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Large graphs are everywhere… 

WWW snapshot, courtesy Y. Hyun Yeast protein interaction network, courtesy H. Jeong 

•  Internet structure 
•  Social interactions 

•  Scientific datasets: biological, 
chemical, cosmological, ecological, … 
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An analogy?   

Computers 

Continuous 
physical modeling 

Linear algebra 

Discrete 
structure analysis 

Graph theory 

Computers 
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Top 500 List (June 2011) 
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TOP500 List - June 2011 (1-100)
Rmax and Rpeak values are in TFlops. For more details about other fields, check
the TOP500 description.

Power data in KW for entire system

Rank Site Computer/Year
Vendor Cores Rmax Rpeak Power

1

RIKEN Advanced
Institute for
Computational
Science (AICS)
Japan

K computer, SPARC64
VIIIfx 2.0GHz, Tofu
interconnect / 2011
Fujitsu

548352 8162.00 8773.63 9898.56

2
National
Supercomputing
Center in Tianjin
China

Tianhe-1A - NUDT TH
MPP, X5670 2.93Ghz
6C, NVIDIA GPU,
FT-1000 8C / 2010
NUDT

186368 2566.00 4701.00 4040.00

3
DOE/SC/Oak Ridge
National Laboratory
United States

Jaguar - Cray XT5-HE
Opteron 6-core 2.6 GHz
/ 2009
Cray Inc.

224162 1759.00 2331.00 6950.60

4

National
Supercomputing
Centre in Shenzhen
(NSCS)
China

Nebulae - Dawning
TC3600 Blade, Intel
X5650, NVidia Tesla
C2050 GPU / 2010
Dawning

120640 1271.00 2984.30 2580.00

5
GSIC Center, Tokyo
Institute of
Technology
Japan

TSUBAME 2.0 - HP
ProLiant SL390s G7
Xeon 6C X5670, Nvidia
GPU, Linux/Windows /
2010
NEC/HP

73278 1192.00 2287.63 1398.61

6
DOE/NNSA
/LANL/SNL
United States

Cielo - Cray XE6 8-core
2.4 GHz / 2011
Cray Inc.

142272 1110.00 1365.81 3980.00

7
NASA/Ames
Research
Center/NAS
United States

Pleiades - SGI Altix ICE
8200EX/8400EX, Xeon
HT QC 3.0/Xeon
5570/5670 2.93 Ghz,
Infiniband / 2011
SGI

111104 1088.00 1315.33 4102.00

8
DOE/SC
/LBNL/NERSC
United States

Hopper - Cray XE6
12-core 2.1 GHz / 2010
Cray Inc.

153408 1054.00 1288.63 2910.00

9
Commissariat a
l'Energie Atomique
(CEA)
France

Tera-100 - Bull bullx
super-node
S6010/S6030 / 2010
Bull SA

138368 1050.00 1254.55 4590.00

10 DOE/NNSA/LANL
United States

Roadrunner -
BladeCenter QS22/LS21
Cluster, PowerXCell 8i
3.2 Ghz / Opteron DC
1.8 GHz, Voltaire
Infiniband / 2009
IBM

122400 1042.00 1375.78 2345.50

11

National Institute for
Computational
Sciences/University
of Tennessee
United States

Kraken XT5 - Cray
XT5-HE Opteron Six
Core 2.6 GHz / 2011
Cray Inc.

112800 919.10 1173.00 3090.00

12
Forschungszentrum
Juelich (FZJ)
Germany

JUGENE - Blue Gene/P
Solution / 2009
IBM

294912 825.50 1002.70 2268.00

13
Moscow State
University -
Research

Lomonosov -
T-Platforms
T-Blade2/1.1, Xeon

33072 674.11 1373.06

PROJECT LISTS STATISTICS RESOURCES NEWS

TOP500 List - June 2011 (1-100) | TOP500 Supercomputing Sites http://top500.org/list/2011/06/100
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Graph 500 List (June 2011) 

Graph500  
Benchmark: 

Breadth-first search 
in a large  

power-law graph 
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Floating-Point vs. Graphs, June 2011 
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8.1 Peta / 43 Giga  is about  190,000!  

8.1 Petaflops 43 Gigateps 
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Outline 

•  Motivation 

•  Libraries:  CombBLAS and KDT 

•  Algorithms 

•  Plans 
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•  By analogy to 
numerical  
scientific 
computing. . . 

 

•  What should the 
combinatorial 
BLAS look like? 

The challenge of the software stack 

C  =  A*B 

y  =  A*x 

µ  =  xT y 

Basic Linear Algebra Subroutines (BLAS): 
Speed  (MFlops) vs. Matrix Size (n) 
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Identification of Primitives 

Sparse matrix-matrix  
multiplication (SpGEMM) 

 
 

Element-wise operations 
          

× 

Matrices on various semirings:    (x, +)   ,   (and, or)   ,   (+, min)   ,   … 

Sparse matrix-dense 
vector multiplication 
 
 
 
 
Sparse matrix indexing 
          

× 

.* 

  Sparse array-based primitives 
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Multiple-source breadth-first search 
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Multiple-source breadth-first search 

•  Sparse array representation => space efficient 
•  Sparse matrix-matrix multiplication => work efficient 

•  Three possible levels of parallelism:  searches, vertices, edges 

X	

AT	

 ATX	
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The Case for Sparse Matrices 

Many irregular applications contain  
coarse-grained parallelism that can be exploited  

by abstractions at the proper level. 

Traditional graph 
computations 

Graphs in the language of 
linear algebra 

Data driven, 
unpredictable communication. 

Fixed communication patterns 

Irregular and unstructured,  
poor locality of reference 

Operations on matrix blocks 
exploit memory hierarchy 

Fine grained data accesses, 
dominated by latency 

Coarse grained parallelism, 
bandwidth limited 

The case for sparse matrices 
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Applications and Algorithms 

Architecture of matrix classes 

•  Also sparse & dense vectors, distributed and local 

•  Matrix operations over user-defined (and some built-in) semirings 

•  Highly templated C++ 

•  Reference implementation in MPI 

 Combinatorial BLAS:  A matrix-based graph library 

For example, SCALE(B) is a member function of the
sparse matrix class that takes a dense matrix as a parameter.
When called on the sparse matrix A, it replaces each
Aði; jÞ 6¼ 0 with Aði; jÞ $ Bði; jÞ. This operation is imple-
mented only in-place because Bði; jÞ is guaranteed to exist
for a dense matrix, allowing us to perform a single scan of
the non-zeros of A and update them by doing fast lookups
on B. Not all elementwise operations can be efficiently
implemented in-place (for example elementwise addition
of a sparse matrix and a dense matrix will produce a dense
matrix), so we declare them as members of the dense
matrix class or as global functions returning a new object.

