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ABSTRACT:A common model for computing the similarity of two stringsX andY of lengthsm
andn respectively, withm � n, is to transformX intoY through a sequence of edit operations,
called anedit sequence. The edit operations are of three types: insertion, deletion, and substitu-
tion. A given cost function assigns a weight to each edit operation. Theamortized weightfor a
given edit sequence is the ratio of its weight to its length, and the minimum of this ratio over all
edit sequences is thenormalized edit distance. Existing algorithms for normalized edit distance
computation with proven complexity bounds requireO(mn2) time in the worst-case. We give
provably better algorithms: anO(mn log n)-time algorithm when the cost function isuniform,
i.e, the weights of edit operations depend only on the type but not on the individual symbols
involved, and anO(mn logm)-time algorithm when the weights are rational.

Keywords: Edit distance, normalized edit distance, algorithm, dynamic programming, fractional program-

ming, ratio minimization.

1 Introduction

Measuring similarity of strings is a basic problem in computer science with applica-
tions in many fields such as computational biology, text processing, optical character
recognition, image and signal processing, error correction, information retrieval, pat-
tern recognition, and pattern matching in large databases.

Given two stringsX andY over a finite alphabet whose lengths arem andn re-
spectively withm � n, we consider sequences of weightededit operations(insertions,
deletions, and substitutions of characters), by means of whichX is transformed intoY . If we call each such sequence anedit sequence, then the ordinary (conventional)
edit distance problem(ED) seeks for an edit sequence with minimum total weight
over all edit sequences. Theedit distancebetweenX andY is defined as the weight
of such a sequence. Although the edit distance is a useful measure for similarity of
two strings, for some applications the lengths of the strings compared need to be taken
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into account. Two binary strings of length 1000 differing in 1 bit mayhave the same
edit distance as two binary strings of length 2 differing in 1 bit, although one would
most likely state that only the 1000-bit strings are “almost equal”. Marzal and Vidal
considered an alternate measure callednormalized edit distance(NED) betweenX
andY [7] that takes the lengths into account. If we define the amortized weight of
an edit sequence as the ratio of the total weight of the sequence to the lengthof the
sequence,NED is the minimum amortized weight over all edit sequences. Marzal
and Vidal showed thatNED yields better results in empirical experiments. However,
it seems that the computation ofNED requires significantly more work than those
of ordinary edit distance algorithms, which are mostly dynamic programming based.
It is also interesting to note thatNED cannot be obtained by “post-normalization”,
i.e., first computing the ordinary edit distance and then dividing it by the length of the
corresponding edit sequence [7].

Ordinary edit distance can be computed inO(mn) time [13, 17, 5], orO(mn= logn)
time if the weights are rational [8]. In order forNED computations to be advanta-
geous, the computational complexity of an algorithm for the latter should not signifi-
cantly exceed these.

There are several algorithms to computeNED, both sequential [7, 11, 16] and
parallel [4]. Observing that the length of an edit sequence lies in the rangem andm+n inclusive, anO(mn2)-time dynamic programming algorithm can be developed
for this problem [7]. Furthermore, it has been noted thatNED can be formulated as
a special case ofconstrained edit distanceproblems [11]. By adapting the techniques
used for the constrained edit distance problems,NED can be computed inO(smn)
time wheres is the number of substitutions in an optimal edit sequence [11]. But sinces can be as large asn, the worst case time complexity remainsO(mn2).

Another approach forNED computation usesfractional programming[16]; an
iterative method in which an ordinary edit distance algorithm is invokedat each it-
eration. Experimental results on both randomly generated synthetic data, and real
applications performed by Vidal, Marzal, and Aibar [16] suggest that the number of
iterations necessary for theNED computation with this method is bounded by a small
constant. This implies an achievement of experimentalO(mn) time complexity forNED computation, but as argued by Vidal, Marzal, and Aibar, a mathematical proof
of a theoretical bound for this algorithm seems difficult, although it may be possible to
analyze at least the average time complexity under a reasonable probabilistic model.

In this paper, we direct our attention toNED computations for common types
of cost functions. First, we analyze the case when the cost function isuniform; i.e.
weight of an edit operation does not depend on the symbols involved in the operation,
but only on its type. In this case, we classify the edit operations into four types :
insertion, deletion, matching and non-matching substitutions. Second, we analyze
the case when the weights arerational, i.e. they are integral multiples of a fixed
real number, but not necessarily uniform. These and more restricted cases of cost
functions have been studied in the literature in the context of ordinary edit distances
[12, 15, 10, 8].

