
Lecture 16 Duality and
Support Vector Machines

Lei Li, Yu-Xiang Wang

(some slides from my convex optimization class, 
originally taught by Ryan Tibshirani in CMU)
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Recap: Modeling by writing down
an optimization problem
• Unsupervised learning as matrix factorization

• Example: Principle Component Analysis
• Example: Topic model with Latent Dirichlet Allocation
• Example: Gaussian mixture model
• Example: Movie recommendation
• Example: Dictionary learning (sparse coding)
• Example: Robust PCA

Data ⇡<latexit sha1_base64="IDRS/+VeKDDGThClTOV94Lywe5I=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZNNOGZpKQZMQy9CHcuFDErc/jzrcx085CW38IfPznHHLOHynOjPX9b6+0tr6xuVXeruzs7u0fVA+P2kammtAWkVzqboQN5UzQlmWW067SFCcRp51ocpvXO49UGybFg50qGiZ4JFjMCLbO6vSxUlo+Dao1v+7PhVYhKKAGhZqD6ld/KEmaUGEJx8b0Al/ZMMPaMsLprNJPDVWYTPCI9hwKnFATZvN1Z+jMOUMUS+2esGju/p7IcGLMNIlcZ4Lt2CzXcvO/Wi+18XWYMaFSSwVZfBSnHFmJ8tvRkGlKLJ86wEQztysiY6wxsS6higshWD55FdoX9cDx/WWtcVPEUYYTOIVzCOAKGnAHTWgBgQk8wyu8ecp78d69j0VryStmjuGPvM8fk2SPtg==</latexit><latexit sha1_base64="IDRS/+VeKDDGThClTOV94Lywe5I=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZNNOGZpKQZMQy9CHcuFDErc/jzrcx085CW38IfPznHHLOHynOjPX9b6+0tr6xuVXeruzs7u0fVA+P2kammtAWkVzqboQN5UzQlmWW067SFCcRp51ocpvXO49UGybFg50qGiZ4JFjMCLbO6vSxUlo+Dao1v+7PhVYhKKAGhZqD6ld/KEmaUGEJx8b0Al/ZMMPaMsLprNJPDVWYTPCI9hwKnFATZvN1Z+jMOUMUS+2esGju/p7IcGLMNIlcZ4Lt2CzXcvO/Wi+18XWYMaFSSwVZfBSnHFmJ8tvRkGlKLJ86wEQztysiY6wxsS6higshWD55FdoX9cDx/WWtcVPEUYYTOIVzCOAKGnAHTWgBgQk8wyu8ecp78d69j0VryStmjuGPvM8fk2SPtg==</latexit><latexit sha1_base64="IDRS/+VeKDDGThClTOV94Lywe5I=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZNNOGZpKQZMQy9CHcuFDErc/jzrcx085CW38IfPznHHLOHynOjPX9b6+0tr6xuVXeruzs7u0fVA+P2kammtAWkVzqboQN5UzQlmWW067SFCcRp51ocpvXO49UGybFg50qGiZ4JFjMCLbO6vSxUlo+Dao1v+7PhVYhKKAGhZqD6ld/KEmaUGEJx8b0Al/ZMMPaMsLprNJPDVWYTPCI9hwKnFATZvN1Z+jMOUMUS+2esGju/p7IcGLMNIlcZ4Lt2CzXcvO/Wi+18XWYMaFSSwVZfBSnHFmJ8tvRkGlKLJ86wEQztysiY6wxsS6higshWD55FdoX9cDx/WWtcVPEUYYTOIVzCOAKGnAHTWgBgQk8wyu8ecp78d69j0VryStmjuGPvM8fk2SPtg==</latexit><latexit sha1_base64="IDRS/+VeKDDGThClTOV94Lywe5I=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBdiiZNNOGZpKQZMQy9CHcuFDErc/jzrcx085CW38IfPznHHLOHynOjPX9b6+0tr6xuVXeruzs7u0fVA+P2kammtAWkVzqboQN5UzQlmWW067SFCcRp51ocpvXO49UGybFg50qGiZ4JFjMCLbO6vSxUlo+Dao1v+7PhVYhKKAGhZqD6ld/KEmaUGEJx8b0Al/ZMMPaMsLprNJPDVWYTPCI9hwKnFATZvN1Z+jMOUMUS+2esGju/p7IcGLMNIlcZ4Lt2CzXcvO/Wi+18XWYMaFSSwVZfBSnHFmJ8tvRkGlKLJ86wEQztysiY6wxsS6higshWD55FdoX9cDx/WWtcVPEUYYTOIVzCOAKGnAHTWgBgQk8wyu8ecp78d69j0VryStmjuGPvM8fk2SPtg==</latexit>
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Recap: Structural inducing
regularization and convex relaxation
• Sparsity

• Low-rank matrix with Nuclear norm regularization

• Piecewise polynomials with a small number of
pieces

kxk0
<latexit sha1_base64="FFbCLhFoZCMtzgQF2eiHweRJgUo=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtMu3WzC7kQsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG5n9dYj10bE6gHHCfcjOlAiFIyitVrdyVN30nN75Ypbdeciq+DlUIFc9V75q9uPWRpxhUxSYzqem6CfUY2CST4tdVPDE8pGdMA7FhWNuPGz+bpTcmadPgljbZ9CMnd/T2Q0MmYcBbYzojg0y7WZ+V+tk2J47WdCJSlyxRYfhakkGJPZ7aQvNGcoxxYo08LuStiQasrQJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc0V493</latexit><latexit sha1_base64="FFbCLhFoZCMtzgQF2eiHweRJgUo=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtMu3WzC7kQsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG5n9dYj10bE6gHHCfcjOlAiFIyitVrdyVN30nN75Ypbdeciq+DlUIFc9V75q9uPWRpxhUxSYzqem6CfUY2CST4tdVPDE8pGdMA7FhWNuPGz+bpTcmadPgljbZ9CMnd/T2Q0MmYcBbYzojg0y7WZ+V+tk2J47WdCJSlyxRYfhakkGJPZ7aQvNGcoxxYo08LuStiQasrQJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc0V493</latexit><latexit sha1_base64="FFbCLhFoZCMtzgQF2eiHweRJgUo=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtMu3WzC7kQsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG5n9dYj10bE6gHHCfcjOlAiFIyitVrdyVN30nN75Ypbdeciq+DlUIFc9V75q9uPWRpxhUxSYzqem6CfUY2CST4tdVPDE8pGdMA7FhWNuPGz+bpTcmadPgljbZ9CMnd/T2Q0MmYcBbYzojg0y7WZ+V+tk2J47WdCJSlyxRYfhakkGJPZ7aQvNGcoxxYo08LuStiQasrQJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc0V493</latexit><latexit sha1_base64="FFbCLhFoZCMtzgQF2eiHweRJgUo=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtMu3WzC7kQsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG5n9dYj10bE6gHHCfcjOlAiFIyitVrdyVN30nN75Ypbdeciq+DlUIFc9V75q9uPWRpxhUxSYzqem6CfUY2CST4tdVPDE8pGdMA7FhWNuPGz+bpTcmadPgljbZ9CMnd/T2Q0MmYcBbYzojg0y7WZ+V+tk2J47WdCJSlyxRYfhakkGJPZ7aQvNGcoxxYo08LuStiQasrQJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc0V493</latexit>

