBACK VERTEX SET problem — WEAK FVS and STRONG FVS.

Our Results and Methods. Given a hypergraph H, the incidence graph G corresponding
to H is the bipartite graph with bipartition V(G) = AW B where A = V(H) and B = E(H),
and for any v € V(H) and e € E(H), ve is an edge in G if and only if v € e in H. Observe
that WEAK FVS corresponds to finding a fvs S in G of size at most k, such that S C A
and G — S is a forest. Using the best known algorithm for WEIGHTED FVS [3] running
in 3.618*n°(M) time, we can solve WEAK FVS in 3.618*n°() time, by transforming the
problem to WEIGHTED FVS. To transform WEAK FVS to WEIGHTED FVS we assign every
vertex in B a weight of k+ 1, every vertex in A a weight of 1. Now the problem of finding an
fvs of weight at most k& will be equivalent to solving WEAK FV'S for the original hypergraph.
Thus WEAK FVS is not challenging as a parameterized problem.

Hence, we only consider FVS on hypergraphs with respect to strong deletion. In partic-
ular, we study HYPERGRAPH FEEDBACK VERTEX SET (HFVS). Here, given an n-vertex
hypergraph H and a positive integer k, the objective is to check whether there exists a set
S C V(H) of size at most k, such that H — S is acyclic. As in the case of HS, it is expected
that HFVS is W[2]-hard and this can be proven using a parameter preserving reduction from
SET COVER (which is “equivalent” to HS). We prove the following theorem in Section D.

» Theorem 1 (&'). HFVS is W[2]-hard when parameterized by k.

Theorem 1 is not surprising as a generalization of even VC to hypergraphs i.e. HS, is
W[2]-hard.

FVS is a deeply studied problem in Parameterized Complexity, and thus, we tried
to generalize the existing algorithms as much as possible. However, considering the
problem on general hypergraphs is pushing it too far (Theorem 1). This motivated us
to look for families of hypergraphs, which are a strict generalizations of graphs and
where FVS turns out to be tractable. Specifically, we study the problem for the cases
when the input is restricted to linear hypergraphs and d-hypergraphs.

J

A hypergraph H is linear if [eNe’| <1 for any two distinct hyperedges e, e’ € E(H). We
show that for both these families, HFVS admits fixed parameter tractable (FPT) algorithms.
Our main result is a randomized algorithm for the case when the input hypergraph is linear,
and the size of the hyperedges is not bounded. Thus our positive results are the following.

» Theorem 2 (&). There exists a deterministic algorithm for HFVS on d-hypergraphs,
running in time d°®nO1),

» Theorem 3. There exists an O*(2O(k3 log k) time? randomized algorithm for HEVS on
linear hypergraphs, which produces a false negative output with probability at most ﬁ, and
no false positive output.

L Proofs of results marked with & can be found in the appendix.
2 Polynomial dependency on n is hidden in ©@* notation.
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FVS in Hypergraphs

The restriction to linear hypergraphs corresponds to exclusion of C4 or Kj o in the
corresponding incidence graph. K; ; refers to the complete bipartite graph with partitions of
sizes i and j. There has been extensive work on RED-BLUE DOMINATING SET for K; ; free
graphs [11, 19, 33, 34]. Theorem 3 can be viewed as an analog of RED-BLUE DOMINATING
SET results for Ko free graphs.

The starting point of both the above mentioned algorithms (Theorems 2 and 3) is recasting
HFVS as an appropriate problem on the incidence graph G of the given hypergraph H. Proof
of Theorem 3 starts with the observation that for any subset S C V(H), H — S is acyclic if
and only if G — Ng[S] (notations defined in Section 2) is acyclic. Consequently, HFVS is
same as the following problem (see Lemma 17 in appendix for proof).

DOMINATING FVS oN BIPARTITE GRAPHS (DFVSB) Parameter: k
Input: A bipartite graph G with bipartition V(G) = AW B and k € N.
Question: Is there a subset S C A of size at most k such that G — Ng[9] is acyclic?

For a bipartite graph G = (AW B, E), we say that a subset S C A is a dominating feedback
vertez set (dfvs) for G if G — N[S] is acyclic. Let G be the incidence graph of a hypergraph
H. Then, notice that H is a d-hypergraph if and only if max.cpm) dg(e) < d. Also, H is
linear if and only if G is Cy-free. As a result HFVS on d-hypergraphs and linear hypergraphs
are equivalent to DFVSB on bipartite graphs G = (AW B, F) with max,cp d(w) < d and
on Cy-free bipartite graphs, respectively.

Theorem 2 shows that for d-hypergraphs, HFVS is similar to d-HS. Proof of Theorem 2
utilizes iterative compression. The compression step involves a branching strategy that uses a
measure more generalized than the one used in known FVS algorithms for undirected graphs.

Our proof for Theorem 3 is inspired by the randomized algorithm of Becker et al. [5] that
runs in O(4*n°M) time and the branching algorithm for POINT LINE COVER by Langerman
and Morin [27]. The algorithm of Becker et al. [5] first preprocesses the input graph and
transforms it into a graph with minimum degree at least 3 and then shows that for any fvs,
at least half the edges in a preprocessed graph are incident to the vertex set of the fvs. This
immediately gives the following algorithm: “pick an edge uniformly at random, then pick a
vertex that is an endpoint of this edge uniformly at random and add it to a solution, and
recurse”. Let G be the incidence graph of a hypergraph H. First we preprocess G and show
that in the preprocessed graph (say G) for any dfvs S of size at most k, at least 1/poly(k)
fraction of all the edges are incident to N[S]. Here, poly denotes a polynomial function. We
call this property a-covering, with « being poly(k). Let S be a fixed fvs of size at most k. We
now compute the probability of finding S. Note that if we randomly pick an edge f (that is,
pick an edge from graph G uniformly at random and then select f as the hyperedge incident
to the selected edge), then with probability 1/poly(k) there exists a vertex incident to f that
is contained in S. However, unlike the case of FVS in graphs, here we cannot randomly
select a vertex from f, as the size of f could be independent of k. However, for now let us
assume that we can preprocess G — f such that the a-covering property holds even after we
delete f from G. We assume that a-covering property holds recursively after each iteration
of preprocessing. Suppose we do this process k% + 1 times. Then we have a collection of
hyperedges F = {f1,..., fx2+1} such that each of them has a non-trivial intersection with .S.
Observe that the pairwise intersection of these hyperedges cannot be more than one, since G
excludes C4 as a subgraph (H being a linear hypergraph). However, S is a solution of size at
most k, and hence there exist k + 1 hyperedges f1,..., f;; in F such that [/ N f| = {v},
i # j for some v € A = V(H). This implies that v must belong to S, as each of f{,..., fi,
has a non-trivial intersection with S and if we don’t pick v, then every solution is of size at
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least k + 1. Hence, we delete v along with all those edges in H that v participates in, and
recursively find a solution of size k — 1 in the reduced hypergraph.

However, unlike the case with F'VS for graphs, in HFVS we cannot delete degree 1 vertices
or contract degree 2 vertices directly. When we delete a hyperedge, we need to remember
that we are seeking a solution that is a dfvs as well as a hitting set for the selected set. To
implement this idea in our algorithm, we maintain a family F such that our solution is a
dfvs for G as well as a hitting set for F. We exploit the fact that |F| < k? 4+ 1 and design
reduction rules to get rid of certain degree 1 vertices and shorten degree 2 paths, as well as
caterpillars (defined later) like degree 2 paths. We can show that after these reduction rules
are performed, the a-covering property holds for the preprocessed graph, « being poly(k).

2 Preliminaries

For a positive integer ¢ € N, we use [¢] to denote the set {1,2,...,¢}. We use the term graph
to denote a simple graph without multiple edges, loops and labels. For the notations related
to graphs that are not explicitly stated here, we refer to the book [17]. For a graph G and a
subset of vertices U C V(G), Ng(U) and Ng[U] denote the open neighborhood and closed
neighborhood of U, respectively. That is, No(U) ={v € V(G): uw € U and wv € E(G)}\ U

and Ng[U] = Ng(U)UU. If U = {u}, then we write Ng(u) = Ng(U) and Ng[u] = Ng[U].

Also, we omit the subscript G, if the graph in consideration is clear from the context. For a
graph G, a vertex subset X C V(G), and an edge subset F' C E(G), we use G[X], G — X,
and G — F to denote the graph induced by X, the graph induced by V(G) \ X, and the
graph with vertex set V(G) and edge set E(G) \ F, respectively. Moreover, if X = {v}, then
we write G —v =G — X. For a graph G, X, Y CV(G),and X NY =0, E(X,Y) C E(G)
denotes the set of edges in G whose one endpoint is in X and the other one is in Y. For a
graph G and a non-edge uv in G, we use G + uv to denote the graph with vertex set V(QG)
and edge set F(G) U {uv}. A path P in a graph G is a sequence of distinct vertices uy ... uy
such that for all ¢ € [£ — 1], u;u;11 € E(G). We say that a path P = u; ...u, in a graph G
is a degree two path in G, if for each i € [¢], the degree of u; in G, denoted by dg(u;), is
equal to 2. For a path/cycle P, we use V(P) to denote the set of vertices present in P. A
triangle is a cycle consisting of exactly 3 edges. A bipartite graph G = (AW B, F) is called
a d-bipartite graph if dg(b) < d for all b € B. For two hypergraphs Hy and Hy, Hy U Ho

denotes the hypergraph with the vertex set V(H;) UV (Hz) and the edge set E(H1)U E(Hs).

3 Feedback Vertex Sets on Linear Hypergraphs

In this section we design an FPT algorithm for HFVS on linear hypergraphs. Towards this,
we prove the following result about DFVSB, from which Theorem 3 follows as a corollary.

» Theorem 4. There exists an (’)*(ZO(k3 log k) time randomized algorithm for DFVSB on
Cy-free bipartite graphs, which produces a false negative output with probability at most ﬁ,
and no false positive output.

To prove Theorem 4, we first define few generalizations of these problems that appear
naturally in the recursive steps. Let F be a family of sets over a universe A, then we
define a bipartite graph G as follows. Let the bipartition of V(G ) be Ar W Bx, where
Ar =Aand Br =F. Edgeset E(Gr) ={{u,Y}:ue€ AjucY € F}. Let G be a C4 free
bipartite graph with bipartition V(G) = AW B, and F be a family of sets over the universe
A. We define the graph GU Gx = (A* W B*, E*) as follows. Let A* = A, B* = BW Br and
E* = E(G) U E(Gx). The following problem generalizes HFVS on linear hypergraphs.
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HIiTTING HYPERGRAPH FEEDBACK VERTEX SET (HHFVS) Parameter: k + |E(H2)|
Input: Two linear hypergraphs Hy,Hs such that V(Hy) = V(Hs), E(H1)NE(H3) = 0,
and H; U Hy is a linear hypergraph, k € N.

Question: Does there exist a set S C V(Hy) of size at most k, such that H; — S is
acyclic and S is a hitting set for F(Hz)?

J

Observe that, if Hy = (), HHFVS is the same as HFVS (for linear hypergraphs). Next,
we define the “graph” version of HHF VS, which generalizes DFVSB on Cy-free graphs.

N\

HITTING DOMINATING BIPARTITE FVS (HDBFVS) Parameter: k + |F|
Input: A Cj free bipartite graph G with bipartition V(G) = AW B, a family F of
subsets of A such that the graph G U G is a Cy free bipartite graph, k € N.
Question: Does there exist a set S C A of size at most &, such that G — N[S] is a
forest and S is a hitting set for F7?