(4) In-place operations have slightly different semantics
depending on whether the operands are sparse or
dense. In particular, the semantics favor leaving the
sparsity pattern of the underlying object intact as long
as another function (possibly not in-place) handles
the more conventional semantics that introduces/
deletes non-zeros.

For example, SCALE is an overloaded method, available
for all objects. It does not destroy sparsity when called on
sparse objects and it does not introduce sparsity when
called on dense objects. The semantics of the particular
SCALE method are dictated by its the class object and its
operand. Called on a sparse matrix A with a vector v, it
independently scales non-zero columns (or rows) of the
sparse matrix. For a row vector v, SCALE replaces every
non-zero Aði; jÞ with vðjÞ $ Aði; jÞ. The parameter v can
be dense or sparse. In the latter case, only a portion of the
sparse matrix is scaled. That is, vðjÞ being zero for a sparse
vector does not zero out the corresponding jth column of
A. The SCALE operation never deletes columns from A;
deletion of columns is handled by the more expensive
SPASGN function described below. Alternatively, zeroing
out columns during scaling can be accomplished by per-
forming A $ DIAG(v) with a sparse v. Here, DIAG(v) cre-
ates a sparse matrix with diagonal populated from the

elements of v. Note that this alternative approach is still
more expensive than SCALE, as the multiplication returns
a new matrix.

SPASGN and SPREF are generalized sparse matrix assign-
ment and indexing operations. They are very powerful pri-
mitives that take vectors p and q of row and column
indices. When called on the sparse matrix A, SPREF returns
a new sparse matrix whose rows are the pðiÞth rows ofA for
i ¼ 0; . . . ; lengthðpÞ % 1 and whose columns are the qðjÞth
columns of A for j ¼ 0; . . . ; lengthðqÞ % 1. SpAsgn has
similar syntax, except that it returns a reference (a modifi-
able lvalue) to some portion of the underlying object as
opposed to returning a new object.

4 A reference implementation

4.1 The software architecture

In our reference implementation, the main data structure is
a distributed sparse matrix object SpDistMatwhich HAS-A
local sparse matrix that can be implemented in various
ways as long as it supports the interface of the base class
SpMat. All features regarding distributed-memory paralle-
lization, such as the communication patterns and schedules,
are embedded into the distributed objects (sparse and
dense) through the CommGrid object. Global properties
of distributed objects, such as the total number of non-
zeros and the overall matrix dimensions, are not explicitly
stored. They are computed by reduction operations when-
ever necessary. The software architecture for matrices is
illustrated in Figure 1. Although the inheritance relation-
ships are shown in the traditional way (via inclusion poly-
morphism as described by Cardelli and Wegner (1985)),
the class hierarchies are static, obtained by parameterizing
the base class with its subclasses as explained below.

To enforce a common interface as defined by the API,
all types of objects derive from their corresponding base
classes. The base classes only serve to dictate the interface.
This is achieved through static object oriented

Figure 1. Software architecture for matrix classes

6 The International Journal of High Performance Computing Applications 00(000)

 at UNIV CALIFORNIA BERKELEY LIB on June 6, 2011hpc.sagepub.comDownloaded from 
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Some Combinatorial BLAS functions 

or run-time type information), all elementwise operations
between two sparse matrices may have a single function
prototype in the future.

On the other hand, the data access patterns of matrix–
matrix and matrix–vector multiplications are independent
of the underlying semiring. As a result, the sparse
matrix–matrix multiplication routine (SpGEMM) and the
sparse matrix–vector multiplication routine (SpMV) each
have a single function prototype that accepts a parameter
representing the semiring, which defines user-specified
addition and multiplication operations for SpGEMM and
SpMV.

(2) If an operation can be efficiently implemented by
composing a few simpler operations, then we do not
provide a special function for that operator.

For example, making a non-zero matrix A column sto-
chastic can be efficiently implemented by first calling
REDUCE on A to get a dense row vector v that contains the
sums of columns, then obtaining the multiplicative inverse
of each entry in v by calling the APPLY function with the
unary function object that performs f ðviÞ ¼ 1=vi for every
vi it is applied to, and finally calling SCALE(V) onA to effec-
tively divide each non-zero entry in a column by its sum.
Consequently, we do not provide a special function to make
a matrix column stochastic.

On the other hand, a commonly occurring operation is to
zero out some of the non-zeros of a sparse matrix. This
often comes up in graph traversals, where Xk represents the
kth frontier, the set of vertices that are discovered during

the kth iteration. After the frontier expansion ATXk ,
previously discovered vertices can be pruned by performing
an elementwise multiplication with a matrixY that includes
a zero for every vertex that has been discovered before, and
non-zeros elsewhere. However, this approach might not be
work-efficient as Y will often be dense, especially in the
early stages of the graph traversal.

Consequently, we provide a generalized function
SPEWISEX that performs the elementwise multiplication
of sparse matrices opðAÞ and opðBÞ. It also accepts two
auxiliary parameters, notA and notB, that are used to negate
the sparsity structure of A and B. If notA is true, then
opðAÞði; jÞ ¼ 0 for every non-zero Aði; jÞ 6¼ 0, and
opðAÞði; jÞ ¼ 1 for every zero Aði; jÞ ¼ 0. The role of
notB is identical. Direct support for the logical NOT oper-
ations is crucial to avoid the explicit construction of the
dense notðBÞ object.

(3) To avoid expensive object creation and copying, many
functions also have in-place versions. For operations
that can be implemented in place, we deny access to
any other variants only if those increase the running
time.