kxk1
<latexit sha1_base64="6qP7TD86WJFdwDok1DlyRklP+Fk=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtIu3WzC7kYsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npEpXksH8w4QT+iA8lDzqixVqs7eepOel6vXHGr7lxkFbwcKpCr3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjUdIItZ/N152SM+v0SRgr+6Qhc/f3REYjrcdRYDsjaoZ6uTYz/6t1UhNe+xmXSWpQssVHYSqIicnsdtLnCpkRYwuUKW53JWxIFWXGJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc12494</latexit><latexit sha1_base64="6qP7TD86WJFdwDok1DlyRklP+Fk=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtIu3WzC7kYsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npEpXksH8w4QT+iA8lDzqixVqs7eepOel6vXHGr7lxkFbwcKpCr3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjUdIItZ/N152SM+v0SRgr+6Qhc/f3REYjrcdRYDsjaoZ6uTYz/6t1UhNe+xmXSWpQssVHYSqIicnsdtLnCpkRYwuUKW53JWxIFWXGJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc12494</latexit><latexit sha1_base64="6qP7TD86WJFdwDok1DlyRklP+Fk=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtIu3WzC7kYsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npEpXksH8w4QT+iA8lDzqixVqs7eepOel6vXHGr7lxkFbwcKpCr3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjUdIItZ/N152SM+v0SRgr+6Qhc/f3REYjrcdRYDsjaoZ6uTYz/6t1UhNe+xmXSWpQssVHYSqIicnsdtLnCpkRYwuUKW53JWxIFWXGJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc12494</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="QYdejdr98gaPFpK3OERQI/elq9E=">AAAB43icbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZwT6gM5RMmmlDM8mQ3BHLtD/CjQtF/E/u/Demj4W2Hgh8nJOQe0+cSWHR97+90tb2zu5eeb9yUD08Oq6dVNtW54bxFtNSm25MLZdC8RYKlLybGU7TWPJOPL6b550nbqzQ6hEnGY9SOlQiEYyiszrh9Dmc9oN+re43/IXIJgQrqMNKzX7tKxxolqdcIZPU2l7gZxgV1KBgks8qYW55RtmYDnnPoaIpt1GxGHdGLpwzIIk27igkC/f3i4Km1k7S2N1MKY7sejY3/8t6OSY3USFUliNXbPlRkkuCmsx3JwNhOEM5cUCZEW5WwkbUUIauoYorIVhfeRPaV43A8YMPZTiDc7iEAK7hFu6hCS1gMIYXeIN3L/NevY9lXSVv1dsp/JH3+QMG9Y4f</latexit><latexit sha1_base64="QYdejdr98gaPFpK3OERQI/elq9E=">AAAB43icbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZwT6gM5RMmmlDM8mQ3BHLtD/CjQtF/E/u/Demj4W2Hgh8nJOQe0+cSWHR97+90tb2zu5eeb9yUD08Oq6dVNtW54bxFtNSm25MLZdC8RYKlLybGU7TWPJOPL6b550nbqzQ6hEnGY9SOlQiEYyiszrh9Dmc9oN+re43/IXIJgQrqMNKzX7tKxxolqdcIZPU2l7gZxgV1KBgks8qYW55RtmYDnnPoaIpt1GxGHdGLpwzIIk27igkC/f3i4Km1k7S2N1MKY7sejY3/8t6OSY3USFUliNXbPlRkkuCmsx3JwNhOEM5cUCZEW5WwkbUUIauoYorIVhfeRPaV43A8YMPZTiDc7iEAK7hFu6hCS1gMIYXeIN3L/NevY9lXSVv1dsp/JH3+QMG9Y4f</latexit><latexit sha1_base64="32p9GQHtP4C4CAEPLaCmDPpRwSs=">AAAB7nicbZA9T8MwEIYvfJbyVWBksaiQmKqEBcYKFsYi0Q+piSrHdVqrjhPZF0SV9kewMIAQK7+HjX+D22aAlley9Oi9O/nuDVMpDLrut7O2vrG5tV3aKe/u7R8cVo6OWybJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0e2s3n7k2ohEPeA45UFMB0pEglG0VtufPPmTnterVN2aOxdZBa+AKhRq9Cpffj9hWcwVMkmN6XpuikFONQom+bTsZ4anlI3ogHctKhpzE+Tzdafk3Dp9EiXaPoVk7v6eyGlszDgObWdMcWiWazPzv1o3w+g6yIVKM+SKLT6KMkkwIbPbSV9ozlCOLVCmhd2VsCHVlKFNqGxD8JZPXoXWZc2zfO9W6zdFHCU4hTO4AA+uoA530IAmMBjBM7zCm5M6L86787FoXXOKmRP4I+fzBzSbj3Q=</latexit><latexit sha1_base64="6qP7TD86WJFdwDok1DlyRklP+Fk=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtIu3WzC7kYsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npEpXksH8w4QT+iA8lDzqixVqs7eepOel6vXHGr7lxkFbwcKpCr3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjUdIItZ/N152SM+v0SRgr+6Qhc/f3REYjrcdRYDsjaoZ6uTYz/6t1UhNe+xmXSWpQssVHYSqIicnsdtLnCpkRYwuUKW53JWxIFWXGJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc12494</latexit><latexit sha1_base64="6qP7TD86WJFdwDok1DlyRklP+Fk=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtIu3WzC7kYsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npEpXksH8w4QT+iA8lDzqixVqs7eepOel6vXHGr7lxkFbwcKpCr3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjUdIItZ/N152SM+v0SRgr+6Qhc/f3REYjrcdRYDsjaoZ6uTYz/6t1UhNe+xmXSWpQssVHYSqIicnsdtLnCpkRYwuUKW53JWxIFWXGJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc12494</latexit><latexit sha1_base64="6qP7TD86WJFdwDok1DlyRklP+Fk=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtIu3WzC7kYsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npEpXksH8w4QT+iA8lDzqixVqs7eepOel6vXHGr7lxkFbwcKpCr3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjUdIItZ/N152SM+v0SRgr+6Qhc/f3REYjrcdRYDsjaoZ6uTYz/6t1UhNe+xmXSWpQssVHYSqIicnsdtLnCpkRYwuUKW53JWxIFWXGJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc12494</latexit><latexit sha1_base64="6qP7TD86WJFdwDok1DlyRklP+Fk=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtIu3WzC7kYsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npEpXksH8w4QT+iA8lDzqixVqs7eepOel6vXHGr7lxkFbwcKpCr3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjUdIItZ/N152SM+v0SRgr+6Qhc/f3REYjrcdRYDsjaoZ6uTYz/6t1UhNe+xmXSWpQssVHYSqIicnsdtLnCpkRYwuUKW53JWxIFWXGJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc12494</latexit><latexit sha1_base64="6qP7TD86WJFdwDok1DlyRklP+Fk=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtIu3WzC7kYsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npEpXksH8w4QT+iA8lDzqixVqs7eepOel6vXHGr7lxkFbwcKpCr3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjUdIItZ/N152SM+v0SRgr+6Qhc/f3REYjrcdRYDsjaoZ6uTYz/6t1UhNe+xmXSWpQssVHYSqIicnsdtLnCpkRYwuUKW53JWxIFWXGJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc12494</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="QYdejdr98gaPFpK3OERQI/elq9E=">AAAB43icbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZwT6gM5RMmmlDM8mQ3BHLtD/CjQtF/E/u/Demj4W2Hgh8nJOQe0+cSWHR97+90tb2zu5eeb9yUD08Oq6dVNtW54bxFtNSm25MLZdC8RYKlLybGU7TWPJOPL6b550nbqzQ6hEnGY9SOlQiEYyiszrh9Dmc9oN+re43/IXIJgQrqMNKzX7tKxxolqdcIZPU2l7gZxgV1KBgks8qYW55RtmYDnnPoaIpt1GxGHdGLpwzIIk27igkC/f3i4Km1k7S2N1MKY7sejY3/8t6OSY3USFUliNXbPlRkkuCmsx3JwNhOEM5cUCZEW5WwkbUUIauoYorIVhfeRPaV43A8YMPZTiDc7iEAK7hFu6hCS1gMIYXeIN3L/NevY9lXSVv1dsp/JH3+QMG9Y4f</latexit><latexit sha1_base64="QYdejdr98gaPFpK3OERQI/elq9E=">AAAB43icbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZwT6gM5RMmmlDM8mQ3BHLtD/CjQtF/E/u/Demj4W2Hgh8nJOQe0+cSWHR97+90tb2zu5eeb9yUD08Oq6dVNtW54bxFtNSm25MLZdC8RYKlLybGU7TWPJOPL6b550nbqzQ6hEnGY9SOlQiEYyiszrh9Dmc9oN+re43/IXIJgQrqMNKzX7tKxxolqdcIZPU2l7gZxgV1KBgks8qYW55RtmYDnnPoaIpt1GxGHdGLpwzIIk27igkC/f3i4Km1k7S2N1MKY7sejY3/8t6OSY3USFUliNXbPlRkkuCmsx3JwNhOEM5cUCZEW5WwkbUUIauoYorIVhfeRPaV43A8YMPZTiDc7iEAK7hFu6hCS1gMIYXeIN3L/NevY9lXSVv1dsp/JH3+QMG9Y4f</latexit><latexit sha1_base64="32p9GQHtP4C4CAEPLaCmDPpRwSs=">AAAB7nicbZA9T8MwEIYvfJbyVWBksaiQmKqEBcYKFsYi0Q+piSrHdVqrjhPZF0SV9kewMIAQK7+HjX+D22aAlley9Oi9O/nuDVMpDLrut7O2vrG5tV3aKe/u7R8cVo6OWybJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0e2s3n7k2ohEPeA45UFMB0pEglG0VtufPPmTnterVN2aOxdZBa+AKhRq9Cpffj9hWcwVMkmN6XpuikFONQom+bTsZ4anlI3ogHctKhpzE+Tzdafk3Dp9EiXaPoVk7v6eyGlszDgObWdMcWiWazPzv1o3w+g6yIVKM+SKLT6KMkkwIbPbSV9ozlCOLVCmhd2VsCHVlKFNqGxD8JZPXoXWZc2zfO9W6zdFHCU4hTO4AA+uoA530IAmMBjBM7zCm5M6L86787FoXXOKmRP4I+fzBzSbj3Q=</latexit><latexit sha1_base64="6qP7TD86WJFdwDok1DlyRklP+Fk=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtIu3WzC7kYsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npEpXksH8w4QT+iA8lDzqixVqs7eepOel6vXHGr7lxkFbwcKpCr3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjUdIItZ/N152SM+v0SRgr+6Qhc/f3REYjrcdRYDsjaoZ6uTYz/6t1UhNe+xmXSWpQssVHYSqIicnsdtLnCpkRYwuUKW53JWxIFWXGJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc12494</latexit><latexit sha1_base64="6qP7TD86WJFdwDok1DlyRklP+Fk=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtIu3WzC7kYsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npEpXksH8w4QT+iA8lDzqixVqs7eepOel6vXHGr7lxkFbwcKpCr3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjUdIItZ/N152SM+v0SRgr+6Qhc/f3REYjrcdRYDsjaoZ6uTYz/6t1UhNe+xmXSWpQssVHYSqIicnsdtLnCpkRYwuUKW53JWxIFWXGJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc12494</latexit><latexit sha1_base64="6qP7TD86WJFdwDok1DlyRklP+Fk=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtIu3WzC7kYsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npEpXksH8w4QT+iA8lDzqixVqs7eepOel6vXHGr7lxkFbwcKpCr3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjUdIItZ/N152SM+v0SRgr+6Qhc/f3REYjrcdRYDsjaoZ6uTYz/6t1UhNe+xmXSWpQssVHYSqIicnsdtLnCpkRYwuUKW53JWxIFWXGJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc12494</latexit><latexit sha1_base64="6qP7TD86WJFdwDok1DlyRklP+Fk=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtIu3WzC7kYsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npEpXksH8w4QT+iA8lDzqixVqs7eepOel6vXHGr7lxkFbwcKpCr3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjUdIItZ/N152SM+v0SRgr+6Qhc/f3REYjrcdRYDsjaoZ6uTYz/6t1UhNe+xmXSWpQssVHYSqIicnsdtLnCpkRYwuUKW53JWxIFWXGJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc12494</latexit><latexit sha1_base64="6qP7TD86WJFdwDok1DlyRklP+Fk=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtIu3WzC7kYsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npEpXksH8w4QT+iA8lDzqixVqs7eepOel6vXHGr7lxkFbwcKpCr3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjUdIItZ/N152SM+v0SRgr+6Qhc/f3REYjrcdRYDsjaoZ6uTYz/6t1UhNe+xmXSWpQssVHYSqIicnsdtLnCpkRYwuUKW53JWxIFWXGJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc12494</latexit><latexit sha1_base64="6qP7TD86WJFdwDok1DlyRklP+Fk=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpTNdtIu3WzC7kYsaX+EFw+KePX3ePPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3npEpXksH8w4QT+iA8lDzqixVqs7eepOel6vXHGr7lxkFbwcKpCr3it/dfsxSyOUhgmqdcdzE+NnVBnOBE5L3VRjQtmIDrBjUdIItZ/N152SM+v0SRgr+6Qhc/f3REYjrcdRYDsjaoZ6uTYz/6t1UhNe+xmXSWpQssVHYSqIicnsdtLnCpkRYwuUKW53JWxIFWXGJlSyIXjLJ69C86LqWb6/rNRu8jiKcAKncA4eXEEN7qAODWAwgmd4hTcncV6cd+dj0Vpw8plj+CPn8wc12494</latexit>

