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Announcement
• Assignment 1 will be released today or tomorrow


- Due in 1.5 weeks
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Before Assignment 1 is Released
• @Maxwell has already implemented a stunning version
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— Edward (Shiqiu) Liu, NVIDIA
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Announcement
• Assignment 1 will be released today or tomorrow


- Due in 1.5 weeks 

• Quite a lot to discuss today


- WHY?
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⭑⭑ Mysterious Power ⭑⭑
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不可能中的呀

[Maru vs. Solar, IEM 2021]
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⭑⭑ Great News ⭑⭑
• 4 papers accepted to SIGGRAPH 2021! 

- Thanks to the all-star students and collaborators 

- Might be the winner of most #papers in this SIGGRAPH 
in the rendering domain 

- Career #SIGGRAPH (including SIGGRAPH Asia and ToG)  
papers has reached 20 

• Some deeper thoughts
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⭑⭑ Greater News ⭑⭑

• I got my PlayStation 4 BACK!!!!!! 

- My story 

• Next Goals


- 30 to unlock PlayStation 5! 

- La Campanella to unlock  
Steinway & Sons!

7

[Sony PlayStation 4]
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⭑⭑ Food for Thought ⭑⭑
• My industrial friends


- I need your help immediately 

- $50,000 can support a Ph.D student for 1 year 

• Various ways


- Fellowships and gift funding are  
certainly welcomed 

- I am also happy to be your  
consultant except you-know-who 

- … 
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https://modkat.com/blogs/modkat-purrr/ 
how-to-prevent-or-stop-your 
-cat-from-begging-for-food

YOU!

https://modkat.com/blogs/modkat-purrr/
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Last Lecture
• Shadow mapping


- Issues from shadow mapping and solutions 

• The math behind shadow mapping


• Percentage closer soft shadows

9
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Today
• More on PCF and PCSS


• Variance soft shadow mapping


• MIPMAP and Summed-Area Variance Shadow Maps


• Moment shadow mapping

10
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• The math behind PCF


• Filter / convolution: 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A Deeper Look at PCF

<latexit sha1_base64="scVvCOKi+6bX7KV5a7++na8phIE="></latexit>

[w ⇤ f ](p) =
X

q2N (p)

w(p, q)f(q)

• In PCSS
<latexit sha1_base64="brtLBEadkUlLHwlnzttkO4jw93Q="></latexit>

V (x) =
X

q2N (p)

w(p, q) · �+[DSM(q)�Dscene(x)]
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• Therefore, PCF is not filtering the shadow map then 
compare

12

A Deeper Look at PCF
<latexit sha1_base64="brtLBEadkUlLHwlnzttkO4jw93Q="></latexit>

V (x) =
X

q2N (p)

w(p, q) · �+[DSM(q)�Dscene(x)]

<latexit sha1_base64="HSFirCLmQAhUddLZbR/S4Dwt4zU="></latexit>

V (x) 6= �+{[w ⇤DSM](q)�Dscene(x)}

• And PCF is not filtering the resulting image with binary 
visibilities

<latexit sha1_base64="v4ejC2l5fJGX3twXqjgl+b90gYM="></latexit>

V (x) 6=
X

q2N (p)

w(p, q)V (q)
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• The complete algorithm of PCSS


- Step 1: Blocker search 
(getting the average blocker depth in a certain region) 

- Step 2: Penumbra estimation 
(use the average blocker depth to determine filter size) 

- Step 3: Percentage Closer Filtering 

• Which step(s) can be slow?


- Looking at every texel inside a region (steps 1 and 3) 

- Softer -> larger filtering region -> slower

13

Revisiting PCSS

P
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Variance Soft Shadow Mapping

• Fast blocker search (step 1) and filtering (step 3) 
[Yang et al.]


• Let’s think from “percentage closer” filtering


- The percentage of texels that are in front of the shading point, i.e.,  

- how many texels are closer than t in the search area, i.e.,  

- how many students did better than you in an exam

14
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Variance Soft Shadow Mapping
• How many students did better than you in an exam?


- Using a histogram -> accurate answer! 

- Using a Normal distribution -> approximate answer! 

- What do you need  
to define a  
normal distribution?

15
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Variance Soft Shadow Mapping
• Key idea


- Quickly compute the mean and variance of depths in an area 

• Mean (average)


- Hardware MIPMAPing 

- Summed Area Tables (SAT) 

• Variance


-  

- So you just need the mean of (depth2) 

- Just generate a “square-depth map” along with the shadow map!

Var(X) = E(X2) − E2(X)

16
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Variance Soft Shadow Mapping
• Back to the question


- Percentage of texels that are closer than the shading point 

- You want to calculate the shade’s area 

- Accurate answer exists (hint: What’s the CDF of a Gaussian PDF?)