J

We say that an instance (G = (AW B, E), F, k) is a valid instance of HDBFVS, if F is a
family of subsets of A such that the graph G U Gr is a Cy-free bipartite graph.

In the rest of the section, whenever we say Z = (G = (AW B, E), F, k) is an instance
of HDBFVS, it implies that Z is a valid instance of HDBFVS. Further, after each
application of a reduction rule, we ensure that the instance remains valid.

The proof of the following simple observation follows from the fact that GUGx is Cy-free.

> Observation 3.1. If (G = (AW B, E),F,k) is an instance of HDBFVS, then (i) pairwise
intersection of sets in F is of size at most 1, and (ii) for every vertex b € B and F € F,
|N(b) N F| is at most one.

Given an instance (Hi, Ha,k) of HHFVS, we can obtain an instance, (G, F,k), of
HDBFVS in a canonical way. Next lemma shows their equivalence.

» Lemma 5 (&). (Hy, Ho, k) is a YES-instance of HHFVS if and only if (G,F = E(Ha), k)
is a YES-instance of HDBFVS, where G is the incidence graph of the hypergraph H;.

The rest of the section is devoted to designing an FPT algorithm for HDBFVS. Given
an instance (G = (AW B, E), F, k) of HDBFVS, we first define some notations. For a vertex
v € A, X, denotes the set {Y | Y € F,v € Y}. We distinguish the vertices in A as follows.

If | X,| > 2, i.e., v is in at least two sets in F, then we say that v is a special vertex.

If | X,| =1, i.e., v is in exactly one set in F, then we say that v is an easy vertex.

Otherwise, we say that v is a trivial vertex.

Let V(F)={ve€ A|v €Y where Y € F}. For a graph G*, the notations Vy(G*), V_1(G*),
V_2(G*), and V>3(G*) denote the set of isolated vertices, the set of vertices of degree 1, the
set of vertices of degree 2, and the set of vertices of degree at least 3 in G*, respectively.

» Lemma 6. Let (G =(AWB,E),F, k) be an instance of HDBFVS. Then, the number of
special vertices in A is upper bounded by (I;‘\)'

Proof. For contradiction, assume that the number of special vertices in A is more than (‘gl).
By pigeonhole principle there exist two special vertices u,v € A, such that | X, N X,| > 2
Let Y7,Y5 € X, N X,,. This implies that u,v € Y1 NY3, contradicting Observation 3.1(i). <«

Now we state some reduction rules that are applied exhaustively by the algorithm in the
order in which they appear. Let (G, F, k) be an instance of HDBFVS and (G’, F', k) be the
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resultant instance after application of a reduction rule. To show that a reduction rule is safe,
we will prove that (G, F, k) is a YES-instance if and only if (G', 7', k) is a YES-instance.

> Reduction Rule 3.1. If one of the following holds, then return a trivial NO-instance: (i)
k < 0; (ii) k =0 and G is not acyclic; and (ii) ¥ = 0 and F is not empty.

> Reduction Rule 3.2. If k£ > 0, G is acyclic and F is empty, then return a trivial YES-instance.

> Reduction Rule 3.3. Let (G = (AW B, E),F,k) be an instance of HDBFVS and b € B
be a vertex that does not participate in any cycle in G. Then, output (G — b, F, k).

> Reduction Rule 3.4. Let (G = (AW B, E),F,k) be an instance of HDBFVS and v € A
be an isolated vertex in G. If v is a trivial vertex, then output (G — v, F, k).

It is easy to see that the above reduction rules are safe and can be applied in polynomial
time. Observe that, when Reduction Rules 3.3 and 3.4 are no longer applicable, then
Vo(G) C A and each isolated vertex in G is either easy or special. Next, we state a reduction
rule that will help to bound the number of easy isolated vertices in G.

> Reduction Rule 3.5 (x3). Let (G = (AW B, E), F,k) be an instance of HDBFVS and
v € A be an isolated vertex in G. Suppose v is an easy vertex, X,, = {Y'}, and |Y| > 1. Then
output (G', F', k), where G' = G —v and F' = (F\{Y}HU{¥ \ {v})}.

> Reduction Rule 3.6 (x). Let (G = (AWB, E),F, k) be an instance of HDBFVS and v € A
be a vertex of degree 1 in G. If v is a trivial vertex, then output (G' = G — v, F, k).

Observe that when Reduction Rules 3.1 to 3.6 are no longer applicable, the following holds.

» Lemma 7. Let (G, F, k) be an instance reduced with respect to Reduction Rules 5.1 to 3.6.
Then, the following holds.

1. Vo(G) UV_1(G) C A, all vertices in Vo(G) UV=1(G) are either easy or special.

2. V(@) < |7+ ().

» Lemma 8. For any vertex b € B, |[Ng(b) N V=1(G)| < |F|.

Proof. If there exists a vertex v € Ng(b) N V=1(G) which is a trivial vertex, then Reduction

Rule 3.6 is applicable. Thus, (i) for all v € Ng(b) N V=1(G), v belongs to some set in F.

For contradiction, let b € B be a vertex such that Ng(b) contains at least |F| 4 1 vertices
of degree 1 in G. Then, by pigeonhole principle and statement (i), at least two degree 1
vertices say u,v € Ng(b) are contained in a set Y € F, which is a contradiction to item (ii)
of Observation 3.1. This completes the proof of the lemma. <

Recall that, P is a degree two path in G if each vertex in P has degree exactly two in G.

Next we state the reduction rules that help us bound the length of long degree two paths
in G — V_1(@G), i.e., to bound the length of degree two paths in the graph obtained after
deleting vertices of degree 1 from G. Towards this, we first define the notion of a nice path.

» Definition 9. We say that P is a nice path in G, if P does not have any special
vertex and the degree of each vertex in P in the graph G —V_1(G) is exactly 2. A nice
path P in G is a degree two nice path if each vertex in P has degree exactly 2 in G.

3 The safeness proofs of reduction rules marked with x are moved to Section B in the appendix.
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Y
vo by vy bi—1 by bipa v; €Y ve—1bg
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by vy b3 vz by vo by vi Vie2 bit1 v €Y  weaby

Figure 1 (a) is an illustration of Reduction Rule 3.7, (b) and (c) are illustrations of two cases of
Reduction Rule 3.8, (d) is an illustration of Reduction Rule 3.9. In (a), (b) and (c) blue vertices
denote easy vertices, and in (d) green vertices denote trivial vertices.

>> Reduction Rule 3.7 (x). Let (G = (AW B, E),F,k) be an instance of HDBFVS, P be a
nice path in G and b, b’ € B be two vertices in P. If there exist two easy vertices u, u’ whose
degree is 1 in G, adjacent to b, b, respectively, such that X, = X,, = {Y'}, then return
(G, F', k), where ' =G —u, F' = (F\{Y}) U{Y \ {u}}.

» Lemma 10. Let (G =(AWB,E),F,k) be an instance of HDBFVS reduced with respect
to Reduction Rules 3.1 to 3.7. Then, in any nice path P in G, the number of vertices that
are adjacent to a vertex of degree 1 in G is bounded by (‘J;I) + |F].

Proof. From statement 1 in Lemma 7, we have that V_1(G) C A. This implies, Ng(V=1(G)) C
B. Also, each vertex in V_1(G) is either easy or special. By Lemma 6, the number of vertices
that are special is bounded by (|12-' ‘). Therefore, the number of vertices in P that are adjacent
to special degree 1 vertices is at most (lJ; l). Since Reduction Rule 3.7 is no longer applicable,
we have that corresponding to each set Y € F, there exists at most 1 vertex in P that has a
degree 1 neighbor u such that X,, = {Y'}. This implies that at most |F| vertices in P can be

adjacent to degree 1 easy vertices, resulting in the mentioned upper bound. |
The next reduction rule helps us in upper bounding the length of degree two paths in G.

> Reduction Rule 3.8 (x). Let (G = (AW B, E), F,k) be an instance of HDBFVS and P =
vob1v1 ... vg—1bg be a degree two nice path in G, where {b,...,b;} C B, {vg,...,vi—1} C A,
and £ > 5. Let v;,v; € AN (V(P)\ {vo,v1}) be two distinct easy vertices such that
Xy, = Xy, ={Y} for some Y € F and i < j. Then, return (G’, 7', k), where G’ and F' are
defined as follows.

If Xvi71 # X1111+1 or Xvi71 = XU7‘,+1 = @7 then let G/ = (G - {bi,vi}) + vi—lbi-i-l (i.e., G’
be the graph obtained by deleting the vertices b;, v; from G and by adding a new edge
vi—1bi1) and F' = (F\{Y}) U{Y \ {vi}}.

Otherwise, X,, , = XW+1 = {Y*}, then let G/ = (G — {bi—la vi_1, bj, 117,}) +vi—abit1 (i.C.,
G’ be the graph obtained by deleting the vertices b;_1,v;_1,b;,v; from G and by adding
a new edge vi—lbi+1) and ./."/ = (f\ {}/, Y*}) U {Y* \ {Uz'—l}, Y \ {Uz}}

Let (G = (AWB, E), F,k) be an instance of HDBFVS reduced with respect to Reduction
Rules 3.1 to 3.8. Observe that, for each set Y € F and a degree two nice path P in G, the
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number of easy vertices among the last |V (P)| — 3 vertices in V(P) that belong to Y, is
upper bounded by one. Reduction Rule 3.8 leads us to the following observation.

> Observation 3.2. Let (G = (AW B, E), F,k) be a reduced instance of HDBFVS with
respect to Reduction Rules 3.1 to 3.8. Then, in any degree two nice path P of length at least
10 in G, the number of easy vertices is bounded by |F| + 2.

> Reduction Rule 3.9 (x). Let (G = (AW B, E), F,k) be an instance of HDBFVS and P =
b1v1bav2bsv3by be a degree two nice path in G, such that {by,...,bs} C B, {v1,v2,v3} C A
and vy, v9,vs are trivial vertices. Then, return (G’, F, k), where G’ is the graph obtained by

deleting the vertices by, vo from G and adding a new edge v1b3 (i.e., G' = (G—{va,ba})+v1b3).

> Observation 3.3. Let (G = (AW B, E), F, k) be an instance of HDBFVS and let (G’ =
(A'WB',E’), F', k') be the reduced instance of HDBFVS obtained from (G = (AWB, E), F, k),
by exhaustive applications of Reduction Rules 3.1 to 3.9. Then, |F'| = |F| and k¥’ < k.

We now bound the size of degree 2 path, when there is no degree 1 vertex in the graph.

» Lemma 11 (&). Let (G = (AW B, E), F,k) be an instance of HDBFVS reduced with
respect to Reduction Rules 3.1 to 8.9. Then, the number of vertices in a degree two path P
in G — V=1(G) is bounded by 63| F|°> + 21.

From now on, we say that (G = (AW B, E), F, k) is a reduced instance of HDBFVS if it
is reduced with respect to Reduction Rules 3.1 to 3.9. In the following lemma, we observe
that, if (G = (AW B, E),F,k) is a YES-instance of HDBFVS, then a large number of edges
in GG is incident to the neighborhood of the solution.

» Lemma 12. Let (G = (AWB, E), F,k) be a reduced instance of HDBFVS where G is not
a forest. Then, for any solution S, at least 1/(445|F|° + 68) fraction of the total edges in E
are incident to N[S].

