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Matrix/vector	
  distribu?ons,	
  	
  
interleaved	
  on	
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  other.	
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2D	
  layout	
  for	
  sparse	
  matrices	
  &	
  vectors	
  

-­‐	
  2D	
  matrix	
  layout	
  wins	
  over	
  1D	
  with	
  large	
  core	
  counts	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  with	
  	
  limited	
  bandwidth/compute	
  
-­‐	
  2D	
  vector	
  layout	
  some?mes	
  important	
  for	
  load	
  balance	
  
-­‐	
  Scalable	
  with	
  increasing	
  number	
  of	
  processes	
  

Default	
  distribu?on	
  in	
  
Combinatorial BLAS.	
  	
  



2D	
  algorithm:	
  Sparse	
  SUMMA	
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Based on dense SUMMA  
General implementation that handles rectangular matrices 

Cij += HyperSparseGEMM(Arecv, Brecv) 



Mul?plica?on	
  with	
  the	
  	
  
restric?on	
  operator	
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The	
  need	
  to	
  reduce	
  communica?on	
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  communica?on/computa?on	
  breakdown	
  
•  Scale	
  23	
  R-­‐MAT	
  ?mes	
  restric?on	
  operator	
  of	
  order	
  4	
  



Comparison	
  of	
  SpGEMM	
  implementa?ons	
  

SpSUMMA	
  =	
  2-­‐D	
  data	
  layout	
  (Combinatorial	
  BLAS)	
  
EpetraExt	
  	
  	
  =	
  1-­‐D	
  data	
  layout	
  (Trilinos)	
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(a) R-MAT × R-MAT product (scale 21).
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(b) Multiplication of an R-MAT matrix of scale
23 with the restriction operator of order 8.

Fig. 4.10: Comparison of SpGEMM implementation of Trilinos’ EpetraExt package
with our Sparse SUMMA implementation. The data labels on the plots show the
speedup of our implementation over EpetraExt.

rithms.
Finally, with the number of cores per node increasing due to multicore scaling, the

contention on the network interface card increases. Without hierarchical parallelism
that exploits the faster on-chip network, the flat MPI parallelism will be unscalable
because more processes will be competing for the same network link. Therefore,
designing hierarchically SpGEMM and SpRef algorithms is an important future di-
rection.
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Remember	
  the	
  2D	
  algorithm	
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Generalize	
  SUMMA	
  to	
  2.5D	
  
[Ballard,	
  B.,	
  Demmel,	
  Grigori,	
  Schwartz]	
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Recursive	
  all-­‐pairs	
  shortest	
  paths	
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A = A*;     % recursive call 
B = AB;  C = CA;   
D = D + CB; 
D = D*;     % recursive call 
B = BD;  C = DC; 
A = A + BC; 

+  is “min”,   ×  is “add” 



Novel	
  2.5D	
  APSP	
  algorithm	
  
[Solomonik,	
  B.,	
  Demmel;	
  2012]	
  

Wbc-2.5D(n, p) =O(n
2 cp )

Sbc-2.5D(p) =O cp log2(p)( )

Bandwidth:	
  

Latency:	
  

c:	
  number	
  of	
  replicas	
  

OpAmal	
  for	
  any	
  
memory	
  size	
  !	
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ALGORITHM:	
  
1.  Find	
  owners	
  of	
  the	
  current	
  fron?er’s	
  adjacency	
  [computa?on]	
  
2.  Exchange	
  adjacencies	
  via	
  all-­‐to-­‐all.	
  [communicaAon]	
  
3.  Update	
  distances/parents	
  for	
  unvisited	
  ver?ces.	
  [computa?on]	
  

1D	
  parallel	
  BFS	
  algorithm	
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2D	
  parallel	
  BFS	
  algorithm	
  
[B.,	
  Madduri,	
  2011]	
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ALGORITHM:	
  
1.  Gather	
  ver?ces	
  in	
  processor	
  column	
  [communicaAon]	
  
2.  Find	
  owners	
  of	
  the	
  current	
  fron?er’s	
  adjacency	
  [computa?on]	
  
3.  Exchange	
  adjacencies	
  in	
  processor	
  row	
  [communicaAon]	
  
4.  Update	
  distances/parents	
  for	
  unvisited	
  ver?ces.	
  [computa?on]	
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Orderings	
  for	
  the	
  CoPapersCiteseer	
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[B,	
  Madduri.	
  Graph	
  Par??oning	
  for	
  Scalable	
  Distributed	
  Graph	
  Computa?ons]	
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Large	
  graphs	
  are	
  everywhere	
  

WWW snapshot, courtesy Y. Hyun Yeast protein interaction network, courtesy H. Jeong 

 Internet structure 
 Social interactions 

 Scientific datasets: biological,  
chemical, cosmological, ecological, … 
 



But	
  they	
  are	
  NOT	
  the	
  same	
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2243A Graph-Theoretic Approach to Comparing and Integrating Maps

Figure 9.—Integrated graph of chro-
mosome 1. Locus orders specified by
DH01, SL01, and JP98 are indicated by
boldface red, dashed green, and blue
arrows, respectively. (A) Complete inte-
grated graph of chromosome 1 showing
two SCCs. (B) Top portion of the inte-
grated graph. This rendering is iso-
morphic to the corresponding subgraph
in A. The graph has been redrawn to
better illustrate certain relationships. An
ambiguous interval between SL01 and
JP98 is indicated by a blue-shaded box.
This overlaps or encompasses certain
ambiguous intervals between SL01 and
DH01, indicated by magenta boxes with
rounded corners.