rank(X)
<latexit sha1_base64="JAdR6yeoFA2fDic2MunWsOUSVV0=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbsqMCLosunFZwT6gHUomzbShSWZIMoUy9E/cuFDErX/izr8x085CWw8EDufcyz05YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/ikreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044uc/9zpQqzWL5ZGYJDQQeSRYxgo2VBq7bF9iMlcgUlpN5rXs5cKte3VsArRO/IFUo0By4X/1hTFJBpSEca93zvcQEGVaGEU7nlX6qaYLJBI9oz1KJBdVBtkg+RxdWGaIoVvZJgxbq740MC61nIrSTeU696uXif14vNdFtkDGZpIZKsjwUpRyZGOU1oCFTlBg+swQTxWxWRMZYYWJsWRVbgr/65XXSvqr7lj9eVxt3RR1lOINzqIEPN9CAB2hCCwhM4Rle4c3JnBfn3flYjpacYucU/sD5/AFofpN9</latexit><latexit sha1_base64="JAdR6yeoFA2fDic2MunWsOUSVV0=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbsqMCLosunFZwT6gHUomzbShSWZIMoUy9E/cuFDErX/izr8x085CWw8EDufcyz05YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/ikreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044uc/9zpQqzWL5ZGYJDQQeSRYxgo2VBq7bF9iMlcgUlpN5rXs5cKte3VsArRO/IFUo0By4X/1hTFJBpSEca93zvcQEGVaGEU7nlX6qaYLJBI9oz1KJBdVBtkg+RxdWGaIoVvZJgxbq740MC61nIrSTeU696uXif14vNdFtkDGZpIZKsjwUpRyZGOU1oCFTlBg+swQTxWxWRMZYYWJsWRVbgr/65XXSvqr7lj9eVxt3RR1lOINzqIEPN9CAB2hCCwhM4Rle4c3JnBfn3flYjpacYucU/sD5/AFofpN9</latexit><latexit sha1_base64="JAdR6yeoFA2fDic2MunWsOUSVV0=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbsqMCLosunFZwT6gHUomzbShSWZIMoUy9E/cuFDErX/izr8x085CWw8EDufcyz05YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/ikreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044uc/9zpQqzWL5ZGYJDQQeSRYxgo2VBq7bF9iMlcgUlpN5rXs5cKte3VsArRO/IFUo0By4X/1hTFJBpSEca93zvcQEGVaGEU7nlX6qaYLJBI9oz1KJBdVBtkg+RxdWGaIoVvZJgxbq740MC61nIrSTeU696uXif14vNdFtkDGZpIZKsjwUpRyZGOU1oCFTlBg+swQTxWxWRMZYYWJsWRVbgr/65XXSvqr7lj9eVxt3RR1lOINzqIEPN9CAB2hCCwhM4Rle4c3JnBfn3flYjpacYucU/sD5/AFofpN9</latexit><latexit sha1_base64="JAdR6yeoFA2fDic2MunWsOUSVV0=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbsqMCLosunFZwT6gHUomzbShSWZIMoUy9E/cuFDErX/izr8x085CWw8EDufcyz05YcKZNp737ZQ2Nre2d8q7lb39g8Mj9/ikreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044uc/9zpQqzWL5ZGYJDQQeSRYxgo2VBq7bF9iMlcgUlpN5rXs5cKte3VsArRO/IFUo0By4X/1hTFJBpSEca93zvcQEGVaGEU7nlX6qaYLJBI9oz1KJBdVBtkg+RxdWGaIoVvZJgxbq740MC61nIrSTeU696uXif14vNdFtkDGZpIZKsjwUpRyZGOU1oCFTlBg+swQTxWxWRMZYYWJsWRVbgr/65XXSvqr7lj9eVxt3RR1lOINzqIEPN9CAB2hCCwhM4Rle4c3JnBfn3flYjpacYucU/sD5/AFofpN9</latexit>

kXk⇤
<latexit sha1_base64="UNwDizsHZ5LN9chDw9iZVylYnt0=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFEA8lEUGPRS8eK9gPaELZbDft0s0m7E6E0vZHePGgiFd/jzf/jds2B219YeHhnRl25g1TKQy67rdTWFvf2Nwqbpd2dvf2D8qHR02TZJrxBktkotshNVwKxRsoUPJ2qjmNQ8lb4fBuVm89cW1Eoh5xlPIgpn0lIsEoWqvlT9r+pHvRLVfcqjsXWQUvhwrkqnfLX34vYVnMFTJJjel4borBmGoUTPJpyc8MTykb0j7vWFQ05iYYz9edkjPr9EiUaPsUkrn7e2JMY2NGcWg7Y4oDs1ybmf/VOhlGN8FYqDRDrtjioyiTBBMyu530hOYM5cgCZVrYXQkbUE0Z2oRKNgRv+eRVaF5WPcsPV5XabR5HEU7gFM7Bg2uowT3UoQEMhvAMr/DmpM6L8+58LFoLTj5zDH/kfP4A+jCPUQ==</latexit><latexit sha1_base64="UNwDizsHZ5LN9chDw9iZVylYnt0=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFEA8lEUGPRS8eK9gPaELZbDft0s0m7E6E0vZHePGgiFd/jzf/jds2B219YeHhnRl25g1TKQy67rdTWFvf2Nwqbpd2dvf2D8qHR02TZJrxBktkotshNVwKxRsoUPJ2qjmNQ8lb4fBuVm89cW1Eoh5xlPIgpn0lIsEoWqvlT9r+pHvRLVfcqjsXWQUvhwrkqnfLX34vYVnMFTJJjel4borBmGoUTPJpyc8MTykb0j7vWFQ05iYYz9edkjPr9EiUaPsUkrn7e2JMY2NGcWg7Y4oDs1ybmf/VOhlGN8FYqDRDrtjioyiTBBMyu530hOYM5cgCZVrYXQkbUE0Z2oRKNgRv+eRVaF5WPcsPV5XabR5HEU7gFM7Bg2uowT3UoQEMhvAMr/DmpM6L8+58LFoLTj5zDH/kfP4A+jCPUQ==</latexit><latexit sha1_base64="UNwDizsHZ5LN9chDw9iZVylYnt0=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFEA8lEUGPRS8eK9gPaELZbDft0s0m7E6E0vZHePGgiFd/jzf/jds2B219YeHhnRl25g1TKQy67rdTWFvf2Nwqbpd2dvf2D8qHR02TZJrxBktkotshNVwKxRsoUPJ2qjmNQ8lb4fBuVm89cW1Eoh5xlPIgpn0lIsEoWqvlT9r+pHvRLVfcqjsXWQUvhwrkqnfLX34vYVnMFTJJjel4borBmGoUTPJpyc8MTykb0j7vWFQ05iYYz9edkjPr9EiUaPsUkrn7e2JMY2NGcWg7Y4oDs1ybmf/VOhlGN8FYqDRDrtjioyiTBBMyu530hOYM5cgCZVrYXQkbUE0Z2oRKNgRv+eRVaF5WPcsPV5XabR5HEU7gFM7Bg2uowT3UoQEMhvAMr/DmpM6L8+58LFoLTj5zDH/kfP4A+jCPUQ==</latexit><latexit sha1_base64="UNwDizsHZ5LN9chDw9iZVylYnt0=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFEA8lEUGPRS8eK9gPaELZbDft0s0m7E6E0vZHePGgiFd/jzf/jds2B219YeHhnRl25g1TKQy67rdTWFvf2Nwqbpd2dvf2D8qHR02TZJrxBktkotshNVwKxRsoUPJ2qjmNQ8lb4fBuVm89cW1Eoh5xlPIgpn0lIsEoWqvlT9r+pHvRLVfcqjsXWQUvhwrkqnfLX34vYVnMFTJJjel4borBmGoUTPJpyc8MTykb0j7vWFQ05iYYz9edkjPr9EiUaPsUkrn7e2JMY2NGcWg7Y4oDs1ybmf/VOhlGN8FYqDRDrtjioyiTBBMyu530hOYM5cgCZVrYXQkbUE0Z2oRKNgRv+eRVaF5WPcsPV5XabR5HEU7gFM7Bg2uowT3UoQEMhvAMr/DmpM6L8+58LFoLTj5zDH/kfP4A+jCPUQ==</latexit>

kD(k+1)fk0
<latexit sha1_base64="L4LPJL6Lv1GmTb4jFPF1kX+xmxw=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1iEilASEXRZ1IXLCvYCTSyT6aQdOpmEmUmhpH0TNy4UceubuPNtnLZZaOsPAx//OYdz5g8SzpR2nG9rZXVtfWOzsFXc3tnd27cPDhsqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAa303pzSKVisXjUo4T6Ee4JFjKCtbE6tu2N756y8uDcPZuE3rjjdOySU3FmQsvg5lCCXLWO/eV1Y5JGVGjCsVJt10m0n2GpGeF0UvRSRRNMBrhH2wYFjqjys9nlE3RqnC4KY2me0Gjm/p7IcKTUKApMZ4R1Xy3WpuZ/tXaqw2s/YyJJNRVkvihMOdIxmsaAukxSovnIACaSmVsR6WOJiTZhFU0I7uKXl6FxUXENP1yWqjd5HAU4hhMogwtXUIV7qEEdCAzhGV7hzcqsF+vd+pi3rlj5zBH8kfX5AxObkqI=</latexit><latexit sha1_base64="L4LPJL6Lv1GmTb4jFPF1kX+xmxw=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1iEilASEXRZ1IXLCvYCTSyT6aQdOpmEmUmhpH0TNy4UceubuPNtnLZZaOsPAx//OYdz5g8SzpR2nG9rZXVtfWOzsFXc3tnd27cPDhsqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAa303pzSKVisXjUo4T6Ee4JFjKCtbE6tu2N756y8uDcPZuE3rjjdOySU3FmQsvg5lCCXLWO/eV1Y5JGVGjCsVJt10m0n2GpGeF0UvRSRRNMBrhH2wYFjqjys9nlE3RqnC4KY2me0Gjm/p7IcKTUKApMZ4R1Xy3WpuZ/tXaqw2s/YyJJNRVkvihMOdIxmsaAukxSovnIACaSmVsR6WOJiTZhFU0I7uKXl6FxUXENP1yWqjd5HAU4hhMogwtXUIV7qEEdCAzhGV7hzcqsF+vd+pi3rlj5zBH8kfX5AxObkqI=</latexit><latexit sha1_base64="L4LPJL6Lv1GmTb4jFPF1kX+xmxw=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1iEilASEXRZ1IXLCvYCTSyT6aQdOpmEmUmhpH0TNy4UceubuPNtnLZZaOsPAx//OYdz5g8SzpR2nG9rZXVtfWOzsFXc3tnd27cPDhsqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAa303pzSKVisXjUo4T6Ee4JFjKCtbE6tu2N756y8uDcPZuE3rjjdOySU3FmQsvg5lCCXLWO/eV1Y5JGVGjCsVJt10m0n2GpGeF0UvRSRRNMBrhH2wYFjqjys9nlE3RqnC4KY2me0Gjm/p7IcKTUKApMZ4R1Xy3WpuZ/tXaqw2s/YyJJNRVkvihMOdIxmsaAukxSovnIACaSmVsR6WOJiTZhFU0I7uKXl6FxUXENP1yWqjd5HAU4hhMogwtXUIV7qEEdCAzhGV7hzcqsF+vd+pi3rlj5zBH8kfX5AxObkqI=</latexit><latexit sha1_base64="L4LPJL6Lv1GmTb4jFPF1kX+xmxw=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1iEilASEXRZ1IXLCvYCTSyT6aQdOpmEmUmhpH0TNy4UceubuPNtnLZZaOsPAx//OYdz5g8SzpR2nG9rZXVtfWOzsFXc3tnd27cPDhsqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAa303pzSKVisXjUo4T6Ee4JFjKCtbE6tu2N756y8uDcPZuE3rjjdOySU3FmQsvg5lCCXLWO/eV1Y5JGVGjCsVJt10m0n2GpGeF0UvRSRRNMBrhH2wYFjqjys9nlE3RqnC4KY2me0Gjm/p7IcKTUKApMZ4R1Xy3WpuZ/tXaqw2s/YyJJNRVkvihMOdIxmsaAukxSovnIACaSmVsR6WOJiTZhFU0I7uKXl6FxUXENP1yWqjd5HAU4hhMogwtXUIV7qEEdCAzhGV7hzcqsF+vd+pi3rlj5zBH8kfX5AxObkqI=</latexit>