17
[http://work.thaslwanter.at/Stats/html/statsDistributions.html]
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Variance Soft Shadow Mapping
• It doesn’t have to be too accurate!


- Chebychev’s inequality (one-tailed version, for t > mu)

18

�2
<latexit sha1_base64="A2mugmo+zDRhhtd6X2e7os6ig0E=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFfIomuyKblxWsA9oY5lMJ+3QySTOTIQS+hNuXCji1t9x5984aSuo6IELh3Pu5d57wpRRqSzrwyitrK6tb5Q3K1vbO7t71f2DtkwygUkLJywR3RBJwignLUUVI91UEBSHjHTCyWXhd+6JkDThN2qakiBGI04jipHSUrcv6ShGt86gWrNM36m7rg81sc88zyuI4/uuC23TmqMGlmgOqu/9YYKzmHCFGZKyZ1upCnIkFMWMzCr9TJIU4QkakZ6mHMVEBvn83hk80coQRonQxRWcq98nchRLOY1D3RkjNZa/vUL8y+tlKvKCnPI0U4TjxaIoY1AlsHgeDqkgWLGpJggLqm+FeIwEwkpHVNEhfH0K/ydtx7Qt076u1xoXyzjK4Agcg1Ngg3PQAFegCVoAAwYewBN4Nu6MR+PFeF20lozlzCH4AePtE12gkDA=</latexit><latexit sha1_base64="A2mugmo+zDRhhtd6X2e7os6ig0E=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFfIomuyKblxWsA9oY5lMJ+3QySTOTIQS+hNuXCji1t9x5984aSuo6IELh3Pu5d57wpRRqSzrwyitrK6tb5Q3K1vbO7t71f2DtkwygUkLJywR3RBJwignLUUVI91UEBSHjHTCyWXhd+6JkDThN2qakiBGI04jipHSUrcv6ShGt86gWrNM36m7rg81sc88zyuI4/uuC23TmqMGlmgOqu/9YYKzmHCFGZKyZ1upCnIkFMWMzCr9TJIU4QkakZ6mHMVEBvn83hk80coQRonQxRWcq98nchRLOY1D3RkjNZa/vUL8y+tlKvKCnPI0U4TjxaIoY1AlsHgeDqkgWLGpJggLqm+FeIwEwkpHVNEhfH0K/ydtx7Qt076u1xoXyzjK4Agcg1Ngg3PQAFegCVoAAwYewBN4Nu6MR+PFeF20lozlzCH4AePtE12gkDA=</latexit><latexit sha1_base64="A2mugmo+zDRhhtd6X2e7os6ig0E=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFfIomuyKblxWsA9oY5lMJ+3QySTOTIQS+hNuXCji1t9x5984aSuo6IELh3Pu5d57wpRRqSzrwyitrK6tb5Q3K1vbO7t71f2DtkwygUkLJywR3RBJwignLUUVI91UEBSHjHTCyWXhd+6JkDThN2qakiBGI04jipHSUrcv6ShGt86gWrNM36m7rg81sc88zyuI4/uuC23TmqMGlmgOqu/9YYKzmHCFGZKyZ1upCnIkFMWMzCr9TJIU4QkakZ6mHMVEBvn83hk80coQRonQxRWcq98nchRLOY1D3RkjNZa/vUL8y+tlKvKCnPI0U4TjxaIoY1AlsHgeDqkgWLGpJggLqm+FeIwEwkpHVNEhfH0K/ydtx7Qt076u1xoXyzjK4Agcg1Ngg3PQAFegCVoAAwYewBN4Nu6MR+PFeF20lozlzCH4AePtE12gkDA=</latexit><latexit sha1_base64="A2mugmo+zDRhhtd6X2e7os6ig0E=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFfIomuyKblxWsA9oY5lMJ+3QySTOTIQS+hNuXCji1t9x5984aSuo6IELh3Pu5d57wpRRqSzrwyitrK6tb5Q3K1vbO7t71f2DtkwygUkLJywR3RBJwignLUUVI91UEBSHjHTCyWXhd+6JkDThN2qakiBGI04jipHSUrcv6ShGt86gWrNM36m7rg81sc88zyuI4/uuC23TmqMGlmgOqu/9YYKzmHCFGZKyZ1upCnIkFMWMzCr9TJIU4QkakZ6mHMVEBvn83hk80coQRonQxRWcq98nchRLOY1D3RkjNZa/vUL8y+tlKvKCnPI0U4TjxaIoY1AlsHgeDqkgWLGpJggLqm+FeIwEwkpHVNEhfH0K/ydtx7Qt076u1xoXyzjK4Agcg1Ngg3PQAFegCVoAAwYewBN4Nu6MR+PFeF20lozlzCH4AePtE12gkDA=</latexit>