Proof. Let Eg be the set of edges incident to all the vertices of N[S] in G. Observe that,
E(G) = Es W E(G — N[S]). Since G — N|9] is a forest, we have that |E(G — N[S])| <
[V(G—(N[S]UVh(G)))|. We aim to show that |V (G — (N[S|UVo(G)))| < (445|F|6+67)-|Es|.
Let V* be the set of vertices of degree 1 in G — N[S]. Let Vi* C V* be the set of vertices that
have some neighbor in N[S] and V3 = V*\ V}*. That is, V3* C V_;1(G). Since the vertices in
V¥ have neighbors in N[S], they contribute at least one edge to the set Fg and these edges
are distinct. Hence, |V*| < |Eg].

Since V3 C V_1(G), by Lemma 7, we have that V" C A. Thus, V5 have neighbors only
in the set BN V(G — N[S]). Also, by Lemma 8, any vertex in B can be adjacent to at
most | F| vertices of degree 1 in G. Hence, each vertex in BN V(G — N[S]) can be adjacent
to at most |F| vertices of V5. Thus, we have that |V3| < |F| - |[BN V(G — N[S])|. Let
G’ be the graph G — (Vo(G) U V). Since Vp(G) U Vs C A, we have that, B C V(G’) and
BNV(G - N[S]) = BNV(G — N|S]). Hence, we obtain the following.

V5l < [FI-1BNV(G" = N[S])| < |F]- [V(G" = NI[S])| (1)

V= W+ V5| < |F]- V(G = NIS)| + | Es| (By (1) and [V)'| < [Es]) (2)
Since the graph G’ is obtained from G by deleting a subset of vertices that are contained in
Vo(G) UV (G) C A, the vertices that are degree 1 in G’ — N[S] are either degree 1 vertices
in G — N[S] and are contained in A, in particular in Vj*, or they are contained in B and
are neighbors of vertices in V3" in G. Let L be the set of leaves (vertices of degree 1) in

G’ — N[S]. We claim that L = V}*. For contradiction, assume that a vertex b € BN L. Since
Reduction Rule 3.3 is no longer applicable, we have that each vertex in B participates in a
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cycle in G and hence, participates in a cycle in G’. Therefore, degree of b is at least 2 in G’.

Observe that b cannot have a neighbor in S, otherwise b € N[S]. This implies that b has 2

neighbors in G’ — N[S], which contradicts that b € L. Observe that each vertex in V* is a
leaf vertex in G’ — N[S]. Hence L = V}*. Therefore, we obtain the following.

L] < |Esl. 3)

V>3(G' = N[S]) < |Es| (Since, G’ — N|[S] is a forest, V>3(G' — N[S]) < |L|) (4)

Next we bound |Vp(G’ — N[S])|. Since, for any vertex v in G’ — N[S], dg(v) > 1, we have

that any vertex w € Vo(G' — N[S]) is adjacent to some vertex in N[S]. Then, each vertex in
Vo(G' — N[S]) contributes at least 1 edge to the set Es and these edges are distinct.

Therefore, [Vo(G' — N[S])| < |Es]. (5)

Let V1, (G’) be the set of vertices of degree 2 in G’ — N[S] that have a neighbor in N[S].
Then, each vertex in V1,(G’) contributes at least 1 edge to the set Eg. Therefore, we have

V2,(G)| < | Es. (6)

Let V2,(G") be the set of vertices of degree 2 in G’ — N[S], that do not have a neighbor
in N[S]. Then, each vertex in V2,(G") is contained in some maximal degree two path not
containing any vertex of V1,(G’) in G’ — N|[S]. Observe that, since G’ — N|[S] is a forest, (i)
the number of maximal degree two paths not containing any vertex of V2, (G’) in G’ — N|[S]
is bounded by |L U V>3(G’) UV2,(G")| and hence bounded by 3|Es| (because of (3),(4), and
(6)). Observe that a degree two path not containing any vertex of V1,(G’) in G’ — N[S] is
also a degree two path in G — V_;(G). By Lemma 11, (i7) the number of vertices in a degree
two path in G — V_1(G) is bounded by 63|F|> 4+ 21. So, statements (i) and (ii) imply that

[V25(G)| < (189]F° + 63)| Es| (7)
Observe that V_o(G' — N|[5]) = V2, (G') UV2,(G"). By (6) and (7), we get the following.
Voo (G = N[SD)| = [V2,(G')] + [V25(G")] < (189|F]” + 64)| Es| (®)

Note that, V(G — N[S]) = Vo(G' = N[S])ULUV>3(G' — N[S]) UV=2(G" — N|[S]). Hence,
we obtain the following using (3), (5), (4), and (8).

V(G" = N[S])] Vo(G" = NIS)| + |L| + [V>3(G" = NIS])| + [V=2(G" — N[S])]|
|Es| + |Es| + |Es| + (189|F]° + 64)| Es|
(189|F|” + 67)| Es| 9)

<
<

Using (1) and (9), we obtain the following.

V(G = (N[SJUWH(G)))| < [V(G" = N[S])| + [V5|

(IF1+ DIV(G" = N[S]) (By (1))
< (|F|+ 1)((189|F]° + 67)| Es])
< (445|F|® 4 67)|Es]|

Thus, |E(G)| = |Es| + |E(G — NI[S])|

< |Es|+ V(G = (N[S]UVo(G))] < (445|F° + 68)| Es|.

<
<

This concludes the proof. <



392

393

394

395

396

397

398

399

400

401

402

403

404

405

406

407

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

433

434

435

436

437

P. Choudhary, L. Kanesh, D. Lokshtanov, F. Panolan, S. Saurabh

» Lemma 13. Let (G = (AW B, E),F,k) be an instance of HDBFVS, where G is a forest
and | F| < k2. Then, there exists an algorithm which solves the instance in O*((2k4)k) time.

Proof. The Algorithm first applies Reduction Rules 3.1 to 3.9 exhaustively in the order in
which they are stated. If any reduction rule solves the instance, then output YES and NO
accordingly. All the reduction rules are safe, and can be applied in polynomial time, and
they can be applied only polynomial many times since each reduction rule decreases the
size of the graph. Let (G’ = (A’ W B', E'), F', k') be the reduced instance. Since Reduction
Rule 3.3 is no longer applicable, B’ = (), and hence G’ is an edge-less graph with vertex
set A’. By Lemma 7, |[V(G')| = |A'| < |F'| + (‘];‘). By Observation 3.3, we have that
|F'| = |F| < k% and hence, |V (G")| < 2k*. We enumerate all the subsets of V(G’) of size at
most k and check if they forms a solution; else return a NO-instance. The algorithm runs in
time (2:4)710(1) = O*((2k4)k). This completes the proof. <

» Lemma 14. There is a randomized algorithm that takes an instance (G = (AW B, E), F, k)
of HDBF'VS as input, runs in O*((2k4)k) time, and outputs either YES, or NO, or an instance
(G* = (A* W B*, E*), F*,k*) of HDBF'VS where k* < k, with the following guarantee.
If (G, F,k) is a YES-instance, then the output is YES or an equivalent YES-instance
(G*, F*,k*) where k* < k, with probability at least (445k'? + 68)’(’“2*1).
If (G, F,k) is a NO-instance, then the output is NO or an equivalent NO-instance
(G*, F*, k*) where k* < k, with probability 1.

Proof. Let (G = (AW B, E),F, k) be an input instance of HDBFVS. Recall that, for any
veA X,={F¢€F:ve F}. The algorithm applies the following iterative procedure.
Step 1. If G is acyclic and |F| < k2, then apply Lemma 13 and solve the instance.

Step 2. If | F| > k? + 1;

(i) If there exists a vertex v such that |X,| > k+1, return (G — N[v], F\ X,,k—1).

(ii) Otherwise, return that (G = (AW B, E), F, k) is a NO-instance of HDBFVS.

Step 3. Apply Reduction Rules 3.1 to 3.9 exhaustively in the order in which they are stated.

If any reduction rule solves the instance, then output YES and NO accordingly. Let
(G'=(A"wB',E'), F',k') be the reduced instance.

Step 4. Pick an edge e = wb in F(G’) uniformly at random, where u € A’;b € B’. Set
G:=G —b,F:=F U{Ng(b)}, and k := k’. Go to Step 1.

Now we prove the correctness of the algorithm. Correctness of Step 1 follows from
Lemma 13. Next assume that |F| > k? + 1. Let v be a vertex that is contained in at
least k + 1 sets in F. By Observation 3.1, pairwise intersection of two sets in F is at most
1. Thus, if we do not pick v in our solution, then we have to pick at least k + 1 vertices
to hit the sets in X,. Thus v belongs to every solution of (G, F,k) of HDBFVS. Hence,
(G, F,k) is a YES-instance of HDBFVS if and only if (G —v, F\ X,k —1) is a YES-instance
of HDBFVS, and correctness of Step 2i follows. Suppose each vertex in A is contained
in at most k sets of F. Thus no set of size at most k can hit k? + 1 sets of F. Hence,
(G, F,k) is a NO-instance of HDBFVS, and correctness of Step 2ii follows. Correctness of
the Step 3 is implied by the safeness of reduction rules. Suppose the algorithm does not
stop in Step 3. Let (G',F',k’) be the reduced instance, where k¥’ < k. Now, let S be a
hypothetical solution to (G’, 7', k’). By Lemma 12, the picked edge e = ub is incident to a
vertex in Ng/[S] with probability at least 1/(445|F |6 +68). This implies that with probability
at least 1/(445|F|® 4 68) a vertex in Ng/(b) is contained in S. Hence, if (G, F', k') is a
YES-instance, then (G’ — b, F' U {N¢(b)}, k') is a YES-instance, with probability at least
1/(445|F|°+68). Also, notice that any solution to (G’ —b, F'U{Ng(b)}, k') is also a solution
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to (G',F',k’). Hence, if (G',F', k') is a NO-instance, then (G’ — b, F' U {Ng(b)}, k') is a
NO-instance, with probability 1. Consequently, if (G, F, k) is a NO-instance, then the output
is NO or a NO-instance (G*, F*, k*) with probability 1.

Let (G, F, k) be a YES-instance. By Observation 3.3, after the application of Reduction
Rules 3.1 to 3.9, in the reduced instance, | F’| = |F|. Thus, Step 4 is applied at most k? + 1
times. Each execution of Step 4 is a success with probability at least 1/(445|F|¢ + 68),
where F is the family in the instance considered in that step. In Step 4, the size of the
family of any instance is bounded by k2, due to Step 2. Hence each execution of Step 4 is
a success with probability at least 1/(445k'? + 68). This implies that either our algorithm
outputs YES or a YES-instance (G*, F*, k*) with probability at least (445k'2 + 68)_(k2+1).
By Observation 3.3, we know that after the application of Reduction Rules 3.1 to 3.9, the
parameter k' in the reduced instance is at most the parameter k in the original instance.
Moreover, if the algorithm outputs an instance, then that will happen in Step 2i and there k&
decreases by 1. Thus k* < k. This proves the correctness of the algorithm.

By Lemma 13, Step 1 runs in O*((2k4)k) time. Observe that, Step 2 runs in polynomial
time. All the reduction rules run in polynomial time, and are applied only polynomially many
times. Step 4 runs in polynomial time, and we have at most k2 + 1 iterations. Therefore, the
total running time is O*((2k4)k). This completes the proof. <

By applying Lemma 14 at most k times, we can show the the following.