Table 2. Summary of the current API for the Combinatorial BLAS

Function Applies to Parameters Returns Matlab Phrasing

Sparse Matrix A, B: sparse matrices
SPGEMM (as friend) trA: transpose A if true Sparse Matrix C ¼ A $ B

trB: transpose B if true

SPMV Sparse Matrix A: sparse matrices
(as friend) x: sparse or dense vector(s) Sparse or Dense y ¼ A $ x

trA: transpose A if true Vector(s)

Sparse Matrices A, B: sparse matrices
SPEWISEX (as friend) notA: negate A if true Sparse Matrix C ¼ A $ B

notB: negate B if true

Any Matrix dim: dimension to reduce
REDUCE (as method) binop: reduction operator Dense Vector sum(A)

Sparse Matrix p: row indices vector
SPREF (as method) q: column indices vector Sparse Matrix B ¼ A(p, q)

Sparse Matrix p: row indices vector
SPASGN (as method) q: column indices vector none A(p, q) ¼ B

B: matrix to assign

Any Matrix rhs: any object Check guiding
SCALE (as method) (except a sparse matrix) none principles 3 and 4

Any Vector rhs: any vector none none
SCALE (as method)

Any Object unop: unary operator
APPLY (as method) (applied to non-zeros) None none

Buluç and Gilbert 5

 at UNIV CALIFORNIA BERKELEY LIB on June 6, 2011hpc.sagepub.comDownloaded from 
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BFS in “vanilla” MPI Combinatorial BLAS 

•  Graph500 benchmark at scale 29, C++ (or KDT) calling CombBLAS 
•  NERSC “Hopper” machine (Cray XE6) 

•  [Buluç & Madduri]:  New hybrid CombBLAS MPI + OpenMP  
      gets 17.8 GTEPS at scale 32 on 40,000 cores of Hopper 
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1225 2500 5041 

G
TE

PS
!

Number of cores!

KDT 

CombBLAS 
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Outline 

•  Motivation 

•  Libraries:  CombBLAS and KDT 

•  Algorithms 

•  Plans 
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Graph500: BFS in a Hurry 
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Graph500: BFS in a Hurry 
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Graph Traversal with Sparse Matrix-Vector Multiply 
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Graph500: BFS in a Hurry 

!*31,)5()$
"%&>37)+0$
#33,/3?$
.O-X``@528&3;+>)=3+()8*)2`$

$

Graph Traversal with Sparse Matrix-Vector Multiply 

M+'-.aCC$%&$'$*)1$/)*>.6'+@$2.'2$'%6&$23$53$=3+$(+'-.$3-)+'43*&$1.'2$2.)$#3-aCC$
/)*>.6'+@$53)&$=3+$,%*)'+$',()/+'$3-)+'43*&8$<'+',,),$6'>.%*)&$'+)$7)+0$(335$'2$5)*&)$
M';&&%'*$),%6%*'43*D$/;2$7)+0$-33+$'2$6)63+0:$'*5$>366;*%>'43*:/3;*5$(+'-.$2+'7)+&',&8$

#.)$M+'-.aCC$/)*>.6'+@$%&$'$H+)'52.:Q%+&2$G)'+>.$3*$'$+'*536,0$
-)+6;2)5$bKY#$c!+3*)>@)+$-+35;>2d$(+'-.8$G0&2)6&$'+)$+'*@)5$T+&2$
3*$2.)$&%N)$3=$-+3/,)6$2.)0$>'*$&3,7)D$'*5$2.)*$3*$#e<G8$
$
$
$
$
$
$

f.)*$(+'-.$M$%&$+)-+)&)*2)5$/0$'$&-'+&)$6'2+%?D$'$K'2+%?:P)>23+$6;,4-,%>'43*$cG-KPd$'>2&$,%@)$2+'7)+&%*($)7)+0$7)+2)?S&$3;2(3%*($)5()&8$f.)*$2.)$
7)>23+$%&$&-'+&)$3*,0$)5()&$3+%(%*'4*($=+36$7)+4>)&$>3++)&-3*5%*($23$%2&$*3*N)+3$),)6)*2&$'+)$=3,,31)58$

#13$1'0&$23$%6-,)6)*2$HQG$%*$!"#$F',>;,'4*($213$HQG$=+%*()&$1%2.$'*$G-KP8$

Y*$)?'6-,)$%&$%,,;&2+'47)X$-)+=3+6$213$%2)+'43*&$3=$HQG$&2'+4*($'2$7)+2)?$[D$+)2;+*%*($)'>.$5%&>37)+)5$7)+2)?S&$-'+)*28$
f)$;&)$'$&-'+&)$7)>23+$frontier$23$+)>3+5$2.)$7)+4>)&$'2$'$T?)5$5%&2'*>)$=+36$2.)$+332D$'$5)*&)$+)&;,2$7)>23+$parentsD$'*5$!"#S&$G-KP$
-+%6%47)8$#.)$&)6%+%*(S&$&>','+$6;,4-,%>'43*$3-)+'43*$&%6-,0$+)2;+*&$2.)$=+3*4)+$7)+2)?D$'*5$2.)$'55%43*$3-)+'43*$>.33&)&$'63*($%*>36%*($
)5()&$1%2.$'$6'?8$YL)+$2.)$G-KP$3*,0$*)1,0$5%&>37)+)5$7)+4>)&$'+)$'55)5$23$2.)$-'+)*2&$7)>23+8$

7%$^$%$

$%&'(! ($)*'! +,-./!
IHI$Z3--)+$ aC[B$ \C$ g8___$
G"GF$#+%23*$ _ag$ _\$ B8B\\$
FGF$J);6'**$ Bg$ _B$ C8Chi$

Where’s the Data? 

#.%&$13+@$1'&$-'+4',,0$&;--3+2)5$/0$JGQ$(+'*2$FJG:ChCj\iaD$/0$"ke$(+'*2$"e:YFC_:CaFZBB_\BD$/0$'$>3*2+'>2$=+36$9*2),$F3+-3+'43*D$'*5$/0$'$(%L$=+36$K%>+3&3L$F3+-3+'43*8$

M335$&>',%*($;-$23$a!$>3+)&$
IHI`JebGFS&$Z3--)+$F+'0$leg$$

:$M)*)$
:$e6'%,$
:$#1%O)+$
:$Q'>)/33@$
:$P%5)3$
:$G)*&3+$
:$f)/$
:$m$

B8$F;,,$
+),)7'*2$5'2'$

_8$H;%,5$
%*-;2$(+'-.$

\8$Y*',0N)$
%*-;2$(+'-.$

6)63+0$

[8$P%&;',%N)$
+)&;,2$(+'-.$

01,!1&2)345678!
/9&'):5;(<=>9!

$

??!

