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Outline 

•  Motivation 

•  Sparse matrices for graph algorithms 

•  CombBLAS: sparse arrays and graphs on parallel machines 

•  KDT: attributed semantic graphs in a high-level language 

•  Specialization: getting the best of both worlds 
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Large graphs are everywhere… 

WWW snapshot, courtesy Y. Hyun Yeast protein interaction network, courtesy H. Jeong 

•  Internet structure 
•  Social interactions 

•  Scientific datasets: biological, 
chemical, cosmological, ecological, … 
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An analogy?   

Computers 

Continuous 
physical modeling 

Linear algebra 

Discrete 
structure analysis 

Graph theory 

Computers 
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Top 500 List (June 2012) 
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Top500  Benchmark: 
Solve a large system  
of linear equations  

by Gaussian elimination 
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Graph 500 List (June 2012) 

Graph500  
Benchmark: 

Breadth-first search 
in a large  

power-law graph 
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Floating-Point vs. Graphs, June 2012 
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16.3 Peta / 3.54 Tera is about  4600  

16.3 Petaflops 3.54 Terateps 
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•  By analogy to 
numerical  
scientific 
computing. . . 

 

•  What should the 
combinatorial 
BLAS look like? 

The challenge of the software stack 

C  =  A*B 

y  =  A*x 

µ  =  xT y 

Basic Linear Algebra Subroutines (BLAS): 
Speed  (MFlops) vs. Matrix Size (n) 
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Identification of Primitives 

Sparse matrix-matrix  
multiplication (SpGEMM) 

 
 

Element-wise operations 
          

× 

Matrices on various semirings:    (x, +)   ,   (and, or)   ,   (+, min)   ,   … 

Sparse matrix-dense 
vector multiplication 
 
 
 
 
Sparse matrix indexing 
          

× 

.* 

  Sparse array-based primitives 
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Multiple-source breadth-first search 

X	
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Multiple-source breadth-first search 

•  Sparse array representation => space efficient 
•  Sparse matrix-matrix multiplication => work efficient 

•  Three possible levels of parallelism:  searches, vertices, edges 

X	

AT	

 ATX	
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SpRef:  B = A(I,J) 
SpAsgn:  B(I,J) = A 
SpExpAdd: B(I,J) += A 

Indexing	
  sparse	
  arrays	
  in	
  parallel	
  	
  
(extract	
  subgraphs,	
  coarsen	
  grids,	
  etc.)	
  

A,B: sparse	
  matrices	
  
I,J: vectors	
  of	
  indices	
  

SpRef using	
  mixed-­‐mode	
  sparse	
  matrix-­‐matrix	
  
mul=plica=on	
  (SpGEMM).	
  Ex:	
  B	
  =	
  A([2,4],	
  [1,2,3])	
  

A	
   B	
  



Graph	
  contrac=on	
  via	
  	
  
sparse	
  triple	
  product	
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The Case for Sparse Matrices 

Many irregular applications contain  
coarse-grained parallelism that can be exploited  

by abstractions at the proper level. 

Traditional graph 
computations 

Graphs in the language of 
linear algebra 

Data driven, 
unpredictable communication. 

Fixed communication patterns 

Irregular and unstructured,  
poor locality of reference 

Operations on matrix blocks 
exploit memory hierarchy 

Fine grained data accesses, 
dominated by latency 

Coarse grained parallelism, 
bandwidth limited 

The case for sparse matrices 
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Some Combinatorial BLAS functions 

or run-time type information), all elementwise operations
between two sparse matrices may have a single function
prototype in the future.

On the other hand, the data access patterns of matrix–
matrix and matrix–vector multiplications are independent
of the underlying semiring. As a result, the sparse
matrix–matrix multiplication routine (SpGEMM) and the
sparse matrix–vector multiplication routine (SpMV) each
have a single function prototype that accepts a parameter
representing the semiring, which defines user-specified
addition and multiplication operations for SpGEMM and
SpMV.

(2) If an operation can be efficiently implemented by
composing a few simpler operations, then we do not
provide a special function for that operator.

For example, making a non-zero matrix A column sto-
chastic can be efficiently implemented by first calling
REDUCE on A to get a dense row vector v that contains the
sums of columns, then obtaining the multiplicative inverse
of each entry in v by calling the APPLY function with the
unary function object that performs f ðviÞ ¼ 1=vi for every
vi it is applied to, and finally calling SCALE(V) onA to effec-
tively divide each non-zero entry in a column by its sum.
Consequently, we do not provide a special function to make
a matrix column stochastic.

On the other hand, a commonly occurring operation is to
zero out some of the non-zeros of a sparse matrix. This
often comes up in graph traversals, where Xk represents the
kth frontier, the set of vertices that are discovered during

the kth iteration. After the frontier expansion ATXk ,
previously discovered vertices can be pruned by performing
an elementwise multiplication with a matrixY that includes
a zero for every vertex that has been discovered before, and
non-zeros elsewhere. However, this approach might not be
work-efficient as Y will often be dense, especially in the
early stages of the graph traversal.