kD(k+1)fk1
<latexit sha1_base64="hLVgcd5V5t6F1IenlDqRE60ueN0=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1iEilASEXRZ1IXLCvYCTSyT6aQdOpmEmUmhpH0TNy4UceubuPNtnLZZaOsPAx//OYdz5g8SzpR2nG9rZXVtfWOzsFXc3tnd27cPDhsqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAa303pzSKVisXjUo4T6Ee4JFjKCtbE6tu2N756y8uDcPZuE3rjjduySU3FmQsvg5lCCXLWO/eV1Y5JGVGjCsVJt10m0n2GpGeF0UvRSRRNMBrhH2wYFjqjys9nlE3RqnC4KY2me0Gjm/p7IcKTUKApMZ4R1Xy3WpuZ/tXaqw2s/YyJJNRVkvihMOdIxmsaAukxSovnIACaSmVsR6WOJiTZhFU0I7uKXl6FxUXENP1yWqjd5HAU4hhMogwtXUIV7qEEdCAzhGV7hzcqsF+vd+pi3rlj5zBH8kfX5AxUfkqM=</latexit><latexit sha1_base64="hLVgcd5V5t6F1IenlDqRE60ueN0=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1iEilASEXRZ1IXLCvYCTSyT6aQdOpmEmUmhpH0TNy4UceubuPNtnLZZaOsPAx//OYdz5g8SzpR2nG9rZXVtfWOzsFXc3tnd27cPDhsqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAa303pzSKVisXjUo4T6Ee4JFjKCtbE6tu2N756y8uDcPZuE3rjjduySU3FmQsvg5lCCXLWO/eV1Y5JGVGjCsVJt10m0n2GpGeF0UvRSRRNMBrhH2wYFjqjys9nlE3RqnC4KY2me0Gjm/p7IcKTUKApMZ4R1Xy3WpuZ/tXaqw2s/YyJJNRVkvihMOdIxmsaAukxSovnIACaSmVsR6WOJiTZhFU0I7uKXl6FxUXENP1yWqjd5HAU4hhMogwtXUIV7qEEdCAzhGV7hzcqsF+vd+pi3rlj5zBH8kfX5AxUfkqM=</latexit><latexit sha1_base64="hLVgcd5V5t6F1IenlDqRE60ueN0=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1iEilASEXRZ1IXLCvYCTSyT6aQdOpmEmUmhpH0TNy4UceubuPNtnLZZaOsPAx//OYdz5g8SzpR2nG9rZXVtfWOzsFXc3tnd27cPDhsqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAa303pzSKVisXjUo4T6Ee4JFjKCtbE6tu2N756y8uDcPZuE3rjjduySU3FmQsvg5lCCXLWO/eV1Y5JGVGjCsVJt10m0n2GpGeF0UvRSRRNMBrhH2wYFjqjys9nlE3RqnC4KY2me0Gjm/p7IcKTUKApMZ4R1Xy3WpuZ/tXaqw2s/YyJJNRVkvihMOdIxmsaAukxSovnIACaSmVsR6WOJiTZhFU0I7uKXl6FxUXENP1yWqjd5HAU4hhMogwtXUIV7qEEdCAzhGV7hzcqsF+vd+pi3rlj5zBH8kfX5AxUfkqM=</latexit><latexit sha1_base64="hLVgcd5V5t6F1IenlDqRE60ueN0=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1iEilASEXRZ1IXLCvYCTSyT6aQdOpmEmUmhpH0TNy4UceubuPNtnLZZaOsPAx//OYdz5g8SzpR2nG9rZXVtfWOzsFXc3tnd27cPDhsqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAa303pzSKVisXjUo4T6Ee4JFjKCtbE6tu2N756y8uDcPZuE3rjjduySU3FmQsvg5lCCXLWO/eV1Y5JGVGjCsVJt10m0n2GpGeF0UvRSRRNMBrhH2wYFjqjys9nlE3RqnC4KY2me0Gjm/p7IcKTUKApMZ4R1Xy3WpuZ/tXaqw2s/YyJJNRVkvihMOdIxmsaAukxSovnIACaSmVsR6WOJiTZhFU0I7uKXl6FxUXENP1yWqjd5HAU4hhMogwtXUIV7qEEdCAzhGV7hzcqsF+vd+pi3rlj5zBH8kfX5AxUfkqM=</latexit>
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Recap: Convex Set and Functions
Convex sets and functions

Convex set: C ✓ Rn such that

x, y 2 C =) tx + (1 � t)y 2 C for all 0  t  124 2 Convex sets

Figure 2.2 Some simple convex and nonconvex sets. Left. The hexagon,
which includes its boundary (shown darker), is convex. Middle. The kidney
shaped set is not convex, since the line segment between the two points in
the set shown as dots is not contained in the set. Right. The square contains
some boundary points but not others, and is not convex.

Figure 2.3 The convex hulls of two sets in R2. Left. The convex hull of a
set of fifteen points (shown as dots) is the pentagon (shown shaded). Right.
The convex hull of the kidney shaped set in figure 2.2 is the shaded set.

Roughly speaking, a set is convex if every point in the set can be seen by every other
point, along an unobstructed straight path between them, where unobstructed
means lying in the set. Every a�ne set is also convex, since it contains the entire
line between any two distinct points in it, and therefore also the line segment
between the points. Figure 2.2 illustrates some simple convex and nonconvex sets
in R2.

We call a point of the form ✓1x1 + · · · + ✓kxk, where ✓1 + · · · + ✓k = 1 and
✓i � 0, i = 1, . . . , k, a convex combination of the points x1, . . . , xk. As with a�ne
sets, it can be shown that a set is convex if and only if it contains every convex
combination of its points. A convex combination of points can be thought of as a
mixture or weighted average of the points, with ✓i the fraction of xi in the mixture.

The convex hull of a set C, denoted conv C, is the set of all convex combinations
of points in C:

conv C = {✓1x1 + · · · + ✓kxk | xi 2 C, ✓i � 0, i = 1, . . . , k, ✓1 + · · · + ✓k = 1}.

As the name suggests, the convex hull conv C is always convex. It is the smallest
convex set that contains C: If B is any convex set that contains C, then conv C ✓
B. Figure 2.3 illustrates the definition of convex hull.

The idea of a convex combination can be generalized to include infinite sums, in-
tegrals, and, in the most general form, probability distributions. Suppose ✓1, ✓2, . . .

Convex function: f : Rn ! R such that dom(f) ✓ Rn convex, and

f(tx + (1 � t)y)  tf(x) + (1 � t)f(y) for all 0  t  1

and all x, y 2 dom(f)

Chapter 3

Convex functions

3.1 Basic properties and examples

3.1.1 Definition

A function f : Rn ! R is convex if dom f is a convex set and if for all x,
y 2 dom f , and ✓ with 0  ✓  1, we have

f(✓x + (1 � ✓)y)  ✓f(x) + (1 � ✓)f(y). (3.1)

Geometrically, this inequality means that the line segment between (x, f(x)) and
(y, f(y)), which is the chord from x to y, lies above the graph of f (figure 3.1).
A function f is strictly convex if strict inequality holds in (3.1) whenever x 6= y
and 0 < ✓ < 1. We say f is concave if �f is convex, and strictly concave if �f is
strictly convex.

For an a�ne function we always have equality in (3.1), so all a�ne (and therefore
also linear) functions are both convex and concave. Conversely, any function that
is convex and concave is a�ne.

A function is convex if and only if it is convex when restricted to any line that
intersects its domain. In other words f is convex if and only if for all x 2 dom f and

(x, f(x))

(y, f(y))

Figure 3.1 Graph of a convex function. The chord (i.e., line segment) be-
tween any two points on the graph lies above the graph. 23
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Recap: Convex optimization
problem --- the standard formConvex optimization problems

Optimization problem:

min
x2D

f(x)

subject to gi(x)  0, i = 1, . . . m

hj(x) = 0, j = 1, . . . r

Here D = dom(f) \
Tm

i=1 dom(gi) \
Tp

j=1 dom(hj), common
domain of all the functions

This is a convex optimization problem provided the functions f
and gi, i = 1, . . . m are convex, and hj , j = 1, . . . p are a�ne:

hj(x) = aTj x + bj , j = 1, . . . p

24
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Recap: High school examples
min
x2R