» Lemma 15. There exists a randomized algorithm B that takes an instance (G = (AW
B,E),F,k) of HDBFVS as input, runs in O*((2k4)k) time, and outputs either YES or NO
with the following guarantee. If (G,F,k) is a YES-instance, then the output is YES with
probability at least (445k'? + 68)’k(k2+1). If (G, F,k) is a NO-instance, then the output is
NO with probability 1.

Let 7(k) = (445k*2 +68)k(k2+1). To boost the success probability of algorithm B, we repeat it
O(7(k)logn) times. After applying algorithm B O(7(k)logn) times, the success probability

) 1 O(7(k)logn) 1
is at least 1 — (1 — =] 2> 1 — 5ot

Thus, we have the following result.

>1-

1
nO@) "

» Theorem 16. There exists a randomized algorithm A that takes an instance (G = (AW
B,E),F,k) of HDBFVS as input, runs in O*(Qo(k3 logk)y time, and outputs either YES or
NO with the following guarantee.
If (G, F,k) is a YES-instance, then the output is YES with probability at least 1 — no%
If (G, F,k) is a NO-instance, then the output is NO with probability 1.

4 Conclusion and Open Problems

In this paper, we initiated the study of FEEDBACK VERTEX SET problem on hypergraphs.
We showed that the problem is W[2]-hard on general hypergraphs. However, when the input
is restricted to d-hypergraphs and linear hypergraphs, which are a strict generalization of
graphs, FVS turns out to be tractable (FPT). Derandomization of the randomized FVS
algorithm given in this paper is yet to be explored. We believe that this opens up a new
direction in the study of parameterized algorithms. That is, extending the study of other
graph problems, in the realm of Parameterized Complexity, to hypergraphs. Designing
substantially faster algorithms for HFVS on linear hypergraphs and designing polynomial
kernels remain interesting questions for the future.



481

482

483

484

485

486

487

488

489

490

491

492

493

494

495

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

511

512

513

514

515

516

517

518

519

520

521

522

523

524

525

526

527

528

529

530

531

P. Choudhary, L. Kanesh, D. Lokshtanov, F. Panolan, S. Saurabh

Acknowledgements. We thank the anonymous referees of an earlier version of the paper.
Their comments helped us a lot in improving the paper.

—— References

1

10

11

12

13

14

15

16

17

18

19

Faisal N. Abu-Khzam. A kernelization algorithm for d-hitting set. J. Comput. Syst. Sci.,
76(7):524-531, 2010.

Akanksha Agrawal, Sushmita Gupta, Saket Saurabh, and Roohani Sharma. Improved al-
gorithms and combinatorial bounds for independent feedback vertex set. In 11th International
Symposium on Parameterized and Ezxact Computation, IPEC 2016, August 24-26, 2016, Aar-
hus, Denmark, volume 63, pages 2:1-2:14. Schloss Dagstuhl - Leibniz-Zentrum fuer Informatik,
2016.

Akanksha Agrawal, Sudeshna Kolay, Daniel Lokshtanov, and Saket Saurabh. A faster FPT
algorithm and a smaller kernel for block graph vertex deletion. In LATIN 2016: Theoret-
ical Informatics - 12th Latin American Symposium, Ensenada, Mexico, April 11-15, 2016,
Proceedings, volume 9644 of Lecture Notes in Computer Science, pages 1-13. Springer, 2016.
Akanksha Agrawal, Daniel Lokshtanov, Amer E. Mouawad, and Saket Saurabh. Simultaneous
feedback vertex set: A parameterized perspective. TOCT, 10(4):18:1-18:25, 2018.

Ann Becker, Reuven Bar-Yehuda, and Dan Geiger. Randomized algorithms for the loop cutset
problem. J. Artif. Intell. Res., 12:219-234, 2000.

Yixin Cao. A naive algorithm for feedback vertex set. In 1st Symposium on Simplicity in
Algorithms, SOSA 2018, January 7-10, 2018, New Orleans, LA, USA, volume 61, pages
1:1-1:9. Schloss Dagstuhl - Leibniz-Zentrum fuer Informatik, 2018.

Yixin Cao, Jianer Chen, and Yang Liu. On feedback vertex set: New measure and new
structures. Algorithmica, 73(1):63-86, 2015.

Jianer Chen, Fedor V. Fomin, Yang Liu, Songjian Lu, and Yngve Villanger. Improved
algorithms for feedback vertex set problems. J. Comput. Syst. Sci., 74(7):1188-1198, 2008.
Jianer Chen, Iyad A. Kanj, and Ge Xia. Improved upper bounds for vertex cover. Theor.
Comput. Sci., 411(40-42):3736-3756, 2010.

Marek Cygan, Fedor V. Fomin, Lukasz Kowalik, Daniel Lokshtanov, Déniel Marx, Marcin
Pilipczuk, Michal Pilipczuk, and Saket Saurabh. Parameterized Algorithms. Springer, 2015.
Marek Cygan, Fabrizio Grandoni, and Danny Hermelin. Tight kernel bounds for problems on
graphs with small degeneracy. ACM Trans. Algorithms, 13(3):43:1-43:22, 2017.

Marek Cygan, Jesper Nederlof, Marcin Pilipczuk, Michal Pilipczuk, Johan M. M. van Rooij,
and Jakub Onufry Wojtaszczyk. Solving connectivity problems parameterized by treewidth
in single exponential time. In IEEFE 52nd Annual Symposium on Foundations of Computer
Science, FOCS 2011, Palm Springs, CA, USA, October 22-25, 2011, pages 150-159. IEEE
Computer Society, 2011.

Marek Cygan, Marcin Pilipczuk, Michal Pilipczuk, and Jakub Onufry Wojtaszczyk. Subset
feedback vertex set is fixed-parameter tractable. SIAM J. Discrete Math., 27(1):290-309, 2013.
Frank K. H. A. Dehne, Michael R. Fellows, Michael A. Langston, Frances A. Rosamond, and
Kim Stevens. An O(2°®n?) FPT algorithm for the undirected feedback vertex set problem.
Theory Comput. Syst., 41(3):479-492, 2007.

Holger Dell and Dieter van Melkebeek. Satisfiability allows no nontrivial sparsification unless
the polynomial-time hierarchy collapses. J. ACM, 61(4):23:1-23:27, 2014.

Zhuo Diao and Zhongzheng Tang. On the feedback number of 3-uniform hypergraph. volume
abs/1807.10456, 2018. arXiv:1807.10456.

Reinhard Diestel. Graph theory, volume 173 of Graduate Texts in Mathematics. Springer-Verlag,
2012.

J. Flum and M. Grohe. Parameterized Complezxity Theory (Texts in Theoretical Computer
Science. An EATCS Series). Springer-Verlag, 2006.

Fedor V Fomin, Daniel Lokshtanov, Saket Saurabh, and Meirav Zehavi. Kernelization: theory
of parameterized preprocessing. Cambridge University Press, 2019.

23:13

CVIT 2016


http://arxiv.org/abs/1807.10456

23:14

532
533
534
535
536
537
538
539
540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571

572

FVS in Hypergraphs

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

Toshihiro Fujito. Approximating minimum feedback vertex sets in hypergraphs. Theoretical
Computer Science, 246(1):107 — 116, 2000.

Jiong Guo, Jens Gramm, Falk Hiiffner, Rolf Niedermeier, and Sebastian Wernicke. Compression-
based fixed-parameter algorithms for feedback vertex set and edge bipartization. J. Comput.
Syst. Sci., 72(8):1386-1396, 2006.

Yoichi Iwata and Yusuke Kobayashi. Improved analysis of highest-degree branching for feedback
vertex set. In 14th International Symposium on Parameterized and Exact Computation, IPEC
2019, September 11-18, 2019, Munich, Germany, pages 22:1-22:11, 2019.

Yoichi Iwata, Magnus Wahlstréom, and Yuichi Yoshida. Half-integrality, LP-branching, and
FPT algorithms. SIAM J. Comput., 45(4):1377-1411, 2016.

Yoichi Iwata, Yutaro Yamaguchi, and Yuichi Yoshida. 0/1/all CSPs, half-integral a-path
packing, and linear-time FPT algorithms. In 59th IEEE Annual Symposium on Foundations
of Computer Science, FOCS 2018, Paris, France, October 7-9, 2018, pages 462-473. IEEE
Computer Society, 2018.

Ken-ichi Kawarabayashi and Yusuke Kobayashi. Fixed-parameter tractability for the subset
feedback set problem and the s-cycle packing problem. J. Comb. Theory, Ser. B, 102(4):1020-
1034, 2012.

Tomasz Kociumaka and Marcin Pilipczuk. Faster deterministic feedback vertex set. Inf.
Process. Lett., 114(10):556-560, 2014.

Stefan Langerman and Pat Morin. Covering things with things. Discrete & Computational
Geometry, 33(4):717-729, 2005.

Jason Li and Jesper Nederlof. Detecting feedback vertex sets of size k in O*(2.7k) time. In
Proceedings of the 2020 ACM-SIAM Symposium on Discrete Algorithms, SODA 2020, Salt
Lake City, UT, USA, January 5-8, 2020, pages 971-989, 2020.

Shaohua Li and Marcin Pilipczuk. An improved FPT algorithm for independent feedback
vertex set. In Graph-Theoretic Concepts in Computer Science - 44th International Workshop,
WG 2018, Cottbus, Germany, June 27-29, 2018, Proceedings, volume 11159, pages 344-355.
Springer, 2018.

Daniel Lokshtanov, M. S. Ramanujan, and Saket Saurabh. Linear time parameterized
algorithms for subset feedback vertex set. ACM Trans. Algorithms, 14(1):7:1-7:37, 2018.
Neeldhara Misra, Geevarghese Philip, Venkatesh Raman, and Saket Saurabh. On parameterized
independent feedback vertex set. Theor. Comput. Sci., 461:65-75, 2012.

Neeldhara Misra, Geevarghese Philip, Venkatesh Raman, Saket Saurabh, and Somnath Sikdar.
FPT algorithms for connected feedback vertex set. J. Comb. Optim., 24(2):131-146, 2012.
Geevarghese Philip, Venkatesh Raman, and Somnath Sikdar. Polynomial kernels for dominating
set in graphs of bounded degeneracy and beyond. ACM Trans. Algorithms, 9(1):11:1-11:23,
2012.

Jan Arne Telle and Yngve Villanger. FPT algorithms for domination in sparse graphs and
beyond. Theor. Comput. Sci., 770:62—68, 2019.

Junjie Ye. A note on finding dual feedback vertex set. CoRR, abs/1510.00773, 2015. arXiv:
1510.00773.


http://arxiv.org/abs/1510.00773
http://arxiv.org/abs/1510.00773
http://arxiv.org/abs/1510.00773

573

574

575

576

577

578

579

580

581

582

583

584

585

586

587

588

589

590

591

592

593

594

595

596

597

598

599

600

601

602

603

604

605

606

607

608

609

610

611

612

613

614

615

P. Choudhary, L. Kanesh, D. Lokshtanov, F. Panolan, S. Saurabh

A Equivalence between HFVS and DFVSB

» Lemma 17. (H, k) is a YES instance of HFVS if and only if (G = (AW B,E'),k) is a
YES instance of DEVSB, where G is the incidence graph of the hypergraph H .