µ
<latexit sha1_base64="jRQy2694oHg0/WgwaJXkO3+3u7Q=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQtIUTXZFNy4r2ge0oUymk3bozCTMTIQS+gluXCji1i9y5984aSuo6IELh3Pu5d57opRRpR3nw1pZXVvf2Cxtlbd3dvf2KweHbZVkEpMWTlgiuxFShFFBWppqRrqpJIhHjHSiyVXhd+6JVDQRd3qakpCjkaAxxUgb6bbPs0Gl6thBre55ATTEPfd9vyC1IPA86NrOHFWwRHNQee8PE5xxIjRmSKme66Q6zJHUFDMyK/czRVKEJ2hEeoYKxIkK8/mpM3hqlCGME2lKaDhXv0/kiCs15ZHp5EiP1W+vEP/yepmO/TCnIs00EXixKM4Y1Aks/oZDKgnWbGoIwpKaWyEeI4mwNumUTQhfn8L/Sbtmu47t3tSrjctlHCVwDE7AGXDBBWiAa9AELYDBCDyAJ/BsMevRerFeF60r1nLmCPyA9fYJ9SuOPw==</latexit><latexit sha1_base64="jRQy2694oHg0/WgwaJXkO3+3u7Q=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQtIUTXZFNy4r2ge0oUymk3bozCTMTIQS+gluXCji1i9y5984aSuo6IELh3Pu5d57opRRpR3nw1pZXVvf2Cxtlbd3dvf2KweHbZVkEpMWTlgiuxFShFFBWppqRrqpJIhHjHSiyVXhd+6JVDQRd3qakpCjkaAxxUgb6bbPs0Gl6thBre55ATTEPfd9vyC1IPA86NrOHFWwRHNQee8PE5xxIjRmSKme66Q6zJHUFDMyK/czRVKEJ2hEeoYKxIkK8/mpM3hqlCGME2lKaDhXv0/kiCs15ZHp5EiP1W+vEP/yepmO/TCnIs00EXixKM4Y1Aks/oZDKgnWbGoIwpKaWyEeI4mwNumUTQhfn8L/Sbtmu47t3tSrjctlHCVwDE7AGXDBBWiAa9AELYDBCDyAJ/BsMevRerFeF60r1nLmCPyA9fYJ9SuOPw==</latexit><latexit sha1_base64="jRQy2694oHg0/WgwaJXkO3+3u7Q=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQtIUTXZFNy4r2ge0oUymk3bozCTMTIQS+gluXCji1i9y5984aSuo6IELh3Pu5d57opRRpR3nw1pZXVvf2Cxtlbd3dvf2KweHbZVkEpMWTlgiuxFShFFBWppqRrqpJIhHjHSiyVXhd+6JVDQRd3qakpCjkaAxxUgb6bbPs0Gl6thBre55ATTEPfd9vyC1IPA86NrOHFWwRHNQee8PE5xxIjRmSKme66Q6zJHUFDMyK/czRVKEJ2hEeoYKxIkK8/mpM3hqlCGME2lKaDhXv0/kiCs15ZHp5EiP1W+vEP/yepmO/TCnIs00EXixKM4Y1Aks/oZDKgnWbGoIwpKaWyEeI4mwNumUTQhfn8L/Sbtmu47t3tSrjctlHCVwDE7AGXDBBWiAa9AELYDBCDyAJ/BsMevRerFeF60r1nLmCPyA9fYJ9SuOPw==</latexit><latexit sha1_base64="jRQy2694oHg0/WgwaJXkO3+3u7Q=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQtIUTXZFNy4r2ge0oUymk3bozCTMTIQS+gluXCji1i9y5984aSuo6IELh3Pu5d57opRRpR3nw1pZXVvf2Cxtlbd3dvf2KweHbZVkEpMWTlgiuxFShFFBWppqRrqpJIhHjHSiyVXhd+6JVDQRd3qakpCjkaAxxUgb6bbPs0Gl6thBre55ATTEPfd9vyC1IPA86NrOHFWwRHNQee8PE5xxIjRmSKme66Q6zJHUFDMyK/czRVKEJ2hEeoYKxIkK8/mpM3hqlCGME2lKaDhXv0/kiCs15ZHp5EiP1W+vEP/yepmO/TCnIs00EXixKM4Y1Aks/oZDKgnWbGoIwpKaWyEeI4mwNumUTQhfn8L/Sbtmu47t3tSrjctlHCVwDE7AGXDBBWiAa9AELYDBCDyAJ/BsMevRerFeF60r1nLmCPyA9fYJ9SuOPw==</latexit>

: variance

: mean

Doesn’t even assume  
Gaussian distribution!


<latexit sha1_base64="NXXT/BcLdOVeZmyFvJ/mqnUDpaw="></latexit>

P (x > t)  �2

�2 + (t� µ)2
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Variance Soft Shadow Mapping
• Performance


- Shadow map generation: 

- “square depth map”: parallel, along with shadow map, #pixels 

- Anything else? 