Consequently, we provide a generalized function
SPEWISEX that performs the elementwise multiplication
of sparse matrices opðAÞ and opðBÞ. It also accepts two
auxiliary parameters, notA and notB, that are used to negate
the sparsity structure of A and B. If notA is true, then
opðAÞði; jÞ ¼ 0 for every non-zero Aði; jÞ 6¼ 0, and
opðAÞði; jÞ ¼ 1 for every zero Aði; jÞ ¼ 0. The role of
notB is identical. Direct support for the logical NOT oper-
ations is crucial to avoid the explicit construction of the
dense notðBÞ object.

(3) To avoid expensive object creation and copying, many
functions also have in-place versions. For operations
that can be implemented in place, we deny access to
any other variants only if those increase the running
time.

Table 2. Summary of the current API for the Combinatorial BLAS

Function Applies to Parameters Returns Matlab Phrasing

Sparse Matrix A, B: sparse matrices
SPGEMM (as friend) trA: transpose A if true Sparse Matrix C ¼ A $ B

trB: transpose B if true

SPMV Sparse Matrix A: sparse matrices
(as friend) x: sparse or dense vector(s) Sparse or Dense y ¼ A $ x

trA: transpose A if true Vector(s)

Sparse Matrices A, B: sparse matrices
SPEWISEX (as friend) notA: negate A if true Sparse Matrix C ¼ A $ B

notB: negate B if true

Any Matrix dim: dimension to reduce
REDUCE (as method) binop: reduction operator Dense Vector sum(A)

Sparse Matrix p: row indices vector
SPREF (as method) q: column indices vector Sparse Matrix B ¼ A(p, q)

Sparse Matrix p: row indices vector
SPASGN (as method) q: column indices vector none A(p, q) ¼ B

B: matrix to assign

Any Matrix rhs: any object Check guiding
SCALE (as method) (except a sparse matrix) none principles 3 and 4

Any Vector rhs: any vector none none
SCALE (as method)

Any Object unop: unary operator
APPLY (as method) (applied to non-zeros) None none
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BFS in “vanilla” MPI Combinatorial BLAS 

•  Graph500 benchmark at scale 29, C++ (or KDT) calling CombBLAS 
•  NERSC “Hopper” machine (Cray XE6) 
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(b) Multiplication of an R-MAT matrix of scale
23 with the restriction operator of order 8.

Fig. 4.10: Comparison of SpGEMM implementation of Trilinos’ EpetraExt package
with our Sparse SUMMA implementation. The data labels on the plots show the
speedup of our implementation over EpetraExt.

rithms.
Finally, with the number of cores per node increasing due to multicore scaling, the

contention on the network interface card increases. Without hierarchical parallelism
that exploits the faster on-chip network, the flat MPI parallelism will be unscalable
because more processes will be competing for the same network link. Therefore,
designing hierarchically SpGEMM and SpRef algorithms is an important future di-
rection.
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In practice, 2D algorithms have the potential to scale, but not linearly 

Tcomm (2D) =!p p +"cn p Tcomp(optimal) = c
2n

SpSUMMA = 2-D data layout (Combinatorial BLAS) 
EpetraExt   = 1-D data layout (Trilinos) 
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2D algorithm: Sparse SUMMA (based on dense SUMMA) 
General implementation that handles rectangular matrices 

Cij += HyperSparseGEMM(Arecv, Brecv) 



X 

Sequen=al	
  “hypersparse”	
  kernel	
  

Operates on the strictly O(nnz) DCSC data structure 
Sparse outer-product formulation with multi-way merging 
Efficient in parallel, i.e. T(1) ≈ p T(p) 

Time complexity: 
 
 
- independent of dimension 
 

O( flops ! lgni+ nzc(A)+ nzr(B))

Space complexity: 
 
 
- independent of flops 
 

O(nnz(A)+ nnz(B)+ nnz(C))



Almost linear scaling until bandwidth costs starts to dominate  

Square sparse matrix multiplication 

Scaling proportional 
to √p afterwards 
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  directed	
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comp = bigG.connComp() 
giantComp = comp.hist().argmax() 
G = bigG.subgraph(comp==giantComp) 
 
clusters = G.cluster(‘Markov’) 
 
clusNedge = G.nedge(clusters) 
 
smallG = G.contract(clusters) 
 
# visualize 
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 […] 
L = G.toSpParMat() 
d = L.sum(kdt.SpParMat.Column) 
L = -L 
L.setDiag(d)  
M = kdt.SpParMat.eye(G.nvert()) – mu*L 
pos = kdt.ParVec.rand(G.nvert()) 
for i in range(nsteps): 
    pos = M.SpMV(pos) 

comp = bigG.connComp() 
giantComp = comp.hist().argmax() 
G = bigG.subgraph(comp==giantComp) 
 
clusters = G.cluster(‘Markov’) 
 
clusNedge = G.nedge(clusters) 
 
smallG = G.contract(clusters) 
 