Proof. In forward direction, let S be a solution to (H, k) of HFVS. We claim that S is
also a solution to (G = (AW B, E’), k) of DFVSB. Suppose not. Then, there exists a cycle
C = wvie;y ... veepvy in the graph G — Ng[S]. This implies that ey, ..., ey are hyperedges in
H-S,and {v1,...,v,} CV(H)\S. Then (vy,e1,...,vsep,v1) is a cycle in the hypergraph
H — S. This is a contradiction to the assumption that S is a solution to (H, k).

In reverse direction, let S’ be a solution to (G, k) of DFVSB. We claim that S’ is also a
solution to (H, k) of HFV'S. Suppose not. Then, there exists a cycle C = (vy, €1, ..., v, €,01)
in the hypergraph H — S’. This implies that {v1,...,v¢,} € A\ S’ and {e1,...,e} C
B\ N¢(57). Therefore, vie; ...veepvy is a cycle in G — Ng[S’], which is a contradiction to
the assumption that S’ is a solution to (G, k). <

B Safeness Proofs of Reduction Rules in Section 3

» Lemma 18. Reduction Rule 3.5 is safe.

Proof. Observe that, the instance (G, F', k) is a valid instance of HDBFVS.

In the forward direction, let S be a solution to (G, F, k) of HDBFVS. Observe that, if S
does not contain v, then S is also a solution to (G', ', k), as G' — Ng/[S] = (G — Ng[S]) — v,
(G — Ng[S)) is acyclic and S is also a hitting set of F’. Next, consider the case when v € S.
Let S’ = S\ {v}. Since v is an isolated vertex in G, we have that G — N[S’] is acyclic. Let
u €Y, u# v, then observe that, S’ U {u} is also a solution to (G, F, k) of HDBFVS, which
does not contain v and hence a solution to (G, F', k).

In the backward direction, let S” be a solution to (G’, F', k). Suppose that, G — N[5]
contains a cycle C. Then, since G’ = G — v, and dg(v) =0, C is also a cycle in G’ — N[5'].
Observe that, F\ {Y} = F'\ (Y \ {v}). Therefore, S’ is also a hitting set of F. This implies
that S’ is also a solution to (G, F, k) of HDBFVS. <

» Lemma 19. Reduction Rule 3.6 is safe.

Proof. Observe that, the instance (G', F, k) is a valid instance of HDBFVS.

In the forward direction, let S be a solution to (G, F, k) of HDBFVS. If S does not
contain v, then clearly S is also a solution to (G', F, k) because G' — N¢ [S] = (G—Ng[S]) —v
and (G — Ng[9]) is acyclic. Suppose that, v € S. Let {b} = Ng(v). Since Reduction Rule
3.3 is no longer applicable, we have that dg(b) > 1. Let u # v be an arbitrary vertex in
Ng(b). Then, S* = (S\ {v}) U {u} is also a solution to (G, F,k) of HDBFVS because
N¢g(v) € Ng(u) and dg(v) = 1. Then, S* is also a solution to (G' = G—v, F, k) of HDBFVS
because G’ — Ng/[S*] = (G — Ng[S*]) — v and (G — N¢[S*]) is acyclic.

In the backward direction, let S’ be a solution to (G’, F, k). Suppose that, G — N[5’]
contains a cycle C. Then, since G' = G — v, and dg(v) = 1, C is also a cycle in G’ — N[57].
This implies that S’ is also a solution to (G, F, k) of HDBFVS. <

» Lemma 20. Reduction Rule 3.7 is safe.

Proof. Observe that, the instance (G, F', k) is a valid instance of HDBFVS.

In the forward direction, let S be a solution to (G, F, k) of HDBFVS. Suppose that,
u ¢ S. Since dg(u) = 1, we have that u does not participate in any cycle in G. Therefore,
any cycle C' in G’ — N[S] is also a cycle in G — N[S]. This implies that G’ — N[S] is acyclic.
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Observe that, F\ {Y'} = F'\ {Y \ {u}}. This implies that S is a hitting set of F’. Hence, S
is also a solution to (G', F’', k) of HDBFVS. Next, consider that u € S. Since u does not
participate in any cycle in G, u is only used to hit cycles containing b (recall that when
we delete u, we also delete all its neighbors) and to hit the set Y. Since P is a nice path,
any cycle that contains b also contains all the vertices in P and hence contains Ng(u') =V,
therefore u’ can hit all the cycles containing b. Further, since v’ € Y, it holds that «’ hits the
set Y. This implies that S* = (S \ {u}) U {u'} is also a solution to (G, F, k) of HDBFVS.
As argued before, S* is a solution to (G', F', k) of HDBFVS.

In the backward direction, let S’ be a solution to (G', F’, k) of HDBFVS. Since u does
not participate in any cycle, any cycle in G — N[S'] is also a cycle in G’ — N[S’]. Hence,
G — N[9] is acyclic. Also, since F\{Y} =F \ {Y \ {u}}, we have that S’ is a hitting set
of F. Hence, S’ is also a solution to (G, F, k) of HDBFVS. <

» Lemma 21. Reduction Rule 3.8 is safe.

Proof. We first give a proof for Case 1, followed by a proof of Case 2.

L vipy = (). The vertices v;_1 and b;;; do not have
two common neighbors in G’, and hence there is no Cy in G’. Observe that G’z is a

Case 1: X, , # X,,,, or X,, , =X

subgraph of Gr. Further, since Gr does not have Cy, G’z does not have Cy. Now we
claim that there is no C4 in G’ U G'%,. There is no C4 in G', G, and G U Gr. Thus,
if there is a Cy in G’ U G'%, then there is a set F' € F’ such that |(Ng/(bi+1) N F| > 2.
Notice that Ngs(bi41) = {vi—1,vi41}. Since (X,,_, # Xy, or Xy, = X,,,, = 0) and
| X, 1 |s|Xv, 1| <1 (because P does not have any special vertex), there is no set F' € F’
such that {v;_1,v;41} € F. Thus, we have proved that there is no Cy in G’ U G’z,. This
implies that the instance (G', F’, k) is a valid instance of HDBFV'S.

In the forward direction, let S be a solution to (G, F,k) of HDBFVS. Suppose that,
v; ¢ S. Then, we claim that S is also a solution to (G, F', k) of HDBFVS. Suppose not,
then either there exists a cycle C' in G’ — Ng/[S] or there exists a set Z € F' such that
SN Z = (. First consider the former case. If C does not contain the edge v;_1b;11, then
C is also a cycle in G — Ng[S], which is a contradiction. Therefore, C' contains the edge
v;—1b;+1. But, then we get a cycle in G — Ng[S] by replacing the edge v;—1b;+1 in C by
the path v;_1b;v;b;41. This is a contradiction to the assumption that (G — N[S]) is acyclic.
Now, consider the later case. Note that S hits F\ {Y} and Y \ {v;} (since v; ¢ S). Thus, it
implies that S is a hitting set of F’. Hence, S is also a solution to (G, F', k) of HDBFVS.
Next, consider that v; € S. Since P is a degree two nice path in G, any cycle that contains a
vertex from N|v;] also contains all the vertices in P. In particular, it contains v;, and v; hits
all the cycles that any vertex in N[v;] hits. Also, observe that, v; € Y and hence v; hits the
set Y. This implies that S* = S\ {v;} U{v,} is also a solution to (G, F, k) of HDBFVS. As
argued before S* is a solution to (G, F', k) of HDBFVS.

In the backward direction, let S’ be a solution to (G', F’, k) of HDBFVS. We claim that
S’ is also a solution to (G, F, k) of HDBFVS. Suppose not. Then, either there exists a cycle
C in G — N¢[S'] or there exists a set Z € F such that S’ N Z = . First consider the former
case. If C' does not contain any edge from the path P, then C is also a cycle in G’ — Ngv[S],
which is a contradiction. Therefore, at least one edge from the path P is part of C. Then,
since P is a degree two nice path in G, P is a subpath of C. Then, we get a cycle C’ in
G’ — N¢/[S'] by replacing the subpath v;_1b;v;b,11 in C' by v;_1b;11. This is a contradiction
to the assumption that S’ is a solution to (G', F', k). Now, consider the later case. Since
FANAY}=F \{Y \ {v;}} and |[Y| > 2, we have that S’ is a hitting set of F. Hence, S’ is
also a solution to (G, F, k) of HDBFVS.
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Case 2: X, , = X,,,, = {Y*}. The vertices v;_» and b;41 do not have two common

neighbors in G’, and hence there is no Cy in G’. Observe that G’z is a subgraph of Gr.

Further, since G# does not have Cy, G’z does not have Cy. Next we claim that there is
no Cy in G’ U G’,. By item (ii) of Observation 3.1, X,, , # X,, ,. This implies that
X,y # Xu,,,. Note that, there is no C4 in G, G%,, and G U Gx. Thus, if there is a C}
in G’ UGz, then there exists a set F' € F’ such that |(Ng/(b;41) N F| > 2. Notice that
Ner(biy1) = {vi—2,vi41}. Since Xy, _, # X, and | X, |, [ Xy, .| <1 (because P does not
have any special vertex), there is no set F' € F’ such that {v;_2,v;11} C F. Thus, we have
proved that there is no Cy in G’ U G’z,. This implies that the instance (G, F', k) is a valid
instance of HDBFVS.

In the forward direction, let S be a minimal solution to (G, F, k) of HDBFVS. Suppose
vi—1 € Sorv; € S. Consider the case v;_1 € S. Then, we claim that S* = (S\{v;—1})U{vi+1}
is also a solution to (G, F, k). Since P is a nice path, any cycle that contains a vertex of P must
contain all the vertices of P. Thus, all the cycles containing a vertex from N[v;_1], also contain
vit+1. Therefore v;4; hits all those cycles that N[v;_] hits. Since X,, , = X,, ., = {Y*},
v;+1 and v;—1 hits the same set (only one) from F. Now suppose that v; € S. Then, we
claim that §" = (S'\ {v;}) U {v,} is a solution to (G, F, k). Since all the cycles containing
a vertex from N{[v;], also contain v;, therefore v; hits all the cycles that N[uv;] hits. Since
Xy, = Xy, = {Y*}, v; and v; hits the same set (only one) from F.

Thus, if (G, F, k) is a YES-instance, then there is a solution S such that v;_1,v; ¢ S.

Then, we claim that S is also a solution to (G, ', k) of HDBFVS. Suppose not, then either
there exists a cycle C in G’ — Ng[S] or there exists a set Z € F’ such that SN Z = 0. First
consider the former case. If C' does not contain the edge v;_2b; 11, then C' is also a cycle in
G — N¢|S], which is a contradiction. Therefore, C' contains the edge v;_2b; 1. But, then we

get a cycle in G — Ng[S] by replacing the edge v;_2b;11 in C by the path v;_2b;_1v;_1b;v;b;iy1.

This is a contradiction to the assumption that (G — N[S]) is acyclic. Now, consider the later
case. Note that S hits F\ {Y,Y*} and {Y*\ {v;—1}, Y \ {v;}} (since v;_1,v; ¢ S). Thus, it
implies that S is a hitting set of F'. Hence, S is also a solution to (G’, F', k) of HDBFVS.