The previously suggested algorithms forNED do not specialize to faster thanO(mn2)-time algorithms for the cases we analyze in this paper. We propose provably
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better algorithms forNED computation in these cases. Our algorithms are similar
to the fractional programming normalized edit distance algorithm in thatthey iter-
atively solve certain subproblems that involve shortest path computations. Each of
these subproblems is solved by a standard ordinary edit distance algorithm, such as
the one proposed by Wagner and Fisher [17]. But unlike the fractional programming
algorithm, our algorithms perform a binary search for the optimum value ofNED by
making use of a technique developed by Megiddo [9] for the optimization of the ratio
of two linear functions. The worst-case resulting time complexity of our algorithms
areO(mn logn) when the weights are uniform (Corollary 4.4), andO(mn logm)
when the weights are rational (Corollary 4.9).

The outline of this paper is as follows. Section 2 consists of preliminaries; defini-
tions, notation used, and the problem statement. In section 3 we describethe optimiza-
tion of the ratio of two linear functions and Megiddo's method. Section 4 outlines our
algorithms and gives proofs of their worst-case time complexities. This is followed by
remarks in section 5 and conclusions in section 6.

2 Definitions

Let X = x1x2 � � �xm andY = y1y2 � � � yn be two strings over an alphabet� withm � n � 0, not both null. We assume that the edit operations applicable on the
symbols ofX to transform it intoY are of three types: inserting a symbol intoX ,
deleting a symbol fromX , or substituting a symbol from� for a symbol ofX . The
substitution operation can further be broken down into matching and non-matching
substitutions.

More formally for1 � i � m, the allowable edit operations are

(1) Insertion: any symbols 2 � can be inserted before or afterxi,
(2) Deletion: the symbolxi can be deleted.

(3) Substitution: the symbolxi can be replaced by a symbols 2 �.
A substitution operation is

(3-a) amatchingsubstitution ifs = xi,
(3-b) anon-matchingsubstitution ifs 6= xi.

A common framework for edit distances is theedit graphGX;Y; of the stringsX
andY , and a given cost function . The edit graph is a weighted directed acyclic
graph having(m + 1)(n + 1) lattice points(i; j) for 0 � i � m, and0 � j � n
as vertices. The cost function determines the edge weights as we will explain later.
The top-left extreme point of this rectangular grid is labeled(0; 0) and the bottom-
right extreme point is labeled(m;n), as shown in figure 1. The arcs ofGX;Y; are
divided into three types corresponding to edit operations:

(1) Horizontal arcs: f((i� 1; j); (i; j)) j 0 < i � m, 0 � j � ng (deletions).

(2) Vertical arcs: f((i; j � 1); (i; j)) j 0 � i � m, 0 < j � ng (insertions).

(3) Diagonal arcs: f((i� 1; j � 1); (i; j)) j 0 < i � m, 0 < j � ng (substitutions).
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If xi = yj , then the diagonal arc((i� 1; j � 1); (i; j)) is amatching diagonal arc,
otherwise anon-matching diagonal arc. Figure 1 illustrates an example edit graph forX = aba andY = bab.
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FIG. 1: The edit graphGX;Y; for the stringsX = aba andY = bab . The cost
function is not specified in this case.

An edit pathin GX;Y; is a directed path from(0; 0) to (m;n). Steps of an edit
path correspond to an edit sequence as follows: A horizontal arc((i � 1; j); (i; j))
corresponds to the deletion ofxi (i.e. xi ! �), a vertical arc((i; j � 1); (i; j)) corre-
sponds to the insertion ofyj immediately beforexi (i.e. � ! yj), and a diagonal arc((i�1; j�1); (i; j)) corresponds to the substitution of symbolyj for xi (i.e. xi ! yj),
where� represents the null string. In figure 1, the arcs are labeled accordingly.

A cost function assigns a weight to each edit operation, turningGX;Y; into a
weighted graph. is given as a cost matrix where rows and columns are indexed by
the symbols inf�g [ � . The entry at rows1, and columns2 is the weights1!s2 of
the edit operations1 ! s2. Note that�!� is undefined. Figure 2 shows an example.

We first consider certain graph problems inGX;Y; and give the definitions of or-
dinary and normalized edit distances in terms of these. LetPX;Y denote the set of all
edit paths betweenX andY in GX;Y; . W(p) denotes the sum of the weights of the
arcs inp 2 PX;Y (W is called thepath-weight functionwith respect to), andL(p)
denotes thepath-length functionwhich gives the number of arcs inp 2 PX;Y .