x2 � 4x+ 9
<latexit sha1_base64="IcHlN7YRHc9qGLnXI8I9zb9hG44=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRBLEkpaDuim5cVrEXaGKYTCft0MkkzEykJWTtxldx40IRtz6BO9/GaZuFVn8Y+PjPOcw5vx8zKpVlfRmFhcWl5ZXiamltfWNzy9zeackoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH15O6u17IiSN+K0ax8QNUZ/TgGKktOWZ+05IuZeOHMqdEKmB76c3WQZHd1V4AmsjeHzumWWrYk0F/4KdQxnkanjmp9OLcBISrjBDUnZtK1ZuioSimJGs5CSSxAgPUZ90NXIUEumm01MyeKidHgwioR9XcOr+nEhRKOU49HXnZF05X5uY/9W6iQrO3JTyOFGE49lHQcKgiuAkF9ijgmDFxhoQFlTvCvEACYSVTq+kQ7DnT/4LrWrF1nxdK9cv8jiKYA8cgCNgg1NQB1egAZoAgwfwBF7Aq/FoPBtvxvustWDkM7vgl4yPb4EdmXA=</latexit><latexit sha1_base64="IcHlN7YRHc9qGLnXI8I9zb9hG44=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRBLEkpaDuim5cVrEXaGKYTCft0MkkzEykJWTtxldx40IRtz6BO9/GaZuFVn8Y+PjPOcw5vx8zKpVlfRmFhcWl5ZXiamltfWNzy9zeackoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH15O6u17IiSN+K0ax8QNUZ/TgGKktOWZ+05IuZeOHMqdEKmB76c3WQZHd1V4AmsjeHzumWWrYk0F/4KdQxnkanjmp9OLcBISrjBDUnZtK1ZuioSimJGs5CSSxAgPUZ90NXIUEumm01MyeKidHgwioR9XcOr+nEhRKOU49HXnZF05X5uY/9W6iQrO3JTyOFGE49lHQcKgiuAkF9ijgmDFxhoQFlTvCvEACYSVTq+kQ7DnT/4LrWrF1nxdK9cv8jiKYA8cgCNgg1NQB1egAZoAgwfwBF7Aq/FoPBtvxvustWDkM7vgl4yPb4EdmXA=</latexit><latexit sha1_base64="IcHlN7YRHc9qGLnXI8I9zb9hG44=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRBLEkpaDuim5cVrEXaGKYTCft0MkkzEykJWTtxldx40IRtz6BO9/GaZuFVn8Y+PjPOcw5vx8zKpVlfRmFhcWl5ZXiamltfWNzy9zeackoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH15O6u17IiSN+K0ax8QNUZ/TgGKktOWZ+05IuZeOHMqdEKmB76c3WQZHd1V4AmsjeHzumWWrYk0F/4KdQxnkanjmp9OLcBISrjBDUnZtK1ZuioSimJGs5CSSxAgPUZ90NXIUEumm01MyeKidHgwioR9XcOr+nEhRKOU49HXnZF05X5uY/9W6iQrO3JTyOFGE49lHQcKgiuAkF9ijgmDFxhoQFlTvCvEACYSVTq+kQ7DnT/4LrWrF1nxdK9cv8jiKYA8cgCNgg1NQB1egAZoAgwfwBF7Aq/FoPBtvxvustWDkM7vgl4yPb4EdmXA=</latexit><latexit sha1_base64="IcHlN7YRHc9qGLnXI8I9zb9hG44=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRBLEkpaDuim5cVrEXaGKYTCft0MkkzEykJWTtxldx40IRtz6BO9/GaZuFVn8Y+PjPOcw5vx8zKpVlfRmFhcWl5ZXiamltfWNzy9zeackoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH15O6u17IiSN+K0ax8QNUZ/TgGKktOWZ+05IuZeOHMqdEKmB76c3WQZHd1V4AmsjeHzumWWrYk0F/4KdQxnkanjmp9OLcBISrjBDUnZtK1ZuioSimJGs5CSSxAgPUZ90NXIUEumm01MyeKidHgwioR9XcOr+nEhRKOU49HXnZF05X5uY/9W6iQrO3JTyOFGE49lHQcKgiuAkF9ijgmDFxhoQFlTvCvEACYSVTq+kQ7DnT/4LrWrF1nxdK9cv8jiKYA8cgCNgg1NQB1egAZoAgwfwBF7Aq/FoPBtvxvustWDkM7vgl4yPb4EdmXA=</latexit>

min
x2[0,1]

x2 � 4x+ 9
<latexit sha1_base64="0SOJ8P0I7xgj6oHoqjGeAlG/K+s=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCF5ISkHdFd24rGAvkMQwmU7aoZNJmJlIS+jKja/ixoUibn0Gd76N0zYLbf1h4OM/53Dm/EHCqFSW9W0UFhaXlleKq6W19Y3NLXN7pynjVGDSwDGLRTtAkjDKSUNRxUg7EQRFASOtoH89rrceiJA05ndqmBAvQl1OQ4qR0pZv7rsR5X42cCmHjnVieyM4uK/AU1gdwONL3yxbZ9ZEcB7sHMogV903v9xOjNOIcIUZktKxrUR5GRKKYkZGJTeVJEG4j7rE0chRRKSXTc4YwUPtdGAYC/24ghP390SGIimHUaA7I6R6crY2Nv+rOakKL7yM8iRVhOPpojBlUMVwnAnsUEGwYkMNCAuq/wpxDwmElU6upEOwZ0+eh2blzNZ8Wy3XrvI4imAPHIAjYINzUAM3oA4aAINH8AxewZvxZLwY78bHtLVg5DO74I+Mzx+YS5aZ</latexit><latexit sha1_base64="0SOJ8P0I7xgj6oHoqjGeAlG/K+s=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCF5ISkHdFd24rGAvkMQwmU7aoZNJmJlIS+jKja/ixoUibn0Gd76N0zYLbf1h4OM/53Dm/EHCqFSW9W0UFhaXlleKq6W19Y3NLXN7pynjVGDSwDGLRTtAkjDKSUNRxUg7EQRFASOtoH89rrceiJA05ndqmBAvQl1OQ4qR0pZv7rsR5X42cCmHjnVieyM4uK/AU1gdwONL3yxbZ9ZEcB7sHMogV903v9xOjNOIcIUZktKxrUR5GRKKYkZGJTeVJEG4j7rE0chRRKSXTc4YwUPtdGAYC/24ghP390SGIimHUaA7I6R6crY2Nv+rOakKL7yM8iRVhOPpojBlUMVwnAnsUEGwYkMNCAuq/wpxDwmElU6upEOwZ0+eh2blzNZ8Wy3XrvI4imAPHIAjYINzUAM3oA4aAINH8AxewZvxZLwY78bHtLVg5DO74I+Mzx+YS5aZ</latexit><latexit sha1_base64="0SOJ8P0I7xgj6oHoqjGeAlG/K+s=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCF5ISkHdFd24rGAvkMQwmU7aoZNJmJlIS+jKja/ixoUibn0Gd76N0zYLbf1h4OM/53Dm/EHCqFSW9W0UFhaXlleKq6W19Y3NLXN7pynjVGDSwDGLRTtAkjDKSUNRxUg7EQRFASOtoH89rrceiJA05ndqmBAvQl1OQ4qR0pZv7rsR5X42cCmHjnVieyM4uK/AU1gdwONL3yxbZ9ZEcB7sHMogV903v9xOjNOIcIUZktKxrUR5GRKKYkZGJTeVJEG4j7rE0chRRKSXTc4YwUPtdGAYC/24ghP390SGIimHUaA7I6R6crY2Nv+rOakKL7yM8iRVhOPpojBlUMVwnAnsUEGwYkMNCAuq/wpxDwmElU6upEOwZ0+eh2blzNZ8Wy3XrvI4imAPHIAjYINzUAM3oA4aAINH8AxewZvxZLwY78bHtLVg5DO74I+Mzx+YS5aZ</latexit><latexit sha1_base64="0SOJ8P0I7xgj6oHoqjGeAlG/K+s=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCF5ISkHdFd24rGAvkMQwmU7aoZNJmJlIS+jKja/ixoUibn0Gd76N0zYLbf1h4OM/53Dm/EHCqFSW9W0UFhaXlleKq6W19Y3NLXN7pynjVGDSwDGLRTtAkjDKSUNRxUg7EQRFASOtoH89rrceiJA05ndqmBAvQl1OQ4qR0pZv7rsR5X42cCmHjnVieyM4uK/AU1gdwONL3yxbZ9ZEcB7sHMogV903v9xOjNOIcIUZktKxrUR5GRKKYkZGJTeVJEG4j7rE0chRRKSXTc4YwUPtdGAYC/24ghP390SGIimHUaA7I6R6crY2Nv+rOakKL7yM8iRVhOPpojBlUMVwnAnsUEGwYkMNCAuq/wpxDwmElU6upEOwZ0+eh2blzNZ8Wy3XrvI4imAPHIAjYINzUAM3oA4aAINH8AxewZvxZLwY78bHtLVg5DO74I+Mzx+YS5aZ</latexit>

min
x2R

|x|� 4x+ 9
<latexit sha1_base64="tq/AjeXbUJ9qMB0Ij9W2vpUtFQ0=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVBLEkUlB3RTcuq9gLNCFMppN26GQSZibSkvYF3Pgqblwo4ta9O9/GSZuFVn8Y+PjPOcw5vx8zKpVlfRmFhcWl5ZXiamltfWNzy9zeacooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH1xl9dY9EZJG/E6NYuKGqMdpQDFS2vLMAyek3EuHDuXQCZHq+356O5lAOB6O4QmsDuExvPDMslWxpoJ/wc6hDHLVPfPT6UY4CQlXmCEpO7YVKzdFQlHMyKTkJJLECA9Qj3Q0chQS6abTaybwUDtdGERCP67g1P05kaJQylHo685sYTlfy8z/ap1EBeduSnmcKMLx7KMgYVBFMIsGdqkgWLGRBoQF1btC3EcCYaUDLOkQ7PmT/0LztGJrvqmWa5d5HEWwB/bBEbDBGaiBa1AHDYDBA3gCL+DVeDSejTfjfdZaMPKZXfBLxsc3QPGaVg==</latexit><latexit sha1_base64="tq/AjeXbUJ9qMB0Ij9W2vpUtFQ0=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVBLEkUlB3RTcuq9gLNCFMppN26GQSZibSkvYF3Pgqblwo4ta9O9/GSZuFVn8Y+PjPOcw5vx8zKpVlfRmFhcWl5ZXiamltfWNzy9zeacooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH1xl9dY9EZJG/E6NYuKGqMdpQDFS2vLMAyek3EuHDuXQCZHq+356O5lAOB6O4QmsDuExvPDMslWxpoJ/wc6hDHLVPfPT6UY4CQlXmCEpO7YVKzdFQlHMyKTkJJLECA9Qj3Q0chQS6abTaybwUDtdGERCP67g1P05kaJQylHo685sYTlfy8z/ap1EBeduSnmcKMLx7KMgYVBFMIsGdqkgWLGRBoQF1btC3EcCYaUDLOkQ7PmT/0LztGJrvqmWa5d5HEWwB/bBEbDBGaiBa1AHDYDBA3gCL+DVeDSejTfjfdZaMPKZXfBLxsc3QPGaVg==</latexit><latexit sha1_base64="tq/AjeXbUJ9qMB0Ij9W2vpUtFQ0=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVBLEkUlB3RTcuq9gLNCFMppN26GQSZibSkvYF3Pgqblwo4ta9O9/GSZuFVn8Y+PjPOcw5vx8zKpVlfRmFhcWl5ZXiamltfWNzy9zeacooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH1xl9dY9EZJG/E6NYuKGqMdpQDFS2vLMAyek3EuHDuXQCZHq+356O5lAOB6O4QmsDuExvPDMslWxpoJ/wc6hDHLVPfPT6UY4CQlXmCEpO7YVKzdFQlHMyKTkJJLECA9Qj3Q0chQS6abTaybwUDtdGERCP67g1P05kaJQylHo685sYTlfy8z/ap1EBeduSnmcKMLx7KMgYVBFMIsGdqkgWLGRBoQF1btC3EcCYaUDLOkQ7PmT/0LztGJrvqmWa5d5HEWwB/bBEbDBGaiBa1AHDYDBA3gCL+DVeDSejTfjfdZaMPKZXfBLxsc3QPGaVg==</latexit><latexit sha1_base64="tq/AjeXbUJ9qMB0Ij9W2vpUtFQ0=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVBLEkUlB3RTcuq9gLNCFMppN26GQSZibSkvYF3Pgqblwo4ta9O9/GSZuFVn8Y+PjPOcw5vx8zKpVlfRmFhcWl5ZXiamltfWNzy9zeacooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH1xl9dY9EZJG/E6NYuKGqMdpQDFS2vLMAyek3EuHDuXQCZHq+356O5lAOB6O4QmsDuExvPDMslWxpoJ/wc6hDHLVPfPT6UY4CQlXmCEpO7YVKzdFQlHMyKTkJJLECA9Qj3Q0chQS6abTaybwUDtdGERCP67g1P05kaJQylHo685sYTlfy8z/ap1EBeduSnmcKMLx7KMgYVBFMIsGdqkgWLGRBoQF1btC3EcCYaUDLOkQ7PmT/0LztGJrvqmWa5d5HEWwB/bBEbDBGaiBa1AHDYDBA3gCL+DVeDSejTfjfdZaMPKZXfBLxsc3QPGaVg==</latexit>

