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Abstract In what follows, we refer to valid schedules simply as

schedules. A schedule is good, if it uses time efficiently;

In the directed acyclic graph (dag) model of algorithms, an implementation of a schedule is good, if it uses few
consider the following problem for precedence-constrdine processors. This view prompted several researchers to in-
multiprocessor schedules for array computations: Given a vestigate processor-time-minimal schedules for famibies
sequence of dags and linear schedules parameterizeg by dags. These are time-minimal schedules that in addition
compute a lower bound on the number of processors re-use as few processors as possible. Processor-time-minimal
quired by the schedule as a functionrof This problem is  schedules for various fundamental problems have been pro-
formulated so that the number of tasks that are scheduledposed in the literature: Scheiman and Cappello [3, 11, 9]
for execution during any fixed time step is the number of examine the dag family for matrix product; Louka and
non-negative integer solutioml to a set of parametriclin-  Tchuente [8] examine the dag family for Gauss-Jordan
ear Diophantine equations. Generating function methods elimination; Scheiman and Cappello [10] examine the dag
are then used for constructing a formula for the numbers family for transitive closure; Benaini and Robert [2, 1] ex-
d,. We implemented this algorithm as a Mathematica pro- amine the dag families for the algebraic path problem and
gram. This paper is an overview of the techniques involved Gaussian elimination. Clauss, Mongenet, and Perrin [4] de-
and their applications to well-known schedules for Matrix- veloped a set of mathematical tools to help find a processor-
Vector Product, Triangular Matrix Product, and Gaussian time-minimal multiprocessor array for a given dag. Another
Elimination dags. Some example runs and automatically approach to a general solution has been reported by Wong
produced symbolic formulas for processor lower bounds by and Delosme [13], and Shang and Fortes [12]. They present
the algorithm are given. methods for obtaining optimal linear schedules. That is,
their processor arrays may be suboptimal, but they get
the best linear schedule possible. Darte, Khachiyan, and
Robert [16] show that such schedules are close to optimal,

1 Introduction ; e
even when the constraint of linearity is relaxed.

In [9], a lower bound on the number of processors

Parallel execution of array computations (uniform recur- . ) .
needed to satisfy a schedule for a particular time step was

rence equations) [17] has been studied extensively [18, 14,

15, 19, 20, 16]). In such computations, the computational fprmulated as the number of solutions to a linear Diophan-

tasks are viewed as the nodes of a dag; arcs represent dafiPe equation, subject to _the linear inequalities of_the—con
dependencies. Given a d&j= (N, A), a multiprocessor vex polyhedron that defines the dag’s computational do-
schedule assigns noaédor processilng during step(v) on main. Such a geometric/combinatorial formulation for the

processorr(v). A valid multiprocessor schedule is subject study of a dag's task domain .has beep used in various
to the constraints: other contexts in parallel algorithm design as well (e.g.,

[17, 18, 19, 7, 6, 20, 4, 12, 13]; see Fortes, Fu, and Wah
Causality: A node is computed only after its children have [5] for a survey of systolic/array algorithm formulatiops.
been computediu, v) € A = 7(u) < 7(v). The maximum such bound for a given linear schedule, taken
over all time steps, is a lower bound for the number of pro-
Non-conflict: A processor cannot compute 2 different cessors needed to satisfy the schedule for the dag family.
nodes during the same time step(v) = 7(u) = [23, 22] present a more general and uniform technique for
m(v) # 7(u). deriving such lower bounds: Given a parameterized dag



family and a correspondingly parameterized linear sched-We henceforth are concerned with omgn-negativente-
ule, aformulafor a lower bound on the number of proces- gral solutions to Diophantine equations. In this way, the
sors required by the schedule is computed. This is muchinequalities) < i, and0 < j are implied, and need not be
more general than the analysis of an optimal schedule forspecified. In order to transform the set of inequalities in (1
a givenspecificdag. The lower bounds obtained are good; to a set ofequations(which turn out to be easier to work

we know of no dag treatable by this method for which the with), we introduce integral slack variables, s» > 0:

lower bounds are not also upper bounds.