!JkfIe"Me$"9GFkPebn$fkb!QIkf$

!"#S&$M+'-.$Y<9$c7C8_d$

>)*2+',%20co)?'>2HFSd$
>)*2+',%20co'--+3?HFSd$ -'()b'*@$

F366;*%20$$
")2)>43*$

J)213+@$$
P;,*)+'/%,%20$Y*',0&%&$

@')*!)AA*<$)B%;(!

"%M+'-.$
/=&#+))D$%&H=&#+))$$

-,;&$;4,%20$c!"#"$%"%M+'-.D*7)+2D$
23<'+P)>D5)(+))D,3'5DEQ()2DpDqD$
&;6D&;/(+'-.D+)7)+&)e5()&d$$$

CD<*3<;=!
E*%$F(!

M+'-.aCC$

cG-d<'+P)>$
&!"#8D$pDqDrDsDtD^^DuvD$
'/&D6'?D&;6D+'*()D$
*3+6D$+'*5<)+6D$$

&>',)D$23-!d$

GAA*'9(!

>,;&2)+coK'+@37Sd$
>,;&2)+co&-)>2+',Sd$

G-<'+K'2$
&!"#8D$pDqD$G-KKD$

G-KPD$$
G-KKwG)6%b%*(D$

$

Z0M+'-.$
/=&#+))D$%&H=&#+))$

-,;&$;4,%20$&!"#8D$Z0M+'-.D*7)+2D$
23<'+P)>D5)(+))D,3'5DEQ()2d$

$

G-KPwG)6%b%*(D$
G-KKwG)6%b%*($

H%:EC4G/!

Y$&-'+&)$%*>%5)*>)$6'2+%?$>'*$',&3$+)-+)&)*2$'$.0-)+(+'-.$3+$'$/%-'+42)$(+'-.8$

#.)$(+%5$,'03;2$,)*5&$%2&),=$1),,$23$
>366;*%>'43*$1%2.%*$+31&$'*5$
>3,;6*&$3=$2.)$-+3>)&&3+$(+%58$#.%&$&3+2$
3=$>366;*%>'43*$%&$>+;>%',$=3+$/32.$
G-KP$'*5$G-MeKK8$

Z31$23$)?2+'>2$@*31,)5()$=+36$'$,'+()$5'2'/'&)X$$
F3,,)>2$+),)7'*2$5'2'D$-'&&$2.)$5'2'$23$!"#$=3+$'*',0&%&$;&%*($
/;%,2:%*$3+$>;&236:1+%O)*$',(3+%2.6&D$'*5$)?'6%*)$2.)$
+)&;,2&8$b)-)'2$2.)$'*',0&%&$1%2.$7'+%'43*&$'&$*))5)58$

=! x P!A L! U

2.5 Peta / 6.6 Giga  is about  380,000!  

2.5 PetaFLOPS 6.6 GigaTEPS 
1 2 

3 

4 7 

6 

5 

!"#$%&$'$()*)+',:-;+-3&)$=+'6)13+@D$/;2$%2&$-)+=3+6'*>)$%&$
>36-)447)$1%2.$&-)>%',%N)5$>35)&8$k;+$M+'-.aCC$>35)$;&)&$
&2'*5'+5$!"#$>36-3*)*2&D$&3$;&)+:1+%O)*$',(3+%2.6&$&))$2.)$
&'6)$-)+=3+6'*>)$/)*)T2&8$
$

#.)+)$'+)$6'*0$>.',,)*()&$23$)x>%)*2$(+'-.$',(3+%2.6&8$E*,%@)$5)*&)$
IE$='>23+%N'43*D$(+'-.$',(3+%2.6&$'+)$()*)+',,0$6)63+0$/3;*5D$*32$
>36-;2'43*$/3;*58$K)63+0$,'2)*>0$/)>36)&$'$/3O,)*)>@$=3+$6'*0$
2+'5%43*',$(+'-.$,%/+'+%)&$'&$=3,,31%*($'*$)5()$+)W;%+)&$'$6)63+0$
'>>)&&$1%2.$-33+$,3>',%208$K3&2$5'2'$'*',0&%&$'--,%>'43*&$,'>@$2.)$
,3>',%20$*))5)5$=3+$'$(335$-'+443*%*($3=$2.)$(+'-.$'63*($2.)$*35)&$
3=$'$5%&2+%/;2)5$6)63+0$'+>.%2)>2;+)8$ G-0$-,32$3=$bKY#$(+'-.$%*$6'2+%?$

=3+68$J32)$2.)$+)>;+&%7)$&2+;>2;+)8$$
!"#$'73%5&$6'*0$3=$2.)&)$-%y',,&$1%2.$>3'+&):(+'%*)5$3-)+'43*&$
cG-MeKKD$G-KPd$2.'2$.'7)$1),,:5)T*)5$5'2'$'>>)&&$-'O)+*&8$
K)63+0$'>>)&&)&$'*5$*)213+@$>366;*%>'43*$2.;&$/)>36)$
/'*51%52.:/3;*5D$*32$,'2)*>0:/3;*58$#.%&$%&$>+;>%',$/)>';&)$,'2)*>0$
%&$5%x>;,2$23$%6-+37)$1.%,)$)'>.$*)1$()*)+'43*$3=$6'>.%*)&$/+%*(&$
&%(*%T>'*2$/'*51%52.$%6-+37)6)*2&8$
$

C$

B$

_$

\$

[$

a$

g$

h$

i$

j$

BC$

B__a$>3+)&$ _aCC$>3+)&$ aC[B$>3+)&$

+,
-.

/!

6D:E'&!%I!$%&'(!

&>',)$_i$

&>',)$_j$

&>',)$\C$

-)+=)>2$

G'6-,)$#e<G$&>3+)&$3*$
6'>.%*)&$+'*(%*($=+36$
'$&6',,$,'/$6'>.%*)$23$'$
&;-)+>36-;2)+8$

1 2 

3 

4 
7 

6 

5 

1 2 

3 

4 
7 

6 

5 

p blocks 

             
blocks 

0!
p
c

Total memory using  
compressed sparse  
                  columns  = )( nnzpn +!