In the backward direction, let S’ be a solution to (G, F', k) of HDBFVS. We claim
that S’ is also a solution to (G, F, k) of HDBFVS. Suppose not. Then, either there exists
a cycle C in G — Ng[S'] or there exists a set Z € F such that S’ N Z = (). First consider
the former case. If C' does not contain any edge from the path P, then C is also a cycle in
G’ — N¢[9’], which is a contradiction. Therefore, at least one edge from the path P is part
of C. Since P is a degree two nice path in G, P is a subpath of C. Thus, we get a cycle C’
in G’ — N¢/[S’] by replacing the subpath v;_9b;_1v;—1b;v;b;11 in C by v;_2b;11. This is a
contradiction to the assumption that S’ is a solution to (G’, F’, k). Now, consider the later
case. Since F\{Y,Y*} = F\ {Y*\ {vi1}, Y \ {v;}} and |Y], |Y*| > 2, we have that S’ is
a hitting set of F. Hence, S’ is also a solution to (G, F, k) of HDBFVS. <

» Lemma 22. Reduction Rule 3.9 is safe.

Proof. Observe that, the instance (G', F, k) is a valid instance of HDBFVS.

In the forward direction, let S be a solution to (G,F,k) of HDBFVS. Suppose that
vy ¢ S. Then, we claim that S is also a solution to (G, F, k) of HDBFVS. Suppose not,
then there exists a cycle C in G’ — Ng/[S]. If C does not contain the edge v1b3, then C' is

also a cycle in G — N¢[S], which is a contradiction. Therefore, C' contains the edge v;bs.
But, then we get a cycle in G — Ng[S] by replacing the edge v1b3 in C' by the path v1bavabs.

This is a contradiction to the assumption that (G — N[S]) is acyclic. Hence, S is also a
solution to (G', F, k) of HDBFVS. Next, consider that vy € S. Since P is a degree two nice

path, any cycle that contains vs also contains all the vertices in P and hence contains v .
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Therefore S* = S\ {v2} U{v1} is also a solution to (G, F, k) of HDBFVS. As argued before
S* is a solution to (G, F, k) of HDBFVS.

In the backward direction, let S” be a solution to (G’, F, k) of HDBFVS. We claim that
S’ is also a solution to (G, F, k) of HDBFVS. Suppose not. Then, there exists a cycle C
in G — Ng[S’]. If C does not contain any edges from the path P, then C is also a cycle in
G’ — N¢/[9’], which is a contradiction. Therefore, at least one edge from the path P is part
of C. Since P is a degree two nice path in G, P is a subpath in C. Thus, we get a cycle C”
in G’ — N¢/[9’] by replacing the subpath v1byv9bs in C by v1bs. This is a contradiction to
the assumption that S’ is a solution to (G', F, k). Hence, S’ is also a solution to (G, F, k) of
HDBFVS. <

C Missing proofs from Section 3

C.1 Proof of Lemma 5

Proof. Observe that, (G = (AW B, E’), F, k) is a valid instance of HDBFVS.

In the forward direction, let S be a solution to (Hy, Ha, k) of HHFVS. We claim that
S is also a solution to (G = (AW B, E’), F,k) of HDBFVS. Suppose not. Then, either
there exists a cycle C' = vie; ... veepvy in the graph G — Ng[S] such that for each i € [¢],
vi € A, e; € B and vie; € E', and eyv; € E’/, or S does not hit a set Y € F. The former
case implies that, eq, ..., ey are hyperedges in H; — S, and {vy,...,v,} CV(Hy)\ S. Then,
(v1,€1,...,0€,01) is a cycle in the hypergraph H; — S. This is a contradiction to the
assumption that H; — S is acyclic. The later case implies that, there is an edge Y in Hy — .5,
which is a contradiction to the assumption that Hs — S is edgeless (that is, S is a hitting set
for Hs).

In the backward direction, let S’ be a solution to (G = (AW B, E’), F, k). We claim that
S’ is also a solution to (Hy, Ha, k) of HDBFVS. Suppose not. Then, either there exists a
cycle C = (v1,e1,...,0s eg,v1) in the hypergraph Hy —S’, or there exists an edge Y € Hy—S.
The former case implies that, {v1,...,ve} € A\ S" and {ey,...,es} C B\ Ng(S’). Therefore,
viey ... veepvy is a cycle in G — Ng[S’], which is a contradiction to the assumption that
G—N[S'] is acyclic. The later case implies that, S’ does not hit the set Y € F, a contradiction
to the assumption that S’ is a hitting set for F. |

C.2 Proof of Lemma 11

Proof. By Lemma 6, the number of special vertices in P is bounded by ('j;). Let P’ be a
maximum length subpath of P such that P’ is a nice path. That is, P’ does not contain any
special vertices. Then, by Lemma 10, the number of vertices in P’ that are adjacent to a
vertex in V21 (G) in G is bounded by (I;‘\) +|F|. Let P” be a maximum length subpath of P’
such that P” does not contain any vertex that is adjacent to a vertex in V_;(G) in G. Then,
by Observation 3.2, either the length of P” is bounded by 10, or the number of easy vertices in
P” is bounded by |F|+2. Let P* be a maximum length subpath of P” such that P* does not
contain any easy vertices. Then, since Reduction Rule 3.9 is no longer applicable, the length
of P* is bounded by 7. Therefore, we have that the length of P is bounded by 7(|F| + 3).
This implies that the length of P’ is bounded by 7(|F| + 3)((131) +|F| + 1) < (35|F + 21).
Hence, the length of P is bounded by (35|F|% +21)((7) + 1) < 63|F|° + 21. <
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D Feedback Vertex Sets on General Hypergraphs: Proof of
Theorem 1

In order to prove Theorem 1 we give a polynomial time parameter preserving reduction from
SET COVER to HFVS. In SET COVER (SC), we are given a universe U, a family F of sets
over U, and a positive integer k, and the question is whether there is a subfamily 7’ C F of
size at most k, such that (Jp. F' = U. It is well known that SET COVER is W[2]-hard [10,
Theorem 13.28].

Given an instance (U, F, k) of SC, we construct an instance (H, k) of HFV'S as follows.
For each element v € U, let X, be the family of sets in F that contain u. For each
F € F, we add a vertex wr in H. Furthermore, for each u € U, we add 2(k + 1) vertices
{ug, .. upgr,up o} in H. Hence, V(H) = {wp | F € F}yU{uy,uj, ..., up1,uj | u €
U}. Now, we explain the construction of hyperedges of H. For each u € U, we introduce a
hyperedge e, = {wr | F € X,,} containing vertices corresponding to the sets in X,. Also,
for each v € U, we add hyperedges e, U {u;}, {u;,u;}, e, U{u}, for all i € [k + 1]. This
completes the construction. Towards the proof of Theorem 1, we give the following lemma.

» Lemma 23. (U, F,k) is a YES-instance of SC if and only if (H, k) is a YES-instance of
HFVS.

Proof. In the forward direction, let S be a solution to (U, F,k) of SC. We claim that
Z ={wp | F € S} is a feedback vertex set of size at most k in H. Since |S| < k, we have
that |Z] < k. Next, we prove that Z is a feedback vertex set in H. Since S is a set cover,
the only hyperedges of H present in H — Z are {{u;,u}} | u € U,i € [k + 1]}. Notice that
{{us, u;} | w € U,i € [k + 1]} are pairwise disjoint. This implies that H — Z is acyclic.

In the reverse direction, let Z be a solution to (H,k) of HFVS. Let Z' = Z\
{ur, vy, upgr,uyy | w € Ul That is, Z' contains only those vertices of Z that
correspond to some set in F. Let & = {F | wp € Z'}. Since |Z'| < |Z| < k, we
have that |S| < k. Next we claim that S is a set cover of (U, F,k). Towards that, we
choose an arbitrary element u € U and prove that there is a set F € S which contains
u. Let J be an arbitrary set in F such that v € J. Notice that there are k + 1 triangles
(wyr, ey U{u b, ug, {ug, ul b, ul, e U{ui},wy),1 <i<k-+1,in H. This implies that at least
one vertex wr in e, must belong to the feedback vertex set Z (and Z’). However, u belongs
to F' and F is in S. Hence u is covered by S. This completes the proof. <

E Feedback Vertex Sets on d-Hypergraphs: Proof of Theorem 2

In this section we design an FPT algorithm for HFVS on d-hypergraphs. Towards this,
we will prove the following result about DFVSB, from which Theorem 2 will follow as a
corollary.

» Theorem 24. There is a deterministic algorithm for DFVSB running in time
O2™d**n(n + m) + n%(n + m)), where the input is a bipartite graph G with biparti-
tion V(G) = AW B, and d = maxpep da(b).

Towards designing an FPT algorithm for DFVSB, we use the well-known iterative
compression technique [10, Chapter 4]. Usually, the primary step in the technique of iterative
compression involves solving a “disjoint compression version” of the problem. In our case,
the disjoint compression version of the problem is defined as follows.

23:19

CVIT 2016



23:20

794

795
796

797

798
799
800

801

802
803

804

805
806

807
808
809

810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
829
830
831
832

833

FVS in Hypergraphs

d-D1sJOINT DOMINATING BOUNDED BIPARTITE FVS (d-DDBB-FVS)

Input: A d-bipartite graph G = (AW B, E), a positive integer k, and a vertex subset
W C A such that G — N[W] is acyclic.

Question: Is there a set S C A\ W of at most k vertices such that G — N[S] is
acyclic?

J

We denote an instance of -DDBB-FVS as (G, k, W), where G is the input graph with
bipartition A W B, k is the parameter (the solution size), and W is a set such that for a
solution S, it holds that S C A\ W. The main result of the section is the following lemma.

» Lemma 25. Given an instance (AW B, E),k,W) of d-DDBB-FVS, there exists an
algorithm that gives a solution in time O((8d) T (EW)(n + m) + n(n + m)), where d =
max,ep d(w), n = |V(G)|, m = |E(G)|, and v(Gw) is the number of connected components
in the subgraph Gy = GIW U{b€ B: N(b) C W}].

Assuming Lemma 25 one can prove Theorem 24, somewhat similar to the way it is done
for FV'S on graphs (see Section 4.1 in [10]). We use the following observation in the proof of
Theorem 24.

> Observation E.1. Let (G = (AW B, E),k) be an instance of DFVSB, and B’ C B. If
(G" = (AW B',E(A,B)),k) is a NO-instance of DFVSB, then (G = (AW B, E),k) is a
NO-instance of DFVSB.

Proof. Any solution to (G = (AW B, E), k) is also a solution to ((AW B, E(A, B’)),k). =
Now we give a proof sketch of Theorem 24 assuming Lemma 25.

Proof sketch of Theorem 24. We employ the method of iterative compression to prove
Theorem 24. Towards that, we iteratively apply Lemma 25. Let (G = (AW B, E), k) be
the input of DFVSB. Let B = {b1,...,b.}. If r <k + 1, then any subset A’ C A of size at
most 7 — 1 that contains a neighbor of b; for all ¢ € [r — 1] is a solution to (G, k). That is, if
r < k+1, then (G, k) is a YES-instance. Otherwise, we proceed as follows.

Initially we consider the instance J; = (G; = (AW By),k) of DFVSB, where B; =
{b1,...,bgs+2}. Let Wy = {v1,...,vp41} be an arbitrary subset of A such that N(b;)NW; # 0
for all j € [k + 1]. Clearly, W7 is a dominating feedback vertex set of size k + 1 for
G1. To compute a dominating feedback vertex set of size at most k, for each subset
S C W of size at most k (a potential guess of the intersection of a hypothetical solution
with W7), we use Lemma 25 to check whether there exists a solution to the instance
(G} = G1 — NI[S],k—|S], W1\ S) of d-DDBB-FVS. If no such solution exists for any choice
of the subset of Wi, then clearly J; is a NO-instance of DFVSB due to observation E.1.