cluded the edge RZ19 → RG690, which is the order RM403 → RG345specified on the DH01 map with a distance of 6.5 cM
between these two loci. The other half included the RG381 → RZ730
opposing edge RG690 → RZ19, which is the order on RG331 → RG350the SL01 map at 3.7 cM. Sequence for RZ19 and RG690
can be found in GenBank with accessions G73632 and RG345 → RG381
AQ074147, which can be mapped to genomic BAC/

Of these nine edges, two have already been accountedPACs AP002972 and AP003377, respectively. Since the
for. Hence only seven edges with seven markers need toBAC/PACs were ordered AP002972 → AP003377, the
be examined more closely. First, the two markers RG331loci are therefore ordered RZ19 → RG690 on the se-
and RG350 appear together on the same map only onquence-based map.
SL01. Their order, RG331 → RG350, is confirmed byTo resolve the rest of the region, note that the 12
comparison to chromosome 1 sequence (Table 1). Next,MFES specified only nine edges and nine markers:
observe that the distance between RM403 and RG345
is only 1.6 cM on the SL01 map while the same twoRG381 → RM403
markers mapped in reverse order at a distance of 16RZ19 → RG690 cM on the DH01 map. This suggests that the order of

RG690 → RZ19 these two markers may have been reversed on the SL01
map due to a low frequency of recombination in thisC86 → RG381 region, while ordering was much clearer on the DH01
population in which recombination was high, providingRG350 → C86

Gene linkage map, courtesy Yan et al. 

Low	
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  genome	
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Parallel	
  BFS	
  strategies	
  

1.	
  Expand	
  current	
  fron?er	
  (level-­‐synchronous	
  approach,	
  suited	
  for	
  low	
  diameter	
  graphs)	
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2.	
  S?tch	
  mul?ple	
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  for	
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• 	
  O(D)	
  parallel	
  steps	
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• 	
  path-­‐limited	
  searches	
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• 	
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  between	
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Bolom-­‐up	
  BFS	
  	
  
[Beamer,	
  Asanović,	
  Palerson,	
  2011]	
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Step Frontier Fraction Edge Failed Fraction
Size of Runtime Examinations Attempts Failed

0 1 0.00002 242 0 0
1 242 0.01836 5,055,487 2,031,553 0.402
2 3,023,934 0.63358 2,902,729,050 2,847,737,876 0.981
3 54,991,174 0.32917 1,309,552,404 1,304,547,038 0.996
4 5,005,366 0.01755 5,870,543 5,855,182 0.997
5 15,361 0.00133 15,406 15,368 0.997
6 38 0.00001 38 38 1.0

Total 63,036,116 1.0 4,223,223,170 4,160,187,055 0.985

Table 1: Typical BFS on a scale=27 Kronecker graph (128M vertices with 2B undirected edges)

function bottom-up-step(frontier, next, parents)

for v ∈ vertices do
if parents(v) = -1 then

for n ∈ neighbors(v) do
if n ∈ frontier then

parents(v) ← n
next ← next ∪ {v}
break

end if
end for

end if
end for

Figure 3: Bottom-Up BFS Approach for one Step

The bottom-up approach also removes the need for some
atomic operations in a parallel implementation. In the top-
down approach, there could be multiple parallel writers to
the same child, so atomic operations are needed to ensure
mutual exclusion. With the bottom-up approach, only the
child writes to itself, removing any contention. This advan-
tage, along with the potential reduction of edges checked,
comes at the price serializing the work for any one vertex,
but there is still massive parallelism between the work for
different vertices. The bottom-up approach is advantageous
when a large fraction of the vertices are in the frontier, but
will result in more work if the frontier is small. Hence, an
efficient BFS implementation must combine both the top-
down and bottom-up approaches.

If the graph is undirected, performing the bottom-up ap-
proach requires no modification to the graph data structures
as both directions are already represented. If the graph is
directed, the bottom-up step will require the inverse graph,
which could nearly double the graph’s memory footprint.

5. HYBRID ALGORITHM
The runtime for the top-down approach is proportional to

the size of the frontier, while the runtime for the bottom-up
approach is roughly proportional to the number of unvis-
ited nodes divided by the size of the frontier. This pairing
is complementary, since when the frontier is its largest, the
bottom-up approach will be at its best whereas the top-down
approach will be at its worst, and vice versa. Figure 4 illus-
trates this behavior for a graph with edges generated using
a uniform random distribution. As the size of the frontier
ramps up, the time per step of the top-down approach rises

Figure 4: Average search time per step on erdos25
(Uniform Random with 32M vertices and 256M
edges) with the gaines machine for 64 searches.

correspondingly, but the time per step for the bottom-up
approach drops.
Our hybrid algorithm uses the top-down approach for

steps when the frontier is small and the bottom-up approach
for steps when the frontier is large. We begin each search
with the top-down approach, and continue until the frontier
becomes too large. Although it is difficult to tell from Fig-
ure 4, it is usually worthwhile to switch back to top-down
approach for the final steps. During some searches, there
can be a long tail, and nodes that are not in the connected-
component continue to consume runtime using the bottom-
up approach.
To control the hybrid approach, we use a heuristic based

on the current and predicted next size of the frontier at each
step to determine when to switch approaches. The current
frontier size is readily available, but the next frontier size
must be predicted. The prediction can be made efficiently
by summing the degrees of all of the vertices in the current
frontier:

predicted next frontier size =
�

v∈Frontier

degree(v)

At the start of a BFS, the frontier contains only the start ver-
tex and the prediction is exact. However, as the search pro-
ceeds, the prediction becomes a greater overestimate, since

BFS	
  does	
  not	
  	
  
have	
  to	
  be	
  O(m)	
  	
  
all	
  the	
  Ame	
  !	
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