  Average nonzeros per       
     column within block  = 

Average nonzeros per column  =  c 

p

• %'$-+3>)&&3+&$3*$&W;'+)$(+%58$
• $"'2'$&-,%2$/0$5%6)*&%3*8$
• $K'2+%>)&$*'2;+',,0$5%7%5)5$
$$$%*23$&;/6'2+%>)&8$
• $P)>23+&$&-,%2$%*23$(%&,%>)&X$

BK$),)6)*2$7)>23+D$g[$-+3>$
^$)'>.$-+3>$31*&$'$Bg@$&,%>)$

Q3+$,'+()$($&;/6'2+%>)&$/)>36)$.0-)+&-'+&)$c)*+%,*,-!.*/%zz$,d8$#.)+)=3+)$'*0$
',(3+%2.6$1.3&)$>36-,)?%20$5)-)*5&$3*$6'2+%?$5%6)*&%3*$,$%&$'&06-234>',,0$233$
1'&2)=;,8$

#.)$GEKKY$',(3+%2.6$%&$;&)5$=3+$G-MeKK8$#.)$,%3*A&$&.'+)$3=$GEKKY$
>366;*%>'43*$%&$+31$'*5$>3,;6*:1%&)$/+3'5>'&2&$3=&;/6'2+%>)&8$
Q3+$G-KPD$7)>23+$&,%>)&$'+)$/+3'5>'&2$531*$'$>3,;6*$3=$-+3>)&&3+&8$$

Y$(+'-.$%&$*'2;+',,0$'$&-'+&)$>3*&2+;>28$E&;',,0$3*,0$'$&6',,$&;/&)2$3=$-3&&%/,)$)5()&$
'>2;',,0$)?%&28$$Y$5%+)>2)5$(+'-.$%&$%&363+-.%>$23$'$&-'+&)$6'2+%?$%*$2.)$=3,,31%*($6'**)+X$

PageRank 

{$ <R%$s$µ$R%$X$6)&&'()&$
/)21))*$*)%(./3+&$
!"#$"%&'

(%)*+,'-./'#,//*0,/'+1'-+/'2,-03415/'

M';&&%'*$/),%)=$-+3-'('43*$cM'H<d$%&$'*$
%2)+'47)$',(3+%2.6$=3+$&3,7%*($2.)$,%*)'+$
&0&2)6$3=$)W;'43*&$Y?$^$/D$1.)+)$Y$%&$
&066)2+%>$-3&%47)$5)T*%2)8$$
M'H<$'&&;6)&$)'>.$7'+%'/,)$=3,,31&$'$
*3+6',$5%&2+%/;43*8$92$%2)+'47),0$>',>;,'2)&$
2.)$-+)>%&%3*$<$'*5$6)'*$7',;)$µ$3=$)'>.$
7'+%'/,)|$2.)$>3*7)+()5$6)'*:7',;)$7)>23+$
'--+3?%6'2)&$2.)$'>2;',$&3,;43*8$

Betweenness Centrality 

H)21))**)&&$F)*2+',%20$&'0&$2.'2$'$7)+2)?$
%&$%6-3+2'*2$%=$%2$'--)'+&$3*$6'*0$
&.3+2)&2$-'2.&$/)21))*$32.)+$7)+4>)&8$
Y*$)?'>2$>36-;2'43*$+)W;%+)&$&3,7%*($
2.)$&%*(,):&3;+>)$&.3+2)&2$-'2.$-+3/,)6$
cHQG$=3+$;*5%+)>2)5$(+'-.&d$=3+$)7)+0$
7)+2)?8$Y$(335$'--+3?%6'43*$>'*$/)$
'>.%)7)5$/0$&'6-,%*($&2'+4*($7)+4>)&$=3+$
2.)$GGG<8$
$
!"#$%*>,;5)&$/32.$)?'>2$'*5$'--+3?%6'2)$
7)+&%3*&$3=$HF8$

Belief Propagation Markov Clustering 

0*1.2!/3%4!56(!%7608.*,6%98556%%

<'()b'*@$1'&$
%*7)*2)5$/0$<'()$'*5$
H+%*$23$-31)+$M33(,)8$
92$&'0&$'$7)+2)?$%&$
%6-3+2'*2$%=$32.)+$
%6-3+2'*2$7)+4>)&$
,%*@$23$%28$

e'>.$7)+2)?$c1)/-'()d$732)&$/0$&-,%}*($
%2&$<'()b'*@$&>3+)$)7)*,0$'63*($%2&$3;2$
)5()&$c,%*@&d8$#.%&$/+3'5>'&2$c'*$G-KPd$%&$
=3,,31)5$/0$'$*3+6',%N'43*$&2)-$
cF3,f%&)d8$b)-)'2$;*4,$>3*7)+()*>)8$$
$
<'()b'*@$%&$2.)$&2'43*'+0$5%&2+%/;43*$3=$'$
K'+@37$F.'%*$2.'2$&%6;,'2)&$'$~+'*536$
&;+=)+~8$
$
!"#$%*>,;5)&$'*$%6-,)6)*2'43*$3=$<b8$

K'+@37$F,;&2)+%*($cKFId$T*5&$>,;&2)+&$/0$
-3&2;,'4*($2.'2$'$+'*536$1',@$2.'2$7%&%2&$
'$5)*&)$>,;&2)+$1%,,$-+3/'/,0$7%&%2$6'*0$3=$
%2&$7)+4>)&$/)=3+)$,)'7%*(8$
$
f)$;&)$'$K'+@37$>.'%*$=3+$2.)$+'*536$
1',@8$#.%&$-+3>)&&$%&$+)%*=3+>)5$/0$'55%*($
'*$%*U'43*$&2)-$2.'2$2'@)&$2.)$2.)$)*2+0:
1%&)$Z'5'6'+5$-+35;>2$'*5$+):&>',)&$%*$
3+5)+$23$/32.$&2+)*(2.)*$'*5$1)'@)*$2.)$
U31$/)21))*$5%V)+)*2$>3**)>2)5$
+)(%3*&$3=$2.)$(+'-.8$

#.)$+31&$'*5$>3,;6*&$3=$2.)$6'2+%?$'+)$+)-+)&)*2$
2.)$7)+4>)&$3=$2.)$(+'-.8$e'>.$6'2+%?$*3*N)+3$
+)-+)&)*2&$'$5%+)>2)5$)5()8$#.)$),)6)*2$7',;)$
+)-+)&)*2&$2.)$)5()S&$1)%(.2$3+$32.)+$'O+%/;2)&8$
P)+2)?$'O+%/;2)&$'+)$&23+)5$'&$&-'+&)$3+$5)*&)$
7)>23+&8$