Otherwise, if there is a subset S; C W7 of size at most k, such that @i is a solution
for (((A\ S1) W (B1\ N(51)), E(A\ Sy, B1\ N(51))), k — [S1], W1 \ 51) of d-DDBB-FVS,
then S7 U Q1 is a solution of size at most k for the instance J;. Next, we construct an
instance Jo = (G2 = (AW By, E(A, Bs)), k) of DEVSB, where By = {b1,...,bry3}. Let
Wy = S1 UQ; U{v}, where v is an arbitrary vertex in N(bgy3). Notice that Gy — N[Ws]
is a subgraph of G; — N[S; U Q1] which is a forest. That is, W5 is a dominating feedback
vertex set of G of size at most k + 1. Now we repeat the same process as described above
to “compress” the solution size of J; to at most k. At each iteration, if there exists a
solution W; of size at most k for the instance J;, then in step ¢+ 1, W; U {v} is a dominating
feedback vertex set for Gi41 = (AW B;y1, E(A, Biy1)), where B;11 = B; U {bgt2+i} and
v € N(bgsa+i), and we continue the same process.
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Finally, notice that J,_(;41) is actually the input instance (G, k), and we get a solution
to J,_(k+1) at the end of the algorithm (if (G, k) is a YES-instance). More formally, at
step i € [r — (k4 1)], we have an instance J; = (G; = (AW B;, E(A, B;)), k), where
B; ={b1,...,bp+1+i}, and a dominating feedback vertex set W/ of G; of size at most k + 1.
Then, by applying Lemma 25 at most 2*! times we obtain a solution W; of size at most
k for the instance J; (if it exists). If there does not exist a solution for J;, then (G, k) is a
NO-instance.

Since we apply Lemma 25 at most 28+1|B| — (k + 1) times and the number of connected
components of Gy in each application of Lemma 25 is at most k+ 1, the total running time is
upper bounded by O(2F(8d)?**1n(n+m)+n?(n+m)) = O2*d***1n(n+m)+n?(n+m)),
where n = |[V(G)| and m = |E(G)|. <

The rest of the section is devoted to the proof of Lemma 25. Towards proving Lemma 25,
we design a branching algorithm consisting of three branching rules and some simple reduction
rules. To bound the running time, we define a measure associated with an instance of &-DDBB-
FVS, and this measure decreases by at least one during each application of the branching
rules. It does not increase during the application of any of the reduction rules. Moreover, the
number of children for each node in the branching tree is bounded by O(d). For an instance
(G=(AWB,E),k,W) of d-DDBB-FVS, recall that Gy = GIW U {b € B: Ng(b) C W},
and v(Gw) is the number of connected components in Gy. We define the measure associated
with the instance (G, k, W) of d-DDBB-FVS as,

:U'(Ga k, W) =k+ ’Y(GW)

For a reduction rule that takes an instance (G,k, W) of d-DDBB-FVS and outputs
another instance (G', k', W') of d-DDBB-FVS, we say that the reduction rule is safe if
the following holds: (i) (G,k, W) is a YES-instance if and only if (G',k,W’) is a YES-
instance, and (i) p(G', k', W') < u(G, k,W). A branching rule for -DDBB-FVS, takes an
instance (G, k, W) and outputs a collection of instances (G1, k1, W1),..., (G, ke, Wi). We
say that the branching rule is safe if the following holds: (¢) (G,k, W) is a YES-instance
if and only if (G;,k;,W;) is a YES-instance for some i € [f], and (ii) for each i € [¢],
/’L(Gia ki7 Wz) < N(Gv k’ W)

> Reduction Rule E.1. Let (G,k, W) be an instance of -DDBB-FVS. If k = 0 and G is
not acyclic, then return that (G, k, W) is a NO-instance of d-DDBB-FVS.

> Reduction Rule E.2. Let (G, k, W) be an instance of d-DDBB-FVS. If G is acyclic and
k > 0, then return @ and STOP.

The correctness of the above reduction rules follows from the fact that (G, k, W) is a
YES-instance of d-DDBB-FVS and 0 is a solution to (G, k, W).

> Reduction Rule E.3. Let (G, k, W) be an instance of d-DDBB-FVS. Let v € V(G) be a
vertex of degree 0 in G. Then, output (G — v, k, W \ {v}).

It is easy to see that the above reduction rules are safe and can be applied in polynomial
time.

> Reduction Rule E.4. Let (G = (AW B, E),k, W) be an instance of d-DDBB-FVS and
b € B be a vertex of degree 1 in G. Then, output (G — b, k, W).

» Lemma 26. Reduction Rule E.4 is safe.
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Proof. Since dg(b) = 1, there is no cycle in G containing b. Therefore, any solution to
(G —b,k, W) is also a solution to (G, k, W) and vice versa. Let G’ = G —b. Since dg(b) < 1,
Y(Gw) < ¥(Gw). Therefore, u(G', k, W) < u(G, k, W) and Reduction Rule E 4 is safe. <«

> Reduction Rule E.5. Let (G = (AW B, E), k, W) be an instance of d-DDBB-FVS and v €
A\W be a vertex of degree 1 in G. Let Ng(v) = {b}. Moreover, either Ng(b)\ (W U{v}) # 0
or dg(b) = 2. Then, output (G — v, k, W).

» Lemma 27. Reduction Rule E.5 is safe.

Proof. First consider the case Ng(b) \ (W U {v}) # 0. Since dg(v) = 1, any solution to
(G —v,k, W) is also a solution to (G, k,W). Now suppose that, (G, k, W) is a YES-instance.
Let u be an arbitrary vertex in Ng(b) \ (W U {v}) and G’ = G — v. First we claim that
there is a solution S to (G, k, W) that does not contain v. If there exists a solution S’ to
(G, k,W) that contains v, then S* = (5" \ {v}) U {u} is a solution to (G, k, W), because
Ng(v) € Ng(u) and dg(v) = 1. Let S be a solution to (G, k, W) such that v ¢ S. Then,
S is also a solution to (G’ = G — v, k, W) because G' — Ng/[S] = (G — Ng[S]) — v, and
(G — Ng9)) is acyclic. Notice that G, = Gw. Therefore, u(G', k, W) < u(G, k,W).

Next, we consider the case dg(b) = 2. Here, there is no cycle in G that contains either b or
v. This implies that, if S is a solution to (G, k, W), then S\ {v} is a solution to (G —v, k, W).
Since dg(v) = 1, any solution to (G' = G — v, k, W) is also a solution to (G, k, W). Also,
since Gy, = Gw, we have that pu(G', k,W) < u(G,k, W). <

> Reduction Rule E.6. Let (G,k, W) be an instance of d-DDBB-FVS. Let b1v1bavab3vsby
be a path in G such that vibyvebsvs is a degree two path in G, {by,...,b4} C B and
{v1,v2,v3} € A\ W. Now, let G’ be the graph obtained by deleting the vertices by, vo from
G and adding a new edge v1bs, i.e. G' = (G — {va,b2}) + v1bs. Then, output (G, k, W).

» Lemma 28. Reduction Rule E.0 is safe.

Proof. First, we prove that (G,k, W) is a YES-instance of d-DDBB-FVS if and only if
(G, k,W) is a YES-instance of d-DDBB-FVS. In the forward direction, let .S be a solution to
(G, k,W) of d-DDBB-FVS. Suppose that, vy ¢ S. Then, we claim that S is also a solution
of (G', k, W). Suppose not, then there exists a cycle C' in G’ — Ng/[S]. If C does not contain
the edge v1bs, then C is also a cycle in G — Ng[S], which is a contradiction. Therefore, C
contains the edge v1bs. But, then we get a cycle in G — Ng[S] by replacing the edge v1bs
in C' by the path v1bovabs. This is a contradiction to the assumption that S is a solution
to (G, W, k). Now, consider the case vo € S. Then, S" = (S \ {v2}) U{v1} is a solution to
(G',k, W) because S"NW = ) and any cycle in G which contains any of the vertices in
{ba,v2,bs} also contains v;.

For the backward direction, let S* be a solution to (G’, k, W) of d-DDBB-FVS. Clearly,
S* C A\ W. We claim that S* is also a solution to (G, k, W). Suppose not. Then, there
exists a cycle C in G — Ng[S*]. If C does not contain any edges from {vyba, bava, v2b3},
then C is also a cycle in G’ — Ng/[S*], which is a contradiction. Therefore, at least one
edge from {v1bg, bava, vabs} is part of C. Then, since v1bavabsvs is a degree two path in G,
b1v1bav2b3vsby is a subpath in C. Then, we get a cycle C’ in G’ — Ng/[S*] by replacing
the subpath v1bovob3 in C' by v1b3. This is a contradiction to the assumption that S* is a
solution to (G, k, W). Hence, S* is also a solution to (G, k, W).

Next, we prove that u(G',k,W') < pu(G,k,W). Since vi,v2,v3 ¢ W, we have that
bi,b2,b3,b4 ¢ V(Gw). Therefore, we have that Gy = GY;, and hence, u(G', k,W') =
w(G, k,W). This completes the proof of the lemma. <
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> Branching Rule 1. Let (G, k, W) be an instance of &-DDBB-FVS and let b € B be a vertex
such that Ng(b)\ W # 0 and |[Ng(b)NW| > 2. Let 2,2’ € Ng(b)NW be two distinct vertices
and Ng(b)\W = {uy,...,ue}. If z and 2’ are in the same connected component of Gy, then
we branch into the following instances: (G — N{ui],k — 1,W),..., (G — Nug),k —1,W). If
z and 2’ are in two distinct connected components of Gy, then we branch into the following
instances: (G — N[u1],k —1,W),...,(G — N[ug],k — 1,W), and (G, k, W U {uq,...,us}).

» Lemma 29. Branching Rule 1 is safe.

Proof. First consider the case that z and 2’ are in the same connected component of Gy .
If (G, k,W) is a NO-instance, then clearly all the instances (G — N{u1],k —1,W),..., (G —
Nlug],k — 1,W) are NO-instances. Since z and 2z’ are in the same connected component
of Gw, there is a cycle C in G[V(Gw) U {b}]. Also, notice that Ng(V(C)NB)\ W C
{u1,...,up}. That is, if (G, k, W) is a YES-instance, then any solution will contain a vertex
from {uy,...,up}. Therefore, if (G, k, W) is a YES-instance, then at least one of the instances
(G — N[w],k—=1,W),...,(G — N[ug,k — 1,W) is a YES-instance. Now we prove that
w(G — Nug], k=1, W) < u(G, k,W) — 1, for all i € [¢]. Towards that, we fix an arbitrary
i € [{]. Let @ = G—N[u;]. Since u; € AA\W, Gy = GY;,. This implies that, v(Gyy,) = v(Gw ).
Therefore, u(G', k-1, W)=k —-1+~v(Gy) =k +v(Gw) — 1 = (G, k, W) — 1.