min
x2R

log(e5x+6 + e�8x+3)
<latexit sha1_base64="jQ4+SH2PVcdrlzcGwBr0VNmRj00=">AAACIXicbVDLTgIxFO3gC/E16tJNIzHBGMmMT5ZENy7RyCNhkHRKgYa2M2k7BjKZX3Hjr7hxoTHsjD9jB1goepM2555zb9pz/JBRpR3n08osLC4tr2RXc2vrG5tb9vZOTQWRxKSKAxbIho8UYVSQqqaakUYoCeI+I3V/cJ3q9UciFQ3EvR6FpMVRT9AuxUgbqm2XPE5FOx56VECPI933/fguSSD0WNArkIcYwvMhPIIXMDG36Y9Lpj1NDtt23ik6k4J/gTsDeTCrStsee50AR5wIjRlSquk6oW7FSGqKGUlyXqRIiPAA9UjTQIE4Ua144jCBB4bpwG4gzREaTtifGzHiSo24byZTE2peS8n/tGaku6VWTEUYaSLw9KFuxKAOYBoX7FBJsGYjAxCW1PwV4j6SCGsTas6E4M5b/gtqJ0XX4NuzfPlqFkcW7IF9UAAuuARlcAMqoAoweAIv4A28W8/Wq/VhjaejGWu2swt+lfX1DfbToMo=</latexit><latexit sha1_base64="jQ4+SH2PVcdrlzcGwBr0VNmRj00=">AAACIXicbVDLTgIxFO3gC/E16tJNIzHBGMmMT5ZENy7RyCNhkHRKgYa2M2k7BjKZX3Hjr7hxoTHsjD9jB1goepM2555zb9pz/JBRpR3n08osLC4tr2RXc2vrG5tb9vZOTQWRxKSKAxbIho8UYVSQqqaakUYoCeI+I3V/cJ3q9UciFQ3EvR6FpMVRT9AuxUgbqm2XPE5FOx56VECPI933/fguSSD0WNArkIcYwvMhPIIXMDG36Y9Lpj1NDtt23ik6k4J/gTsDeTCrStsee50AR5wIjRlSquk6oW7FSGqKGUlyXqRIiPAA9UjTQIE4Ua144jCBB4bpwG4gzREaTtifGzHiSo24byZTE2peS8n/tGaku6VWTEUYaSLw9KFuxKAOYBoX7FBJsGYjAxCW1PwV4j6SCGsTas6E4M5b/gtqJ0XX4NuzfPlqFkcW7IF9UAAuuARlcAMqoAoweAIv4A28W8/Wq/VhjaejGWu2swt+lfX1DfbToMo=</latexit><latexit sha1_base64="jQ4+SH2PVcdrlzcGwBr0VNmRj00=">AAACIXicbVDLTgIxFO3gC/E16tJNIzHBGMmMT5ZENy7RyCNhkHRKgYa2M2k7BjKZX3Hjr7hxoTHsjD9jB1goepM2555zb9pz/JBRpR3n08osLC4tr2RXc2vrG5tb9vZOTQWRxKSKAxbIho8UYVSQqqaakUYoCeI+I3V/cJ3q9UciFQ3EvR6FpMVRT9AuxUgbqm2XPE5FOx56VECPI933/fguSSD0WNArkIcYwvMhPIIXMDG36Y9Lpj1NDtt23ik6k4J/gTsDeTCrStsee50AR5wIjRlSquk6oW7FSGqKGUlyXqRIiPAA9UjTQIE4Ua144jCBB4bpwG4gzREaTtifGzHiSo24byZTE2peS8n/tGaku6VWTEUYaSLw9KFuxKAOYBoX7FBJsGYjAxCW1PwV4j6SCGsTas6E4M5b/gtqJ0XX4NuzfPlqFkcW7IF9UAAuuARlcAMqoAoweAIv4A28W8/Wq/VhjaejGWu2swt+lfX1DfbToMo=</latexit><latexit sha1_base64="jQ4+SH2PVcdrlzcGwBr0VNmRj00=">AAACIXicbVDLTgIxFO3gC/E16tJNIzHBGMmMT5ZENy7RyCNhkHRKgYa2M2k7BjKZX3Hjr7hxoTHsjD9jB1goepM2555zb9pz/JBRpR3n08osLC4tr2RXc2vrG5tb9vZOTQWRxKSKAxbIho8UYVSQqqaakUYoCeI+I3V/cJ3q9UciFQ3EvR6FpMVRT9AuxUgbqm2XPE5FOx56VECPI933/fguSSD0WNArkIcYwvMhPIIXMDG36Y9Lpj1NDtt23ik6k4J/gTsDeTCrStsee50AR5wIjRlSquk6oW7FSGqKGUlyXqRIiPAA9UjTQIE4Ua144jCBB4bpwG4gzREaTtifGzHiSo24byZTE2peS8n/tGaku6VWTEUYaSLw9KFuxKAOYBoX7FBJsGYjAxCW1PwV4j6SCGsTas6E4M5b/gtqJ0XX4NuzfPlqFkcW7IF9UAAuuARlcAMqoAoweAIv4A28W8/Wq/VhjaejGWu2swt+lfX1DfbToMo=</latexit>
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Why learning convex optimization
when deep learning is non-convex?
• A lot of non-convex problems has a convex
reformulation or convex relaxation

• Helpful in designing optimization algorithms for
non-convex problems too.

• The technical training helps to develop skills that
makes you a better researcher and more effective
problem solver.

7



Example: principal components analysis

Given X 2 Rn⇥p, consider the low rank approximation problem:

min
R

kX � Rk2F subject to rank(R) = k

Here kAk2F =
Pn

i=1

Pp
j=1 A2

ij , the entrywise squared `2 norm, and
rank(A) denotes the rank of A

Also called principal components analysis or PCA problem. Given
X = UDV T , singular value decomposition or SVD, the solution is

R = UkDkV
T
k

where Uk, Vk are the first k columns of U, V and Dk is the first k
diagonal elements of D. I.e., R is reconstruction of X from its first
k principal components

25
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The PCA problem is not convex. Let’s recast it. First rewrite as

min
Z2Sp

kX � XZk2F subject to rank(Z) = k, Z is a projection

() max
Z2Sp

tr(SZ) subject to rank(Z) = k, Z is a projection

where S = XTX. Hence constraint set is the nonconvex set

C =
n

Z 2 Sp : �i(Z) 2 {0, 1}, i = 1, . . . p, tr(Z) = k}

where �i(Z), i = 1, . . . n are the eigenvalues of Z. Solution in this
formulation is

Z = VkV
T
k

where Vk gives first k columns of V

26
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Now consider relaxing constraint set to Fk = conv(C), its convex
hull. Note

Fk = {Z 2 Sp : �i(Z) 2 [0, 1], i = 1, . . . p, tr(Z) = k}
= {Z 2 Sp : 0 � Z � I, tr(Z) = k}

This set is called the Fantope of order k. It is convex. Hence, the
linear maximization over the Fantope, namely

max
Z2Fk

tr(SZ)

is a convex problem. Remarkably, this is equivalent to the original
nonconvex PCA problem (admits the same solution)!

(Famous result: Fan (1949), “On a theorem of Weyl conerning
eigenvalues of linear transformations”)

27
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Why is this useful? We already have
Singular Value Decomposition!

Sparse PCA with Fantope Projection and Selection

• Having an optimization formulation allows us to add
additional problem specific considerations.

• Suppose we want the recovered principle components to be
sparse

max
Z2Fk

tr(SZ) � �
X

i,j

|Zi,j | subject to rank(R) = k

• This is the algorithm for the sparse PCA problem that
achieves the minimax rate. (Vu and Lei, NIPS 2013).

28
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This lecture

• Examples of convex sets / convex functions

• Duality

• Application to Support Vector Machines
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Convex sets

Convex set: C ✓ Rn such that

x, y 2 C =) tx + (1 � t)y 2 C for all 0  t  1

In words, line segment joining any two elements lies entirely in set24 2 Convex sets

Figure 2.2 Some simple convex and nonconvex sets. Left. The hexagon,
which includes its boundary (shown darker), is convex. Middle. The kidney
shaped set is not convex, since the line segment between the two points in
the set shown as dots is not contained in the set. Right. The square contains
some boundary points but not others, and is not convex.

Figure 2.3 The convex hulls of two sets in R2. Left. The convex hull of a
set of fifteen points (shown as dots) is the pentagon (shown shaded). Right.
The convex hull of the kidney shaped set in figure 2.2 is the shaded set.

Roughly speaking, a set is convex if every point in the set can be seen by every other
point, along an unobstructed straight path between them, where unobstructed
means lying in the set. Every a�ne set is also convex, since it contains the entire
line between any two distinct points in it, and therefore also the line segment
between the points. Figure 2.2 illustrates some simple convex and nonconvex sets
in R2.

We call a point of the form ✓1x1 + · · · + ✓kxk, where ✓1 + · · · + ✓k = 1 and
✓i � 0, i = 1, . . . , k, a convex combination of the points x1, . . . , xk. As with a�ne
sets, it can be shown that a set is convex if and only if it contains every convex
combination of its points. A convex combination of points can be thought of as a
mixture or weighted average of the points, with ✓i the fraction of xi in the mixture.

The convex hull of a set C, denoted conv C, is the set of all convex combinations
of points in C:

conv C = {✓1x1 + · · · + ✓kxk | xi 2 C, ✓i � 0, i = 1, . . . , k, ✓1 + · · · + ✓k = 1}.

As the name suggests, the convex hull conv C is always convex. It is the smallest
convex set that contains C: If B is any convex set that contains C, then conv C ✓
B. Figure 2.3 illustrates the definition of convex hull.