#.)$HIYG$5)T*)5$'$&2'*5'+5$%*2)+='>)$=3+$*;6)+%>',$6'2+%?$3-)+'43*&8$H0$'*',3(0D$1)$'+)$5)T*%*($'$
�M+'-.$HIYGÄD$'$&2'*5'+5$&)2$3=$(+'-.$-+%6%47)&8$G)7)+',$3=$2.)$M+'-.$HIYG$-+%6%47)&$;&)$2.)$&'6)$
5'2'$'>>)&&$-'O)+*&$'&$1),,:@*31*$&-'+&)$,%*)'+$',()/+'$3-)+'43*&8$k=$>3;+&)$*32$',,$M+'-.$HIYG$
3-)+'43*&$'+)$',()/+'%>D$*3+$'+)$',,$',()/+'%>$HIYG$3-)+'43*&$+)-+)&)*2)58$M+'-.$HIYG$%*>,;5)&X$

k;+$!"#$KFI$>35)$%&$'$13+@$%*$-+3(+)&&8$f)$.'7)$'$13+@%*($-+32320-)$3=$H<$%*$!"#8$

$ !/A)&('!J)9&<KLJ)9&<K!:D*BA*<$)B%;$cG-MeKKd$
$ !/A)&('!J)9&<KLM'$9%&!:D*BA*<$)B%;!cG-KPd$
$ !.%<;9LN<('!%A'&)B%;(!cG-Y55D$ef%&)Y--,0d$

$ !7D'&2<;=!%A'&)B%;(!cF3;*2D$b)5;>)D$Q%*5d$
$ !5;3'K<;=!);3!G((<=;:';9!cG-b)=D$G-Y&(*d$
$ !.%((<E*2!%9>'&!(')&$>!9':A*)9'(!

e'>.$-'O)+*$&;--3+2&$;&)+:5)T*)5$>35)$=3+$),)6)*2',$3-)+'43*&8$Q3+$G-MeKK$'*5$G-KP$2.'2$
6)'*&$)?2)*5%*($2.)$&)6%+%*($3-)+'43*&$c]D$pd$%*23$'+/%2+'+0$/%*'+0$=;*>43*&$2.'2$'>2$'&$7%&%23+&8$
#.)$+)&;,2$%&$6;,4-,)$,)7),&$3=$-'+',,),%&6X$7)+4>)&D$)5()&D$'*5$c=3+$&36)$',(3+%2.6&d$&)'+>.)&8$$$

6:8#!%0*1.2!/3%;<=,%>8,%?*,#!,%%

#.)$13+,5$+)>3+5$=3+$*;6)+%>',$>36-;2'43*$%&$
_8a$]$BCBa$Q,3'4*($<3%*2$k-)+'43*&$<)+$G)>3*58$
#.)$+)>3+5$=3+$(+'-.$>36-;4*(D$.31)7)+D$%&$3*,0$
g8g$]$BCj$#+'7)+&)5$e5()&$<)+$G)>3*5$c#e<Gd8$$
#.'2S&$'$5%V)+)*>)$3=$a$3+5)+&$3=$6'(*%2;5)8$ 6:8#!%0*1.2!/3%@581A6*%B*00C6,6%

Y*$%*&-%+'43*$=3+$2.)$M+'-.$HIYG$%&$3;+$)'+,%)+$5%&2+%/;2)5$6)63+0$F36/%*'23+%',$HIYG$,%/+'+0D$
1.%>.$-31)+&$2.)$>;++)*2$7)+&%3*$3=$!"#8$

•  Aimed	
  at	
  domain	
  experts	
  who	
  know	
  their	
  problem	
  well	
  but	
  
don’t	
  know	
  how	
  to	
  program	
  a	
  supercomputer	
  

•  Easy-­‐to-­‐use	
  Python	
  interface	
  
•  Runs	
  on	
  a	
  laptop	
  as	
  well	
  as	
  a	
  cluster	
  with	
  10,000	
  processors	
  
	
  

•  A	
  collabora1on	
  among	
  UCSB,	
  Lawrence	
  Berkeley	
  Na1onal	
  Lab,	
  
and	
  MicrosoJ	
  Technical	
  Compu1ng	
  

•  Open	
  source	
  soJware,	
  released	
  under	
  New	
  BSD	
  license	
  
•  v0.1	
  released	
  March	
  2011;	
  v0.2	
  expected	
  October	
  2011	
  

A	
  general	
  graph	
  library	
  with	
  
opera1ons	
  based	
  on	
  linear	
  

algebraic	
  primi1ves	
  

!"#$%&$'$()*)+',$(+'-.$,%/+'+0$1%2.$(+'-.$3-)+'43*&$/'&)5$3*$,%*)'+$',()/+'$-+%6%47)&8$92$
-+37%5)&$'*$)'&0:23:;&)$<02.3*$%*2)+='>)$'*5$%&$'%6)5$'2$536'%*$)?-)+2&$1.3$@*31$2.)%+$
-+3/,)6$1),,$/;2$53*A2$@*31$.31$23$-+3(+'6$'$&;-)+>36-;2)+8$!"#$+;*&$3*$'$,'-23-$'&$
1),,$'&$'$>,;&2)+$1%2.$BCDCCC$-+3>)&&3+&8$

!"#$%&$'$>3,,'/3+'43*$'63*($EFGHD$I'1+)*>)$H)+@),)0$J'43*',$I'/D$'*5$K%>+3&3L$
#)>.*%>',$F36-;4*(8$#.)$&3L1'+)$%&$+),)'&)5$;*5)+$2.)$J)1$HG"$,%>)*&)8$

John R. Gilbert, Adam Lugowski, Chris Lock, Yun Teng, and Andrew Waranis 
Combinatorial Scientific Computing Laboratory, UCSB 

Aydin Buluç, Lawrence Berkeley National Lab 
Steve Reinhardt and David Alber, Microsoft 