The nodes of the dag typically can be viewed as lattice
points in a convex polyhedron. Adding to these constraints
the linear constraint imposed by the schedule itself result
in a linear Diophantine system of the forhw = nb + ¢,
where the matrixA and the vectord andc are integral,
but not necessarily non-negative. The numdgiof solu-
tions in non-negative integews = [z, 29, .. ., z|* to this
linear system is a lower bound for the number of processors
required when the dag corresponds to parameterOur
algorithm produces (symbolically) the generating funetio
for the sequencd,,, and from the generating function, a
formula for the numberd,,. We do not make use of any
special properties of the system that reflects the fact that
it comes from a dag. Thus in the linear system abadve,
can be taken to be an arbitraryx s integral matrix, and
andc arbitraryr-dimensional integral vectors. As such, we
solve a more general combinatorial problem of constructing
the generating functiod_, ., d,t" , and a formula fori,
given a matrixA and vectord andc, for which the lower
bound computation is a special case.

2 Examples from Array Computations
2.1 n x n Matrix-Vector Product

An algorithm forn x n matrix-vector product is given
in the following procedure. M is the input matrix,z
is the input vector, andy = M - z is the output vec-
tor. We index the entries of am-dimensional vector by
v[0],v[1],...,v[n —1].

fori = 0ton — 1do:
yli] < 0;
forj = Oton — 1do:
yli] < yli] + Mli. ] - 2[j];
endfor;
endfor;

Computation is “located” at certain index pairs defined by
thefor loop limits, namely all pairgi, j) satisfying:
0 <
0

i < n-—1

< 1)
Jj <n-1

IN |

These pairs(i,j) are the lattice points inside the 2-
dimensional convex polyhedron whose four faces are de-
fined by the four inequalities above. The faces of the poly-
hedron are, in turn, constructed from tf@ loop limits.

n—1
n—1

i + S1

+ So

J

The standard array computation forx n matrix-vector
product is given by7,, = (N, A), where

« N={(i,j)|0<ij<n—1}

e A ={[(i,5),@",5)]] (4,5) € N, (i',5') € N and
i'=1i+1,andj’ =j;orj =j+1,andi’ =i }.

Figure 1. The matrix-vector product dag for
n=2.

The standard, time-minimal linear multiprocessor sched-
ule for G,, is to execute nodéV (i, j) at timei + j + 1.
For then x n case, the computation begins in time step
1 with the computation ofV(0,0), and ends in time step
2n — 1 with the computation ofN(n — 1,n — 1). At
time stepr, all nodesN (i, j), wherei + j + 1 = 7 are
scheduled for parallel execution (see Figure 1). At time
stepr n, there aren nodes scheduled for execution:
N(O,n—1),N(1,n —2),...,N(n —1,0). If we include
the linear schedule+ j + 1 = 7 in the set of Diophantine
equations describing the loop index ranges, then number of
non-negative solutions to the augmented system of linear
Diophantine equations is the number of tasks scheduled for
execution during time step. Thus foranyparticularr with
1 < 7 < 2n — 1, the number of solutions to the resulting
linear Diophantine system is a lower bound on the number
of processors necessary for the schedule. As an example,
for = n, the augmented system obtained from (1) is

Tt +J =n-1
i + 51 =n-1 (2)
j +s0 =n-—-1



The number of non-negative integral solutions to (2) is a 2.3 Gaussian Elimination without Pivoting
processor lower bound for thex n Matrix-Vector Product

problem. An algorithm for performing Gaussian elimination on an
n X n matrix M is given below.
2.2 n x n Triangular Matrix Product fori = Oton — 1do:
forj = i+1ton — 1do:
An algorithm for the computation of the matrix product wj < MJi, j;
C = A- B, whereA andB are givem x n upper triangular endfor;
matrices is given below. forj = i+1ton—1do:
n < M[j,i]/M]i, i];
fori = 0ton — 1do: fork = i+ 1ton — 1do:
for j = iton — 1do: Mlj, k] < M[j, k] —n - w;j;
for k = itoj do: endfor;
Cli,j] < Cli,j) + A[i, k] - B[k, j]; endfor;
endfor; endfor;
endfor;