- Run time 

- Mean of depth in a range: O(1) 

- Mean of depth square in a range: O(1) 

- Chebychev: O(1) 

- No samples / loops needed! 

• Step 3 (filtering) solved perfectly (?)

19
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Variance Soft Shadow Mapping
• Back to Step 1: blocker search (within an area)


- Also require sampling (loop) earlier, also inefficient 

- The average depth of blockers 

- Not the average depth zavg 

- The average depth of those texels whose depth z < t 

• Key idea


- Blocker (z < t), avg. zocc 

- Non-blocker (z > t), avg. zunocc

20
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Variance Soft Shadow Mapping
• Key idea


- Blocker (z < t), avg. zocc (we want to compute) 

- Non-blocker (z > t), avg. zunocc 

-   

- Approximation: N1 / N = P(x > t), Chebychev! 

- Approximation: N2 / N = 1 - P(x > t) 

- zunocc, we really don’t know 

- Approximation: zunocc = t (i.e. shadow receiver is a plane) 

• Step 1 solved with negligible additional cost

21
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Variance Soft Shadow Mapping

22

[https://developer.nvidia.com/gpugems/GPUGems3/gpugems3_ch08.html]

https://developer.nvidia.com/gpugems/GPUGems3/gpugems3_ch08.html


Questions?
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Today
• More on PCF and PCSS


• Variance soft shadow mapping


• MIPMAP and Summed-Area Variance Shadow Maps


• Moment shadow mapping

24
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Variance Soft Shadow Mapping

25

• Key observation: in order to accelerate


- Need to quickly grab  and  from an arbitrary range (rectangular)μ σ

• For the average , this is rectangular range query


- Can be handled by both MIPMAP and Summed Area Table (SAT)

μ
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MIPMAP for Range Query

26

• Recall: MIPMAP

• Note: still approximate even with trilinear interpolation
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SAT for Range Query

27

• Classic data structure and algorithm (prefix sum)


- In 1D:

1 3 5 3 7 1 3 8 6 4

1 4 9 12 19 20 23 31 37 41

Input:

SAT:
}

sum = ?
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SAT for Range Query

28

• Classic data structure and algorithm


- In 2D:

• Note: accurate, but need  time and storage to build


- Storage might not be an issue 

- Can we speed up building SAT?

O(n)
[Gamboa et al.]



Questions?
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Today
• More on PCF and PCSS


• Variance soft shadow mapping


• MIPMAP and Summed-Area Variance Shadow Maps


• Moment shadow mapping

30
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Revisit: VSSM
• Is a normal distribution always good enough 

to approximate the distribution of fragments’ distances?

31
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Revisit: VSSM
• Issues if the depth distribution is inaccurate


- Overly dark: may be aceeptable 

- Overly bright: LIGHT LEAKING!

32
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Revisit: VSSM

33

• Limitations?


- Light leaking 

- non-planarity artifact 

• Chebychev is to blame?


- Only valid when t > zavg 

• Can we do better?

[Yang et al.]

[https://developer.nvidia.com/gpugems/GPUGems3/gpugems3_ch08.html]

https://developer.nvidia.com/gpugems/GPUGems3/gpugems3_ch08.html
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Moment Shadow Mapping

34

• Goal


- Represent a distribution more accurately  
(but still not too costly to store) 

• Idea


- Use higher order moments to represent a distribution
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Moment Shadow Mapping

35

• Moments


- Quite a few variations on the definition 

- We use the simplest: 
, , , ,  

- So, VSSM is essentially using the first two orders of moments

x x2 x3 x4 …
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Moment Shadow Mapping

36

• What can moments do?


- Conclusion: 
first  orders of moments can represent a function with  steps 

- Usually, 4 is good enough 
to approximate the actual  
CDF of depth dist. 

- How to restore a CDF 
whose moments match  
the given moments

m m/2

[Peters et al., Moment Shadow Mapping]
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Moment Shadow Mapping

37

• Moment Shadow Mapping


- Extremely similar to VSSM 

- When generating the shadow map, record , , ,  

- Restore the CDF during blocker search & PCF

z z2 z3 z4
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Moment Shadow Mapping

38

• Pro: very nice results


• Cons


- Costly storage (might be fine) 

- Costly performance (in the reconstruction)

[Peters et al., Moment Shadow Mapping]



Questions?
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Next Lecture
• Distance Field Soft Shadows


• Real-Time Environment Lighting


- Prefiltering 

- The split sum method

40

https://docs.unrealengine.com/en-US/BuildingWorlds/
LightingAndShadows/

RayTracedDistanceFieldShadowing/index.html

https://cdn2.unrealengine.com/Resources/files/2013SiggraphPresentationsNotes-26915738.pdf



Thank you!