Tools for High Performance Graph Computation 

M+'-.$)5()&$'+)$+)-+)&)*2)5$%*$'$&-'+&)$6'2+%?D$1%2.$2.)$*3*N)+3$
&2+;>2;+)$+)-+)&)*4*($>3**)>47%20$'*5$6'2+%?$),)6)*2&$+)-+)&)*4*($
)5()$'O+%/;2)&8$P)>23+&$+)-+)&)*2$7)+4>)&D$1%2.$2.)%+$),)6)*2&$/)%*($
7)+2)?$'O+%/;2)&8$K'2+%?$3-)+'43*&$'+)$;&)5$=3+$(+'-.$2+'7)+&',&8$Q3+$
)?'6-,)D$'$G-'+&)$K'2+%?:P)>23+$6;,4-,%>'43*$%&$;&)5$23$2+'7)+&)$',,$
3;2(3%*($)5()&$=+36$'$7)+2)?8$#+'7)+&',$,3(%>$%&$.'*5,)5$/0$&)6%+%*($
3/R)>2&$1.%>.$>3++)&-3*5$1%2.$2.)$6;,4-,0$'*5$'55$3-)+'43*&$3=$'$
2+'5%43*',$K'2+%?:P)>23+$6;,4-,%>'43*8$

#.)$13+,5S&$,'+()&2$>36-;2)+&$.'7)$',1'0&$/))*$;&)5$=3+$&%6;,'43*$'*5$5'2'$'*',0&%&$23$'57'*>)$)*(%*))+%*($>'-'/%,%20$'*5$&>%)*4T>$
@*31,)5()8$9*$2.)$21)*4)2.$>)*2;+0$2.%&$6)'*2$*;6)+%>',$U3'4*(:-3%*2$>36-;2'43*$3=$>3*4*;3;&$-.0&%>',$635),&$/'&)5$3*$5%V)+)*4',$
)W;'43*&8$9*$2.%&$>)*2;+0$2.)$,'+()&2$>36-;2'43*&$5)',$1%2.$>36/%*'23+%',$&2+;>2;+)&X$1)/$,%*@&D$"JY$&)W;)*>)&D$*)213+@$23-3,3(%)&D$
+),'43*&.%-$'*',0&%&D$'*5$&3$3*8$F36/%*'23+%',$+),'43*&.%-&$'63*($5%&>+)2)$)*44)&$'+)$*'2;+',,0$635),)5$/0$(+'-.&8$Z31)7)+D$2.)$T),5$3=$.%(.:
-)+=3+6'*>)$(+'-.$>36-;2'43*D$%*$>3*2+'&2$1%2.$2.)$6'2;+)$T),5$3=$*;6)+%>',$&;-)+>36-;4*(D$%&$%*$%2&$%*='*>08$

!!! !!! "! !!! !!! !!!

B$ $$$ $$$ $$$ $$$ $$$

$$ $$$ B$ $$$ B$ B$

B$ $$$ $$$ $$$ $$$ B$

$$$ B$ $$$ $$$ $$$ B$

$$$ $$ B$ $$$ B$ $$

$$$ B$ $$$ $$$ $$$ $$$

[$

[$

[$

#!

[$

!$

B$

\$

B$

B$

\$

[$

B$

[$

!$

\$

!!! !!! "! !!! !!! !!!

B$ $$$ $$$ $$$ $$$ $$$

$$ $$$ B$ $$$ B$ B$

B$ $$$ $$$ $$$ $$$ B$

$$$ B$ $$$ $$$ $$$ B$

$$$ $$ B$ $$$ B$ $$

$$$ B$ $$$ $$$ $$$ $$$

=%*$ =3;2$M$ -'+)*2&$

]$

]$

^$

^$

+332$3=$2+))$

B&2$Q+3*4)+$

_*5$Q+3*4)+$
*)1$

*)1$

*)1$

*)1$

3,5$

Graph "# Matrix and the Graph BLAS 

Graph500: BFS in a Hurry 
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L = G.toSpParMat() 
d = L.sum(kdt.SpParMat.Column) 
L = -L 
L.setDiag(d)  
M = kdt.SpParMat.eye(G.nvert()) – mu*L 
pos = kdt.ParVec.rand(G.nvert()) 
for i in range(nsteps): 
    pos = M.SpMV(pos) 
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Outline 

•  Motivation 

•  Libraries:  CombBLAS and KDT 

•  Algorithms 

•  Plans 



Two versions of sparse GEMM 

A1 A2 A3 A4 A7 A6 A5 A8 B1 B2 B3 B4 B7 B6 B5 B8 C1 C2 C3 C4 C7 C6 C5 C8 

j 

x  = i 

k 
k 

Cij 

  Cij += Aik Bkj  

Ci = Ci + A Bi 

x  = 
1D   

block-column 
distribution 

2D block 
checkerboard  

distribution  



Matrix/vector	
  distribu1ons,	
  	
  
interleaved	
  on	
  each	
  other.	
  	
  

5

8

! 

x1

! 

x1,1

! 

x1,2

! 

x1,3

! 

x2,1

! 

x2,2

! 

x2,3

! 

x3,1

! 

x3,2

! 

x3,3

! 

x2

! 

x3

! 

A1,1

! 

A1,2

! 

A1,3

! 

A2,1

! 

A2,2

! 

A2,3

! 

A3,1

! 

A3,2

! 

A3,3

! 

n pr
! 
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2D	
  layout	
  for	
  sparse	
  matrices	
  &	
  vectors	
  

-­‐	
  2D	
  matrix	
  layout	
  wins	
  over	
  1D	
  with	
  large	
  core	
  counts	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  with	
  	
  limited	
  bandwidth/compute	
  
-­‐	
  2D	
  vector	
  layout	
  some1mes	
  important	
  for	
  load	
  balance	
  
-­‐	
  Scalable	
  with	
  increasing	
  number	
  of	
  processes	
  

Default	
  distribu1on	
  in	
  
Combinatorial BLAS.	
  	
  



 Submatrices are “hypersparse”  (i.e. nnz << n) 

blocks 

             
blocks 

Total Storage:  

Average of c nonzeros per column 

•  A data structure or algorithm that depends on matrix dimension n 
(e.g. CSR or CSC) is asymptotically too wasteful for submatrices 

•  Use doubly-compressed (DCSC) or compressed  
sparse block (CSB) data structures instead. 

Node-level considerations 
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Comparison	
  of	
  SpGEMM	
  implementa1ons	
  

•  SpSUMMA	
  =	
  2-­‐D	
  data	
  layout	
  (Combinatorial	
  BLAS)	
  
•  EpetraExt	
  	
  	
  =	
  1-­‐D	
  data	
  layout	
  (Trilinos)	
  

16 BULUÇ AND GILBERT
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(b) Multiplication of an R-MAT matrix of scale
23 with the restriction operator of order 8.