We are interested in the triply-nestéat loop, the heart of
the computation. The computational nodes are defined by

The computational nodes are defined by non-negative inte-N0N-negative integrak, j, k) satisfying the constraints
gral triplets(i, j, k) satisfying i <n_1

i+1< j <n-1

endfor;

i < n-1
i< j <n-1 i+1< k <n-1
i< k <. Note that as before we assume that the variables are non-

negative. Since the first inequality is superfluous, intdu
In fact, the whole polyhedron is defined by the inequalities ing integral slack variables, s2, s3, 54 > 0, we obtain the
i < k < j <n-—1.Note that as before we assume from the €duivalent linear Diophantine system
outset that the variables are non-negative. Introduciteg in

i —j +s = —~1
gral slack variables, , s2, s3 > 0, we obtain the equivalent ; ' + 59 =0 —1
linear Diophantine system i —k + 53 = -1
k +s4 =mn —1
J + 51 =n-1 . . L
i +k + 5 -0 A.I|r'1ear sqheqlule for the corresponding dag is given by
; & b5 = 0 7(i, 3, k) =i+ j+ k+ 1. Sincer ranges froml to 3n — 2,

we can augment tr31e system by adding the constraint at the
. . L halfway point:7 ~ 2n —1. Again, we only present the case

A linear schedule for the corresponding dag is given by o evegnpbecause of space%onsideratign%.afﬁr2N, we
7(i,j,k) = i+ j+k+ 1. Sincer ranges froml to can taker to be3N — 1. Adding the schedule constraint
3n —2, we can augment the system by adding the constraintto system we already have, we obtain the augmented Dio-
i+j+k+1= a(3n—2)forany rational numbet between  phantine system

0 and 1. In particular the halfway point in this schedule is

time stepr ~ }n — 1. For simplicity, assume is an even ! J_’J. +k N ~ 3N :f
number, sayn = 2N, then we can take to be3N — 1. ‘ / . 4 _ ON  —1
) - _

Adding the schedule constraint to the system we already I &

. . . + s: = —1
have, we obtain the augmented Diophantine system k ¥ +ss =N -1
i +j +k = 3N -2 Hereb = [3,0,2,0,2]* andc = [-2, -1, -1, -1, -1]%.
J + 51 = 2N -1 3 Therefore, a lower bound for the number of processors
—J +k + S5 =0 (3) needed to implement the schedule of the algorithm for
i —k +s3 =0 Gaussian elimination without pivoting of anx n matrix

with n = 2N is the number of solutions of the above sys-
Therefore, forn = 2N a lower bound for the number of tem.
processors needed for thex n Triangular Matrix Product In the examples above, the final problem to be solved
problem is the number of solutions of (3). is the determination of the number of non-negative integral



solutionsd,, to a linear parametric (parametrizedhyDio- ber of solutions to the resulting linear system of Dio-

phantine system of the forlhz = nb+c whereA is some phantine equations, and also produces a formula for
r X s integral matrix,b andc are r-dimensional integral the numberg,,.
vectors.