The idea of a convex combination can be generalized to include infinite sums, in-
tegrals, and, in the most general form, probability distributions. Suppose ✓1, ✓2, . . .

Convex combination of x1, . . . xk 2 Rn: any linear combination

✓1x1 + . . . + ✓kxk

with ✓i � 0, i = 1, . . . k, and
Pk

i=1 ✓i = 1. Convex hull of a set C,
conv(C), is all convex combinations of elements. Always convex

28
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Examples of convex sets

• Trivial ones: empty set, point, line

• Norm ball: {x : kxk  r}, for given norm k · k, radius r

• Hyperplane: {x : aTx = b}, for given a, b

• Halfspace: {x : aTx  b}

• A�ne space: {x : Ax = b}, for given A, b

29
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• Polyhedron: {x : Ax  b}, where inequality  is interpreted
componentwise. Note: the set {x : Ax  b, Cx = d} is also a
polyhedron (why?)32 2 Convex sets

a1 a2

a3

a4

a5

P

Figure 2.11 The polyhedron P (shown shaded) is the intersection of five
halfspaces, with outward normal vectors a1, . . . . , a5.

when it is bounded). Figure 2.11 shows an example of a polyhedron defined as the
intersection of five halfspaces.

It will be convenient to use the compact notation

P = {x | Ax � b, Cx = d} (2.6)

for (2.5), where

A =

�

��
aT
1
...

aT
m

�

�� , C =

�

��
cT
1
...

cT
p

�

�� ,

and the symbol � denotes vector inequality or componentwise inequality in Rm:
u � v means ui  vi for i = 1, . . . , m.

Example 2.4 The nonnegative orthant is the set of points with nonnegative compo-
nents, i.e.,

Rn
+ = {x � Rn | xi � 0, i = 1, . . . , n} = {x � Rn | x � 0}.

(Here R+ denotes the set of nonnegative numbers: R+ = {x � R | x � 0}.) The
nonnegative orthant is a polyhedron and a cone (and therefore called a polyhedral
cone).

Simplexes

Simplexes are another important family of polyhedra. Suppose the k + 1 points
v0, . . . , vk 2 Rn are a�nely independent, which means v1 � v0, . . . , vk � v0 are
linearly independent. The simplex determined by them is given by

C = conv{v0, . . . , vk} = {✓0v0 + · · · + ✓kvk | ✓ ⌫ 0, 1T ✓ = 1}, (2.7)

• Simplex: special case of polyhedra, given by conv{x0, . . . xk},
where these points are a�nely independent. The canonical
example is the probability simplex,

conv{e1, . . . en} = {w : w � 0, 1Tw = 1}

30
15



Operations preserving convexity

• Intersection: the intersection of convex sets is convex

• Scaling and translation: if C is convex, then

aC + b = {ax + b : x 2 C}

is convex for any a, b

• A�ne images and preimages: if f(x) = Ax + b and C is
convex then

f(C) = {f(x) : x 2 C}

is convex, and if D is convex then

f�1(D) = {x : f(x) 2 D}

is convex

3516



Convex functions

Convex function: f : Rn ! R such that dom(f) ✓ Rn convex, and

f(tx + (1 � t)y)  tf(x) + (1 � t)f(y) for 0  t  1

and all x, y 2 dom(f)

Chapter 3

Convex functions

3.1 Basic properties and examples

3.1.1 Definition

A function f : Rn ! R is convex if dom f is a convex set and if for all x,
y 2 dom f , and ✓ with 0  ✓  1, we have

f(✓x + (1 � ✓)y)  ✓f(x) + (1 � ✓)f(y). (3.1)

Geometrically, this inequality means that the line segment between (x, f(x)) and
(y, f(y)), which is the chord from x to y, lies above the graph of f (figure 3.1).
A function f is strictly convex if strict inequality holds in (3.1) whenever x 6= y
and 0 < ✓ < 1. We say f is concave if �f is convex, and strictly concave if �f is
strictly convex.

For an a�ne function we always have equality in (3.1), so all a�ne (and therefore
also linear) functions are both convex and concave. Conversely, any function that
is convex and concave is a�ne.

A function is convex if and only if it is convex when restricted to any line that
intersects its domain. In other words f is convex if and only if for all x 2 dom f and

(x, f(x))

(y, f(y))

Figure 3.1 Graph of a convex function. The chord (i.e., line segment) be-
tween any two points on the graph lies above the graph.

In words, function lies below the line segment joining f(x), f(y)

Concave function: opposite inequality above, so that

f concave () �f convex

39
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Important modifiers:

• Strictly convex: f
�
tx + (1 � t)y

�
< tf(x) + (1 � t)f(y) for

x 6= y and 0 < t < 1. In words, f is convex and has greater
curvature than a linear function

• Strongly convex with parameter m > 0: f � m
2 kxk22 is convex.

In words, f is at least as convex as a quadratic function

Note: strongly convex ) strictly convex ) convex

(Analogously for concave functions)

40
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Examples of convex functions

• Univariate functions:
I Exponential function: eax is convex for any a over R
I Power function: xa is convex for a � 1 or a  0 over R+

(nonnegative reals)
I Power function: xa is concave for 0  a  1 over R+
I Logarithmic function: log x is concave over R++

• A�ne function: aTx + b is both convex and concave

• Quadratic function: 1
2x

TQx + bTx + c is convex provided that
Q ⌫ 0 (positive semidefinite)

• Least squares loss: ky � Axk22 is always convex (since ATA is
always positive semidefinite)

41
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• Norm: kxk is convex for any norm; e.g., `p norms,

kxkp =

 
nX

i=1

xp
i

!1/p

for p � 1, kxk1 = max
i=1,...n

|xi|

and also operator (spectral) and trace (nuclear) norms,

kXkop = �1(X), kXktr =
rX

i=1

�r(X)

where �1(X) � . . . � �r(X) � 0 are the singular values of
the matrix X

42
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• Indicator function: if C is convex, then its indicator function

IC(x) =

(
0 x 2 C

1 x /2 C

is convex

• Support function: for any set C (convex or not), its support
function

I⇤C(x) = max
y2C

xT y

is convex

• Max function: f(x) = max{x1, . . . xn} is convex

4321



Key properties of convex functions

• A function is convex if and only if its restriction to any line is
convex

• Epigraph characterization: a function f is convex if and only
if its epigraph

epi(f) = {(x, t) 2 dom(f) ⇥ R : f(x)  t}

is a convex set

• Convex sublevel sets: if f is convex, then its sublevel sets

{x 2 dom(f) : f(x)  t}

are convex, for all t 2 R. The converse is not true

44
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• First-order characterization: if f is di↵erentiable, then f is
convex if and only if dom(f) is convex, and

f(y) � f(x) + rf(x)T (y � x)

for all x, y 2 dom(f). Therefore for a di↵erentiable convex
function rf(x) = 0 () x minimizes f

• Second-order characterization: if f is twice di↵erentiable, then
f is convex if and only if dom(f) is convex, and r2f(x) ⌫ 0
for all x 2 dom(f)

• Jensen’s inequality: if f is convex, and X is a random variable
supported on dom(f), then f(E[X])  E[f(X)]

4523



Operations preserving convexity

• Nonnegative linear combination: f1, . . . fm convex implies
a1f1 + . . . + amfm convex for any a1, . . . am � 0

• Pointwise maximization: if fs is convex for any s 2 S, then
f(x) = maxs2S fs(x) is convex. Note that the set S here
(number of functions fs) can be infinite

• Partial minimization: if g(x, y) is convex in x, y, and C is
convex, then f(x) = miny2C g(x, y) is convex

46
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Example: distances to a set

Let C be an arbitrary set, and consider the maximum distance to
C under an arbitrary norm k · k:

f(x) = max
y2C

kx � yk

Let’s check convexity: fy(x) = kx � yk is convex in x for any fixed
y, so by pointwise maximization rule, f is convex

Now let C be convex, and consider the minimum distance to C:

f(x) = min
y2C

kx � yk

Let’s check convexity: g(x, y) = kx � yk is convex in x, y jointly,
and C is assumed convex, so apply partial minimization rule

4725



More operations preserving convexity

• A�ne composition: if f is convex, then g(x) = f(Ax + b) is
convex

• General composition: suppose f = h � g, where g : Rn ! R,
h : R ! R, f : Rn ! R. Then:
I f is convex if h is convex and nondecreasing, g is convex
I f is convex if h is convex and nonincreasing, g is concave
I f is concave if h is concave and nondecreasing, g concave
I f is concave if h is concave and nonincreasing, g convex

How to remember these? Think of the chain rule when n = 1:

f 00(x) = h00(g(x))g0(x)2 + h0(g(x))g00(x)

48
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• Vector composition: suppose that

f(x) = h
�
g(x)

�
= h

�
g1(x), . . . gk(x)

�

where g : Rn ! Rk, h : Rk ! R, f : Rn ! R. Then:
I f is convex if h is convex and nondecreasing in each

argument, g is convex
I f is convex if h is convex and nonincreasing in each

argument, g is concave
I f is concave if h is concave and nondecreasing in each

argument, g is concave
I f is concave if h is concave and nonincreasing in each

argument, g is convex

49

27



Example: log-sum-exp function

Log-sum-exp function: g(x) = log(
Pk

i=1 ea
T
i x+bi), for fixed ai, bi,

i = 1, . . . k. Often called “soft max”, as it smoothly approximates
maxi=1,...k (aTi x + bi)

How to show convexity? First, note it su�ces to prove convexity of
f(x) = log(

Pn
i=1 exi) (a�ne composition rule)

Now use second-order characterization. Calculate

rif(x) =
exi

Pn
`=1 ex`

r2
ijf(x) =

exi

Pn
`=1 ex`

1{i = j} � exiexj

(
Pn

`=1 ex`)2

Write r2f(x) = diag(z) � zzT , where zi = exi/(
Pn

`=1 ex`). This
matrix is diagonally dominant, hence positive semidefinite

50
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Linear program

A linear program or LP is an optimization problem of the form

min
x

cTx

subject to Dx  d

Ax = b

Observe that this is always a convex optimization problem

• First introduced by Kantorovich in the late 1930s and Dantzig
in the 1940s

• Dantzig’s simplex algorithm gives a direct (noniterative) solver
for LPs (later in the course we’ll see interior point methods)

• Fundamental problem in convex optimization. Many diverse
applications, rich history

34
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Examples of linear programs
Example: diet problem

Find cheapest combination of foods that satisfies some nutritional
requirements (useful for graduate students!)

min
x

cTx

subject to Dx � d

x � 0

Interpretation:

• cj : per-unit cost of food j

• di : minimum required intake of nutrient i

• Dij : content of nutrient i per unit of food j

• xj : units of food j in the diet

35

Example: transportation problem

Ship commodities from given sources to destinations at min cost

min
x

mX

i=1

nX

j=1

cijxij

subject to
nX

j=1

xij  si, i = 1, . . . , m

mX

i=1

xij � dj , j = 1, . . . , n, x � 0

Interpretation:

• si : supply at source i

• dj : demand at destination j

• cij : per-unit shipping cost from i to j

• xij : units shipped from i to j

36
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Convex quadratic program

A convex quadratic program or QP is an optimization problem of
the form

min
x

cTx +
1

2
xTQx

subject to Dx  d

Ax = b

where Q ⌫ 0, i.e., positive semidefinite

Note that this problem is not convex when Q 6⌫ 0

From now on, when we say quadratic program or QP, we implicitly
assume that Q ⌫ 0 (so the problem is convex)

41
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Example: portfolio optimization

Construct a financial portfolio, trading o↵ performance and risk:

max
x

µTx � �

2
xTQx

subject to 1Tx = 1

x � 0

Interpretation:

• µ : expected assets’ returns

• Q : covariance matrix of assets’ returns

• � : risk aversion

• x : portfolio holdings (percentages)

42
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Example: support vector machines

Given y 2 {�1, 1}n, X 2 Rn⇥p having rows x1, . . . xn, recall the
support vector machine or SVM problem:

min
�,�0,⇠

1

2
k�k22 + C

nX

i=1

⇠i

subject to ⇠i � 0, i = 1, . . . n

yi(x
T
i � + �0) � 1 � ⇠i, i = 1, . . . n

This is a quadratic program

43
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Hierarchy of Canonical Optimizations

• Linear programs

• Quadratic programs

• Semidefinite programs

• Cone programs

32
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This lecture

• Examples of convex sets / convex functions

• Duality

• Application to Support Vector Machines
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Lower bounds in linear programs

Suppose we want to find lower bound on the optimal value in our
convex problem, B  minx f(x)

E.g., consider the following simple LP

min
x,y

x + y

subject to x + y � 2

x, y � 0

What’s a lower bound? Easy, take B = 2

But didn’t we get “lucky”?

3
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Try again:

min
x,y

x + 3y

subject to x + y � 2

x, y � 0

x + y � 2

+ 2y � 0

= x + 3y � 2

Lower bound B = 2

More generally:

min
x,y

px + qy

subject to x + y � 2

x, y � 0

a + b = p

a + c = q

a, b, c � 0

Lower bound B = 2a, for any
a, b, c satisfying above

4
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What’s the best we can do? Maximize our lower bound over all
possible a, b, c:

min
x,y

px + qy

subject to x + y � 2

x, y � 0

Called primal LP

max
a,b,c

2a

subject to a + b = p

a + c = q

a, b, c � 0

Called dual LP

Note: number of dual variables is number of primal constraints

5
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Try another one:

min
x,y

px + qy

subject to x � 0

y  1

3x + y = 2

Primal LP

max
a,b,c

2c � b

subject to a + 3c = p

� b + c = q

a, b � 0

Dual LP

Note: in the dual problem, c is unconstrained

6
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Duality for general form LP

Given c 2 Rn, A 2 Rm⇥n, b 2 Rm, G 2 Rr⇥n, h 2 Rr:

min
x

cTx

subject to Ax = b

Gx  h

Primal LP

max
u,v

� bTu � hT v

subject to � ATu � GT v = c

v � 0

Dual LP

Explanation: for any u and v � 0, and x primal feasible,

uT (Ax � b) + vT (Gx � h)  0, i.e.,

(�ATu � GT v)Tx � �bTu � hT v

So if c = �ATu � GT v, we get a bound on primal optimal value

8
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Another perspective on LP duality

min
x

cTx

subject to Ax = b

Gx  h

Primal LP

max
u,b

� bTu � hT v

subject to � ATu � GT v = c

v � 0

Dual LP

Explanation # 2: for any u and v � 0, and x primal feasible

cTx � cTx + uT (Ax � b) + vT (Gx � h) := L(x, u, v)

So if C denotes primal feasible set, f? primal optimal value, then
for any u and v � 0,

f? � min
x2C

L(x, u, v) � min
x

L(x, u, v) := g(u, v)

14
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In other words, g(u, v) is a lower bound on f? for any u and v � 0

Note that

g(u, v) =

(
�bTu � hT v if c = �ATu � GT v

�1 otherwise

Now we can maximize g(u, v) over u and v � 0 to get the tightest
bound, and this gives exactly the dual LP as before

This last perspective is actually completely general and applies to
arbitrary optimization problems (even nonconvex ones)

15
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Lagrangian

Consider general minimization problem

min
x

f(x)

subject to hi(x)  0, i = 1, . . . m

`j(x) = 0, j = 1, . . . r

Need not be convex, but of course we will pay special attention to
convex case

We define the Lagrangian as

L(x, u, v) = f(x) +
mX

i=1

uihi(x) +
rX

j=1

vj`j(x)

New variables u 2 Rm, v 2 Rr, with u � 0 (implicitly, we define
L(x, u, v) = �1 for u < 0)

22
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Important property: for any u � 0 and v,

f(x) � L(x, u, v) at each feasible x

Why? For feasible x,

L(x, u, v) = f(x) +
mX

i=1

ui hi(x)| {z }
0

+
rX

j=1

vj `j(x)
| {z }
=0

 f(x)

5.1 The Lagrange dual function 217

x
�1 �0.5 0 0.5 1

�2

�1

0

1
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Figure 5.1 Lower bound from a dual feasible point. The solid curve shows the
objective function f0, and the dashed curve shows the constraint function f1.
The feasible set is the interval [�0.46, 0.46], which is indicated by the two
dotted vertical lines. The optimal point and value are x� = �0.46, p� = 1.54
(shown as a circle). The dotted curves show L(x, �) for � = 0.1, 0.2, . . . , 1.0.
Each of these has a minimum value smaller than p�, since on the feasible set
(and for � � 0) we have L(x, �) � f0(x).
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Figure 5.2 The dual function g for the problem in figure 5.1. Neither f0 nor
f1 is convex, but the dual function is concave. The horizontal dashed line
shows p�, the optimal value of the problem.

• Solid line is f

• Dashed line is h, hence
feasible set ⇡ [�0.46, 0.46]

• Each dotted line shows
L(x, u, v) for di↵erent
choices of u � 0

(From B & V page 217)
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Lagrange dual function

Let C denote primal feasible set, f? denote primal optimal value.
Minimizing L(x, u, v) over all x gives a lower bound:

f? � min
x2C

L(x, u, v) � min
x

L(x, u, v) := g(u, v)

We call g(u, v) the Lagrange dual function, and it gives a lower
bound on f? for any u � 0 and v, called dual feasible u, v

• Dashed horizontal line is f?

• Dual variable � is (our u)

• Solid line shows g(�)

(From B & V page 217)
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objective function f0, and the dashed curve shows the constraint function f1.
The feasible set is the interval [�0.46, 0.46], which is indicated by the two
dotted vertical lines. The optimal point and value are x� = �0.46, p� = 1.54
(shown as a circle). The dotted curves show L(x, �) for � = 0.1, 0.2, . . . , 1.0.
Each of these has a minimum value smaller than p�, since on the feasible set
(and for � � 0) we have L(x, �) � f0(x).
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Figure 5.2 The dual function g for the problem in figure 5.1. Neither f0 nor
f1 is convex, but the dual function is concave. The horizontal dashed line
shows p�, the optimal value of the problem. 24
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Lagrange dual problem

Given primal problem

min
x

f(x)

subject to hi(x)  0, i = 1, . . . m

`j(x) = 0, j = 1, . . . r

Our constructed dual function g(u, v) satisfies f? � g(u, v) for all
u � 0 and v. Hence best lower bound is given by maximizing
g(u, v) over all dual feasible u, v, yielding Lagrange dual problem:

max
u,v

g(u, v)

subject to u � 0

Key property, called weak duality: if dual optimal value is g?, then

f? � g?

Note that this always holds (even if primal problem is nonconvex)
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Example: nonconvex quartic minimization

Define f(x) = x4 � 50x2 + 100x (nonconvex), minimize subject to
constraint x � �4.5
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●
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−1
16
0

−1
12
0

−1
08
0

Dual

v

g

Dual function g can be derived explicitly, via closed-form equation
for roots of a cubic equation
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Form of g is rather complicated:

g(u) = min
i=1,2,3

n
F 4
i (u) � 50F 2

i (u) + 100Fi(u)
o

,

where for i = 1, 2, 3,

Fi(u) =
�ai

12 · 21/3

⇣
432(100�u)�

�
4322(100�u)2�4·12003

�1/2⌘1/3

�100·21/3 1
⇣
432(100 � u) �

�
4322(100 � u)2 � 4 · 12003

�1/2⌘1/3
,

and a1 = 1, a2 = (�1 + i
p

3)/2, a3 = (�1 � i
p

3)/2

Without the context of duality it would be di�cult to tell whether
or not g is concave ... but we know it must be!
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Strong duality

Recall that we always have f? � g? (weak duality). On the other
hand, in some problems we have observed that actually

f? = g?

which is called strong duality

Slater’s condition: if the primal is a convex problem (i.e., f and
h1, . . . hm are convex, `1, . . . `r are a�ne), and there exists at least
one strictly feasible x 2 Rn, meaning

h1(x) < 0, . . . hm(x) < 0 and `1(x) = 0, . . . `r(x) = 0

then strong duality holds

This is a pretty weak condition. An important refinement: strict
inequalities only need to hold over functions hi that are not a�ne
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This lecture

• Examples of convex sets / convex functions

• Duality

• Application to Support Vector Machines
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Example: support vector machine dual

Given y 2 {�1, 1}n, X 2 Rn⇥p, rows x1, . . . xn, recall the support
vector machine problem:

min
�,�0,⇠

1

2
k�k22 + C

nX

i=1

⇠i

subject to ⇠i � 0, i = 1, . . . n

yi(x
T
i � + �0) � 1 � ⇠i, i = 1, . . . n

Introducing dual variables v, w � 0, we form the Lagrangian:

L(�, �0, ⇠, v, w) =
1

2
k�k22 + C

nX

i=1

⇠i �
nX

i=1

vi⇠i +

nX

i=1

wi
�
1 � ⇠i � yi(x

T
i � + �0)

�
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Minimizing over �, �0, ⇠ gives Lagrange dual function:

g(v, w) =

(
�1

2w
T X̃X̃Tw + 1Tw if w = C1 � v, wT y = 0

�1 otherwise

where X̃ = diag(y)X. Thus SVM dual problem, eliminating slack
variable v, becomes

max
w

� 1

2
wT X̃X̃Tw + 1Tw

subject to 0  w  C1, wT y = 0

Check: Slater’s condition is satisfied, and we have strong duality.
Further, from study of SVMs, might recall that at optimality

� = X̃Tw

This is not a coincidence, as we’ll later via the KKT conditions
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Next lecture

• KKT conditions (with examples in SVM)

• Online Learning
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