Fig. 4.10: Comparison of SpGEMM implementation of Trilinos’ EpetraExt package
with our Sparse SUMMA implementation. The data labels on the plots show the
speedup of our implementation over EpetraExt.

rithms.
Finally, with the number of cores per node increasing due to multicore scaling, the

contention on the network interface card increases. Without hierarchical parallelism
that exploits the faster on-chip network, the flat MPI parallelism will be unscalable
because more processes will be competing for the same network link. Therefore,
designing hierarchically SpGEMM and SpRef algorithms is an important future di-
rection.
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SpRef:  B = A(I,J) 
SpAsgn:  B(I,J) = A 
SpExpAdd: B(I,J) += A 

Indexing	
  sparse	
  arrays	
  in	
  parallel	
  	
  
(extract	
  subgraphs,	
  coarsen	
  grids,	
  etc.)	
  

A,B: sparse	
  matrices	
  
I,J: vectors	
  of	
  indices	
  

SpRef using	
  mixed-­‐mode	
  sparse	
  matrix-­‐matrix	
  
mul1plica1on	
  (SpGEMM).	
  Ex:	
  B	
  =	
  A([2,4],	
  [1,2,3])	
  

A	
   B	
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Sequen1al	
  SpRef and	
  SpAsgn 

function B = spref(A,I,J) !
  R = sparse(1:length(I),I,1,length(I),size(A,1)); !
  Q = sparse(J,1:length(J),1,size(A,2),length(J)); !
  B = R*A*Q;!

function C = spasgn(A,I,J,B) !
  [ma,na] = size(A);!
  [mb,nb] = size(B);!
  R = sparse(I,1:mb,1,ma,mb);!
  Q = sparse(1:nb,J,1,nb,na);!
  S = sparse(I,I,1,ma,ma); !
  T = sparse(J,J,1,na,na);!
  C = A + R*B*Q - S*A*T;!

A+
0 0 0
0 B 0
0 0 0

!

"

#
#
#

$

%

&
&
&
'

0 0 0
0 A(I, J ) 0
0 0 0

!

"

#
#
#

$

%

&
&
&



38 

Parallel	
  algorithm	
  for	
  SpRef 

1.	
  Form	
  R	
  from	
  I	
  in	
  parallel,	
  on	
  a	
  3x3	
  processor	
  grid	
  

7	
  
2	
  

5	
  

8	
  

1	
  
3	
  

I	
   R	
  

P(0,0)	
  

P(1,1)	
  

P(2,2)	
  

0	
   2	
  1	
   3	
   5	
  4	
   6	
   8	
  7	
  
SCATTER	
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Parallel	
  algorithm	
  for	
  SpRef 

2.	
  SpGEMM using	
  memory-­‐efficient	
  Sparse	
  SUMMA.	
  
 	
  

Minimize	
  temporaries	
  by:	
  
•  Spliong	
  local	
  matrix,	
  and	
  broadcas1ng	
  mul1ple	
  1mes	
  
•  Dele1ng	
  P	
  (and	
  A	
  if	
  in-­‐place)	
  aJer	
  forming	
  C=P*A	
  

j	
  

x	
   	
  =	
  i	
  

k	
  
k	
  

Cij	
  

  Cij	
  +=	
  Pik	
  Akj	
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Strong	
  scaling	
  of	
  SpRef	
  

random	
  symmetric	
  permuta)on	
  ó	
  relabeling	
  graph	
  ver)ces	
  
•  RMAT	
  Scale	
  22;	
  edge	
  factor=8;	
  a=.6,	
  b=c=d=.4/3	
  
•  Franklin/NERSC,	
  each	
  node	
  is	
  a	
  quad-­‐core	
  AMD	
  Budapest	
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Strong	
  scaling	
  of	
  SpRef	
  

Extracts	
  10	
  random	
  (induced)	
  subgraphs,	
  each	
  with	
  |V|/10	
  vert.	
  
Higher	
  span	
  à	
  Decreased	
  parallelism	
  à	
  	
  Lower	
  speedup	
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Outline 

•  Motivation 

•  Libraries:  CombBLAS and KDT 

•  Algorithms 

•  Plans 



Example:	
  
•  Vertex	
  types:	
  	
  Person,	
  Phone,	
  Camera	
  
•  Edge	
  types:	
  	
  PhoneCall,	
  TextMessage,	
  

CoLoca1on	
  
•  Edge	
  agributes:	
  	
  StartTime,	
  EndTime	
  

•  Calculate	
  centrality	
  just	
  for	
  
PhoneCalls	
  and	
  TextMessages	
  
between	
  1mes	
  sTime	
  and	
  eTime	
  

Coming	
  in	
  v0.2:	
  	
  Agributed	
  Seman1c	
  Graphs	
  and	
  Filters	
  

def vfilter(self, vTypes): 
    return self.type in vTypes 
 
def efilter(self, eTypes, sTime, eTime): 
    return ((self.type in eTypes) and 
           (self.sTime > sTime) and      
           (self.eTime < eTime)) 
 
wantedVTypes = (People) 
wantedETypes = (PhoneCall, TextMessage) 
start = dt.now() – dt.timedelta(hours=1) 
end = dt.now() 
bc = G.centrality(‘approxBC’,filter= 

 ((vfilter, wantedVTypes), 
  (efilter, wantedETypes,  

          start, end))) 
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Options and issues in implementing filters 

•  Prefilter to extract the relevant subgraph 

–  Simplest solution 

–  Too much memory or time for some applications 

Write filters as semiring ops in C++, wrap in Python 

Can get good performance at CombBLAS level 

Inflexible, hard to write new filters 

Write filters in Python, call back from CombBLAS 

Very flexible 

But slow 

Need a better way!  SEJITS? 
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Plans 

•  KDT: 

–  Release V0.2 soon (semantic graphs & attribute filters) 

–  Evolve front end to include other parallel graph libraries 

–  Selective, embedded JIT specialization to accelerate  
KDT/CombBLAS:  Fox, Kamil et al. 

–  Collectives and autotuning for discrete primitives:  
Williams, Oliker et al. 

•  More algorithms work (multicore, hybrid) 

•  More applications (time-dependent path planning, ….) 