4 Mathematica Runs
3 The General Formulation
The programDi ophant i neGF. m requires three ar-

Next, we describe how to use a Mathematica program to gumentsa, b, ¢ of the Diophantine system
to automatically construct a formula for the number of lat-
tice points inside a linearly parameterized family of canve
polyhedra. The algorithm for doing this and its implemen- as input. The main computation is performed by the call
tation have been reported in detail in [our paper]. Di ophanti neGF[ a,b,c] . The output is the (rational)

First of all, the general setting exemplified by the prob- generating functiorf(¢t) = ", ., d.t", whered, is the
lems in the preceding section is as follows: Suppoéaiso number of solutiong > 0 to (4). After the computation
denoted byA) is anr x s integral matrix, ant andec are of f(¢) by the program, the user can execute the command
r-dimensional integral vectors. Suppose further that,¥ere f or nul a, which produces formulas fat,, in terms of bi-
eryn > 0, the linear Diophantine systeawv. = nb + c, nomial coefficients (with certain added divisibility restr
i.e. in the non-negative integral variables z-, .. ., z; has tions), and in terms of the ordinary power basisiimvhen
a finite number of solutions. Let, denote the number of  such a formula exists. The commaindr mul aN[ c] eval-
solutions forn. The generating function of the sequence uatesd,, for n = c. If needed, the generating functigit)
d, is f(t) = > ,>o dnt”. For alinear Diophantine system computed by the program subsequently can be manipulated
of the above formf(t) is always a rational function, and by various Mathematica commands, suclgasi es[ ] .
can be computed symbolically [23, 22]. The Mathematica  Below, we provide sample runs oDi ophan-
programbDi ophant i neGF. m we have written for this  ti neGF. m on the the array computation problems for-
computatiof implementing the algorithm also constructs a mulated in Section 2.
formula for the numberd,, from this generating function.

Given a nestetbr loop, the procedure to follow is infor- 4.1 n x n Matrix-Vector Multiplication
mally as follows:

az =nb+c 4)

For the linear schedule of thdatrix-vector Producex-
1. Write down the node space as a system of linear in-ample, the augmented Diophantine system in (2) can be
equalities. The loop bounds must be affine functions written in the form (4) where
of the loop indices. The domain of computation is rep-
resented by the set of lattice points inside the convex
polyhedron, described by this system of linear inequal- & = [
ities.

Lot b|1] e| D
|’ 1

O =

1 0 1

2. Eliminate unnecessary constraints by translating the: :% g _ :<:D|{?Eha2t ! geegj m
loop indices (so thab < i < n — 1 as opposed to {1: o: 1: 0}:
1 < i < n, for example). The reason for this is that the {0, 1, 0, 1}};
inequality0 < 7isimplicitin our formulation, whereas
1 < i introduces an additional constraint. In[3]:=b ={1, 1, 1}; ¢ = {-1, -1, -1};
In[4]:= DiophantineG-[a, b, c]
3. Transform the system of inequalities to a system of
equalities by introducing non-negative slack variables, t
one for each inequality. Qut[4]= -------- ;
4. Augment the system with a linear schedule for the (-1 +1)
associated dag, “frozen” in some intermediate time ! N[5]:= formul a;
value: = 7(n); Binomal Formula : C[n, 1]
Power Formul a :n

5. Run the progranbi ophant i neGF. m on the re-
sulting data. The program calculates the rational gen-

erating functionf(£) = 3" d,t", whered, is the num- In the output,C[z, k] denotes the binomial coefficient

(t) = 7ramr whenz is a non-negative integer, and zero
Ihttp://www.cs.ucsb.edu/"omer/personal/abstractgiBémtine GF.m otherwise.




4.2 n x n Triangular Matrix Product ( n = 2N) From this, the program produces the the lower bound for
n = 2N as|2-N| for » = 2N. This also happens to
For then x n Triangular Matrix Productproblem the be the formula produced for = 2N + 1. Combining the
Diophantine system isz = Nb + ¢ where results, fom x n Gaussian elimination without pivoting for
arbitraryn, we obtain the processor lower bound