# visualize 
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Graph500: BFS in a Hurry 
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Graph500: BFS in a Hurry 
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A few KDT applications 



Graph	
  of	
  text	
  
&	
  phone	
  calls	
  

Betweenness	
  
centrality	
  on	
  
text	
  messages	
  

Betweenness	
  
centrality	
  	
  

Betweenness	
  
centrality	
  on	
  
phone	
  calls	
  

The	
  need	
  for	
  filters	
  



Example:	
  
•  Vertex	
  types:	
  	
  Person,	
  Phone,	
  

Camera,	
  Gene,	
  Pathway	
  
•  Edge	
  types:	
  	
  PhoneCall,	
  TextMessage,	
  

CoLoca=on,	
  Sequence	
  Similarity	
  
•  Edge	
  agributes:	
  	
  StartTime,	
  EndTime	
  

•  Calculate	
  centrality	
  just	
  for	
  emails	
  
among	
  engineers	
  sent	
  between	
  =mes	
  
sTime	
  and	
  eTime	
  

Agributed	
  seman=c	
  graphs	
  and	
  filters	
  

def onlyEngineers(self): 
    return self.position == Engineer 
 
def timedEmail (self, sTime, eTime): 
    return ((self.type == email) and 
           (self.Time > sTime) and      
           (self.Time < eTime)) 
 
start = dt.now() – dt.timedelta(days=30) 
end = dt.now() 
 
# G denotes the graph 
G.addVFilter(onlyEngineers)  
G.addEFilter(timedEmail(start, end)) 
 
# rank via centrality based on recent  
email transactions among engineers 
bc = G.rank(’approxBC’) 



Filter	
  op=ons	
  and	
  implementa=on	
  

•  Filter	
  defined	
  as	
  unary	
  predicates,	
  checked	
  in	
  order	
  they	
  
were	
  added	
  

•  Each	
  KDT	
  object	
  maintains	
  a	
  stack	
  of	
  filter	
  predicates	
  
•  All	
  opera=ons	
  respect	
  filters,	
  enabling	
  filter-­‐ignorant	
  

algorithm	
  design	
  

On-­‐the-­‐fly	
  filters Materialized	
  filters 

Edges	
  are	
  retained	
   Edges	
  are	
  pruned	
  on	
  copy 

Check	
  predicate	
  on	
  each	
  	
  
edge/vertex	
  traversal 

Check	
  predicate	
  once	
  on	
  
materializa=on 

Cheap	
  but	
  done	
  on	
  each	
  run Expensive	
  but	
  done	
  once 
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Outline 

•  Motivation 

•  Sparse matrices for graph algorithms 

•  CombBLAS: sparse arrays and graphs on parallel machines 

•  KDT: attributed semantic graphs in a high-level language 

•  Specialization: getting the best of both worlds 
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On-the-fly filter performance issues 

•  Write filters as semiring ops in C, wrap in Python 

–  Good performance but hard to write new filters 

•  Write filters in Python and call back from CombBLAS 

–  Flexible and easy but runs slow 

•  The issue is local computation, not parallelism or comms 

•  All user-written semirings face the same issue. 

Python!

C++!

KDT!

CombBLAS!

Python 
Filter!
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Solution: Just-in-time specialization (SEJITS) 

•  On first call, translate Python filter or semiring op to C++ 

•  Compile with GCC 

•  Call the compiled code thereafter 

•  (Lots of details omitted ….) 

Python!

C++!

KDT!

CombBLAS!

Python 
Filter!

C++!
Filter!

Translate!



Filtered	
  BFS	
  with	
  SEJITS	
  

!"

#"

$"

%&"

'!"

&#"

%!$"

!(&"

%" !" #" $" %&" '!" &#"

!
"#
$%
&'

(%
)*

"%

+,*-".%/0%!12%3./4"55"5%

)*+" ,-./+,0)*+" 1234567,"

Time	
  (in	
  seconds)	
  for	
  a	
  single	
  BFS	
  itera=on	
  on	
  Scale	
  23	
  RMAT	
  (8M	
  ver=ces,	
  
130M	
  edges)	
  with	
  10%	
  of	
  elements	
  passing	
  filter.	
  Machine	
  is	
  Mirasol.	
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Conclusion 

•  Sparse arrays and matrices supply useful primitives, and 
algorithms, for high-performance graph computation. 

•  A CSC moral:  Things are always clearer when you look at 
them from two directions. 

•  Just-in-time specialization is key to performance of flexible 
user-programmable graph analytics. 

kdt.sourceforge.net/ 

gauss.cs.ucsb.edu/~aydin/CombBLAS/ 