Next, consider the case that z and 2’ are in two different connected components of Gyy.
If (G, k,W) is a NO-instance, then clearly all the instances (G — N[ui],k —1,W),..., (G —
Nlugl, k — 1,W), and (G, k, W U{uq,...,us}) are NO-instances. Suppose that, (G, k, W) is
YES-instance. Let S be a solution to (G, k, W). If SN {uy,...,us} # (), then at least one
of (G — N[ui],k—1,W),...,(G — Nug],k — 1,W) is a YES-instance. Otherwise, S is a
solution to (G, k, W U {uy,...,ug}). The proof of u(G — Nu;], k — 1, W) < u(G,k,W) —1
for all ¢ € [¢], given in the above paragraph holds in this case as well. Finally, we prove
that pu(G,k, W U {uy,...,ue}) < u(G,k,W) — 1. Note that, it is enough to prove that
Y(Gw') < v(Gw) — 1, where W = W U {uq,...,us}. Observe that, each connected
component in Gy contains a vertex from W/, as Reduction Rule E.3 is no longer applicable.
Moreover, Gy is a subgraph of Gy and there is a connected component in Gy containing
z and 2/, because z,z" € Ng(b) and b € V(Gw). Also, notice that in this case z and 2’
belong to different connected components in Gy. This implies that, v(Gw) < v(Gw) — 1.
This completes the proof of the lemma. |

> Branching Rule 2. Let (G,k,W) be an instance of d-DDBB-FVS. If there exists a
path/cycle P = boug . ..b.v:bry1 in G, such that {vg,...,v.} € A\ W, 0 < r < 6, and
there is a cycle in the graph G[V(Gw) U V(P)], then we branch into the following instances:
(G—=Nlu1l, k=1, W),...,(G—NJug|, k—1,W), where {u1,...,us} = Nag({bo,...,br41})\W.

» Lemma 30. Branching Rule 2 is safe.

Proof. If (G,k,W) is a NO-instance, then clearly all the instances (G — N[ui],k —
1L,W),...,(G — Nug], k — 1, W) are NO-instances. Now, we prove that if (G, k, W) is a YES-
instance, then at least one of the instances (G — Nui],k —1,W),...,(G — N[ug], k — 1,W)
is a YES-instance. Notice that there exists a cycle C' in G[V(Gw) U V(P)]. Therefore,
any solution to (G, k, W) contains a vertex from Ng(V(C)N B)\ W. Since Ng(b) C W
for all b € BN V(Gw), we have that Ng(V(C)NB)\ W C N({bo,...,brp1}) \ W =
{u1,...,up}. Therefore, if (G,k, W) is a YES-instance, then at least one of the instances
(G—=Nluil, k=1, W),...,(G— Nug),k —1,W) is a YES-instance as well.

Next, we prove that u(G — Nu;|,k — 1,W) = u(G,k,W) — 1 for all i € [¢]. Towards
that, we fix an arbitrary ¢ € [¢]. Let G = G — NJ[u;]. Since u; € A\ W, we have that
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Gw = GYy. Therefore, p(G', k-1, W) =k —-14+~(Gy,) =k+~v(Gw) —1 = pu(G, k, W) — 1.
This completes the proof of the lemma. <

> Branching Rule 3. Let (G, k, W) be an instance of &-DDBB-FVS. Let P = byvy, . . ., byv,-by 11
be a path in G, such that 0 <r <6 and {vg,...,v.} € A\ W. Let z and 2’ be two vertices
in two distinct connected components of Gy. If there is path from z to 2z’ in the graph
G[V (Gw)UV (P)], then we branch into the following instances: (G—N[u1],k—1,W),...,(G—
Nlue), k—1,W), and (G, k, W U{us,...,ue}), where {us,...,ue} = Na({bo,...,bry1}) \ W.

» Lemma 31. Branching Rule 3 is safe.

Proof. If (G,k,W) is a NO-instance, then clearly all the instances (G — Nlui],k —
1,W),...,(G — Nlugl,k — 1,W) and (G,k,W U {uy,...,us}) are NO-instances. Now
we prove that if (G,k,W) is a YES-instance, then at least one of the instances (G —
Nluil, k=1, W),...,(G = Nug,k —1,W) and (G, k,W U {us,...,ue}) is a YES-instance.
Let S be a solution to (G,k,W). If SN {us,...,uet # 0, then at least one of
(G—=Nluil,k—=1,W),...,(G— Nlugl,k —1,W) is a YES-instance. Otherwise S is a solution
to (G k,W U {uy,...,ue}).

Next, we prove that u(G — Nfu;],k — 1,W) < u(G, k,W) — 1, for all ¢ € [¢]. Here, the
proof follows the arguments similar to those in the proof of Lemma 30. Now we prove
that u(G,k, W U {uy,...,ue}) < u(G,k, W) — 1. Towards that, it is enough to prove that
Y(Gw+) < v(Gw) —1, where W = W U{u,...,us}. Notice that each connected component
in Gy contains a vertex from W’'. Moreover, Gy is a subgraph of Gy and there is a
connected component in Gy containing z and 2/, because V(P) C V(Gw-). Also, notice
that by our assumption z and 2z’ belong to different connected components in Gy,. This
implies that, v(Gw) < v(Gw) — 1. This completes the proof of the lemma. <

Now we are ready to complete the proof of Lemma 25.

Proof of Lemma 25. We design a branching algorithm for the problem. Let (G, k, W) be
an instance of d-DDBB-FVS. We prove that we can always apply either one of the reduction
rules or one of the branching rules until we reach a solution or a NO-instance. First we test
if any of the Reduction Rules E.1, E.2, E.3, E.4, and E.5 is applicable. This can easily be
tested in linear time. If any of these reduction rules are applicable, we apply them. Next, we
test whether Reduction Rule E.6 is applicable. Towards that, let H be a graph obtained
from G by deleting all the vertices in W and the vertices of degree at least 3 in G. Then,
for any maximal path P such that the internal vertices of P have degree exactly two in G
and V(P) N W = (), there exists a component in H which is an induced path containing all
the vertices of P. Thus, we can identify such a path P = byv1bavsbsvsby in G such that the
internal vertices of P are degree exactly two in G and V(P) N W = { (if it exists) in linear
time. If such a path exists, then we apply Reduction Rule E.6. Next, if Branching Rule 1 is
applicable, then we apply it. This can be done in linear time as well.

For rest of the proof, we assume that Reduction Rules E.1-E.6, and Branching Rule 1
are not applicable on (G, k, W). We know that F' = G — Ng[W] is acyclic. Since dg(b) > 2
for all b € B (because Reduction Rules E.3 and E.4 are not applicable) and F' = G — Ng[W],
(¢) any vertex u € V(F) with degree at most 1 in F' (i.e., dp(u) < 1) belongs to A\ W. Now
we claim that (i¢) there is no vertex of degree zero in F'. Suppose not. Let v € V(F') be such
that dp(v) = 0. Because of statement (i), we have that v € A\ W. Since Reduction Rule E.3
is not applicable, we have that dg(v) > 1. If dg(v) = 1, then Ng(b) \ (W U {v}) = 0 and
dg(b) > 2, where {b} = Ng(v), as Reduction Rules E.4 and E.5 are not applicable. This



1012

1013

1014

1015

1016

1017

1018

1019

1020

1021

1022

1023

1024

1025

1026

1027

1028

1029

1030

1031

1032

1033

1034

1035

1036

1037

1038

1039

1040

1041

1042

1043

1044

1045

1046

1047

1048

1049

1050

1051

1052

1053

1054

1055

1056

1057

P. Choudhary, L. Kanesh, D. Lokshtanov, F. Panolan, S. Saurabh

implies that, Ng(b) \ W # 0 and |[Ng(b)NW| > 2. As a result Branching Rule 1 is applicable,
which is a contradiction. Thus, we have proven statement (4i).

Next we prove that (iii) for each v € V(F) such that degree of v is 1 in F, there is
a vertex b € Ng(W) such that vb € E(G). Towards that, it is enough to prove that for
each v € V(F) of degree 1 in F, dg(v) > 2. If dg(v) = 1, then Ng(b) \ (W U {v}) =0 and
da(b) > 2, where {b} = Ng(v), as Reduction Rules E.4 and E.5 are not applicable. This
implies that, Ng(b) \W # 0 and |[Ng(b) NW| > 2. As a result Branching Rule 1 is applicable,
which is a contradiction. Thus, we have proven statement (ii).

Let @ be a path in F' (of length more than 0) such that the end-vertices of @ have
degree 1 in F', and all but at most one internal vertex of () has degree exactly 2 in F. Any
forest I’ containing at least one edge contains such a path and it can be computed in linear
time. Since the end-vertices of @ have degree 1 in F, by statement (7), the end-vertices of
Q belong to A\ W. Let Q = vgby ... bpv, for some ¢ € N, where {vy,...,v0} C A\ W and
{b1,...,be} C B\ Ng(W). Due to statement (4i7), there exist vertices b,b’ € Ng(W) (not
necessarily distinct), such that buvg, b'v, € E(G).

Case 1: ¢ < 6. Let P be the path/cycle bugb; ... bpveb’. Note that, P is a cycle if b = ¥/
and P is a path if b # b'. If P is a cycle, then Branching Rule 2 is applicable and we apply
it. Suppose that, b’ # b. Notice that b, € Ng(W). This implies that, there exist vertices z
and 2’ in W, such that bz, bz’ € E(G). If z and 2’ belong to the same connected component
in Gy, then either Branching Rule 2 is applicable, or Branching Rule 3 will be applicable
due to existence of path P. We apply the branching rule accordingly.

Case 2: ¢ > 7. Recall that, all but at most one vertex in Q = vgb; ...byv, has degree at
most 2 in F. If all the vertices in @ have degree at most two in F', then either no vertex
v, @ € {1,...,3} has a neighbor in N(W) and Reduction Rule E.6 is applicable, or there
exists a vertex v;, i € {1,...,3}, such that v; has a neighbor in N(WW) and either Branching
Rule 2, or Branching Rule 3 is applicable. Next, consider that there exists a vertex in @
with degree more than 2 in F. (a) A vertex in {vy,vs,v3,b1,bs, b3} has degree more than
2 in F. (b) A vertex in {v4,vs, v, by, b5, bs, b7} has degree more than 2 in F. Without
loss of generality let us assume (b) (Other case can be argued similarly). That is, each
vertex in {vy,va,v3,b1, ba, bs, } has degree at most 2 in F. First, we prove that there exists
i €{1,...,3} such that Ng(v;) N Ng(W) # 0. Otherwise v1bov2bsvs is a degree two path in
G, and hence, Reduction Rule E.6 is applicable, a contradiction to the assumption that none
of the reduction rules are applicable.

Now, we fix 7 € {1,...,3} such that Ng(v;) N Ng(W) # 0. Let b* € Ng(W) be such
that v;b* € E(G). Let @* be the subpath of @ between vy and v; and P* be the path
bQ*b*. Clearly, due to existence of path P*, either Branching Rule 2 or Branching Rule 3 is
applicable. We apply the branching rule accordingly.

Now we do the running time analysis. Let n = |[V(G)| and m = |E(G)|. Each application
of a reduction rule takes linear time. Moreover, after each application of a reduction rule,
the number of vertices in the graph drops by at least one. Therefore, the total time taken
to apply all the reduction rules together in one branch of the branching tree is upper
bounded by O(n(n + m)). Each application of a branching rule takes linear time. The
number of branches created during an application of Branching Rules 2 or 3 is at most 8d.
Moreover, after each application of Branching Rules 2 and 3, the measure associated with
the instance drops by at least one. Therefore, the total running time is upper bounded by
O((8d)**7(Ew)(n 4+ m) + n(n +m)). This concludes the proof. <
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