11 1000 3
|0 1 0100 b |2 LL%J(QL%J*I)J
0 -1 1 0 1 0 0 2
1 0 -1 0 0 1 0
5 Complexity
andc = [-2,-1,0,0]7 for n = 2N. In this case,
In[1]:= << Di ophantineGF. m The algorithm for the computation qf(z?) generatgs a
In[2]:=a={{1, 1, 1, 0, 0, 0}, ternary tree and accumulates the symbolic information ob-
{0, 1, 0, 1, 0, 0}, tained at the leaves [our paper]. The number of leaves
{0,-1, 1, 0, 1, 0}, is exponential inn. = -, , |a;[, where{a;} is the set
{1, 0,-1, 0, 0, 1}}; of coefficients describing the set of Diophantine equations
However, the set of coefficients describing the Diophantine
In[3]:=b ={3, 2, 0, 0}; ¢c ={-2,-1, 0, 0}; system coming from an array computation is not unique.
In[4]:= Di ophantineG-[a, b, c] Translating the polyhedron, and omitting superfluous con-
t straints (i.e., not in their transitive reduction) redutiesal-
Qut[4]= -------- gorithm’s work. Additional preprocessing may be possible
(1 - t)3 (e.g., via some unitary transform). .
In[5]:= formla The fa}ct that the alggr!thm has worst case exponential
Binomal Formia: Q1 +n, 2] rur'1n|ngt|me is not surprising however; the smp!ercompu-
n (L1 + n) tation: “Are anyprocessors scheduled for a particular time
Power Formul a e step?”, which is equivalent to “Is a particular coefficiefit o
2 the series expansion ¢{t) non-zero?” is already known to

be an NP-complete problem [21]. This computational com-
Since ther in this formulais ourV, substituting:/2, we  plexity is further ameliorated by the observation thatesin
find that a lower bound for the number of processors neededa formula can be automatica”y produced from the generat-
to satisfy the linear schedutdi, j, k) =i + j + k + 1 for ing function, it needs to be constructed only once for a given
then x n Triangular Matrix Productis n(n + 2)/8 where  algorithm. In practice, array algorithms typically havee d

n = 2N. Considering the case= 2N + 1 as well, we find  scription that is sufficiently succinct to make this autoesht
that a lower bound for the number of processors needed toformula production feasible.

satisfy a the linear schedutdi, j, k) = i + j + k + 1 for To summarize: given a nested loop program whose un-
then x n Triangular Matrix Productis derlying computation dag has nodes representable aslattic
n n points in a convex polyhedron, and a multiprocessor sched-
LZJ (2 LZJ +1). ule for these nodes that is linear in the loop indices, we can

produce a formula for the number of lattice points in the

4.3 Gaussian Elimination convex polyhedron that are scheduled for a particular time
step (which is a lower bound on the number of processors

For Gaussian Eliminationwithout pivoting of ann x n needed to satisfy the schedule). This is done by constgictin
matrix the Diophantine systemig = Nb + ¢ where a system of parametric linear Diophantine equations whose

solutions represent the lattice points of interest.

1 1 10000 Examples illustrated the relationship between nested

L -1 01000 loop programs and Diophantine equations, and were anno-
a=|0 1 001 00 tated with the output of a Mathematica program that im-

(1) 8 _i 8 8 (1) (1] plements the algorithm. The algorithm’s exponential com-

putational complexity should be seen in light of two facts:
Hereb = [3,0,2,0,2)' andc = [~2, —1, -1, —1, -1, for (1) Deciding if a time step hasnynodes associated with it
A ] ' is NP-complete; we constructfarmulafor the number of
such nodes; (2) This formula is a processor lower bound,
t2(3 +t) not just for one instance of a scheduled computation but for
m a parameterized family of such computations.

n = 2N. The generating function computed is



In bounding the number of processors needed to satisfy[11] Chris J. Scheiman and Peter Cappello. A period-pragess

a linear multiprocessor schedule for a nested loop program,
we actually derived a solution to a more general linear Dio-
phantine problem. This leaves open some interesting com-

binatorial questions of rationality and associated atbani

design: e.g. how to compute the associated generating func-
tion of the number of solutions when the right hand side of

the main system consists of higher degree polynomiaits in
and not just linear.
For details of this presentation, please refer to [23, 22].
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