Theshortest path problemSX;Y; is the weight-minimization problem such thatS�X;Y; = minp2PX;Y W(p) (2.1)
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FIG. 2. General representation of .

where for any optimization problemM , we useM� to denote its optimum value.
Theordinary edit distanceED�X;Y; is the weight of an edit sequence with mini-

mum weight.ED�X;Y; = S�X;Y; when the cost function satisfies a pair of condi-
tions: First, should not include negative weights, for otherwiseED�X;Y; is unde-
fined even though the definition (2.1) yields some value forS�X;Y; . In the presence
of negative weights, some sequence of edit operations may be repeated, undoing the
effect of earlier operations, and decreasing the total weight. This situationis similar to
the shortest path problem in arbitrary weighted graphs with negative cycles. Second,
the triangle inequality must hold for: i.e. for all triples of edit operationss1 ! s3,s1 ! s2, s2 ! s3 wheres1; s2; s3 2 f�g [ � ,s1!s3 � s1!s2 + s2!s3 :
To see the relevance of this, assume all edit operations have some large weight except
for c!f = f!h = 0, and consider the strings “cat” and “hat”. The optimum
ordinary edit distance can be achieved by performing two operations on thefirst index
position of “cat” by “cat”! “fat” ! “hat”. But then the resulting ordinary edit
distance is smaller thanS�X;Y; . The problem is that an optimal edit sequence does
not correspond to any edit path inPX;Y . An optimal edit sequence can be captured in
the set of edit paths only if no multiple editing is allowed on any index position.

Consider the problem of finding the minimum amortized weight of the paths inPX;Y . We denote this problem byRX;Y; . ThusR�X;Y; = minp2PX;Y W(p)L(p) : (2.2)

Thenormalized edit distanceproblemNEDX;Y;, seeks for the minimum amor-
tized weight over all possible edit sequences.NED�X;Y; = R�X;Y; when the two
conditions discussed above for the cost function hold. We assume thatthe cost func-
tion  is non-negative and it satisfies the triangle inequality, which has been the com-
mon practice throughout the literature. Note that ifm = n = 0 then bothNED�X;Y;
andR�X;Y; are undefined.

Figure 3 shows the resulting edit graphGX;Y; for the strings of figure 1, and the
cost function in figure 2. The pathsp1 andp2 in figure 3 are optimal edit paths for
ordinary and normalized edit distances, respectively. Note that the post-normalized



6 J. of Discrete Algorithms, Vol. 0 No. 0, 0000

value forp1 is W(p1)=L(p1) = 5, whereas the optimum value ofNED as defined
in (2.2) is achieved byp2 with W(p2)=L(p2) = 4.

(a) (b)

7

7 7

9

9

9

a b a

b

a

b

0

0

0

0

5

5

7

7 7 7

7 7

7 7 7

9

9

9

9

9

9

9

9 9

5

5

5

7

7

9

9

9

a b a

b

a

b

0

05

5

7

7 7 7

7 7

7 7 7

9

9

9

9

9

9

9

9

5

5

5

0

7

0

9

FIG. 3: (a) An optimal edit pathp1 (forED) with weight15,ED�X;Y; = 15. (b) An
optimal edit pathp2 (for NED) with amortized weight16=4 = 4,NED�X;Y; = 4.

Given an alphabet�, let < e1; e2; : : : ; ed > be an ordering of edit operations
whered = (j�j + 1)2 � 1, the size of . For stringsX and Y , defineF =f(fe1(p); fe2(p); : : : ; fed(p) j p 2 PX;Y g wherefe(p) denotes the number of arcs
in p corresponding to the edit operatione . W andL can be thought of as linear
functions fromF to the real numbers. For a givenp 2 PX;YW(p) = X1�i�d eifei(p) (2.3)L(p) = X1�i�d fei(p):

ConsequentlyNEDX;Y; can be viewed as the minimization problem whose ob-
jective function in (2.2) is the ratio of the two linear functions in (2.3).

3 Optimizing the Ratio of Two Linear Functions

For z = (z1; z2; : : : ; zn) 2 D for some domainD � IRn, let A the problem
of minimizing c0 + c1z1 + � � � + cnzn and letB be the problem of minimizing(a0+a1z1+ � � �+anzn)=(b0+ b1z1+ � � �+ bnzn) where the denominator is assumed
to be always positive inD. For � real, letA(�) denote theparametric problemof
minimizing (a0 + a1z1 + � � � + anzn) � �(b0 + b1z1 + � � � + bnzn) in D. This is
problemA with ci = ai � �bi, i = 0; 1; : : : ; n.

ProblemA: minimize c0 + c1z1 + � � �+ cnzn
s.t. z 2 D
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ProblemB: minimize a0+a1z1+���+anznb0+b1z1+���+bnzn
s.t. z 2 D

ProblemA(�): minimize [(a0 + a1z1 + � � �+ anzn)� �(b0 + b1z1 + � � �+ bnzn)]
s.t.z 2 D

Dinkelbach's algorithm [3] can be used to solveB when a solution forA is avail-
able. The algorithm uses the parametric method of an optimization technique known
as fractional programming. In fact, this method is also applicable to optimization
problems involving ratios of functions which are more general than linear. The the-
sis of the parametric method is that an optimal solution toB can be achieved via the
solution ofA(�). In fact � = B� iff A�(�) = 0 :

That is,� is the optimum value of problemB iff the optimum value of the paramet-
ric problemA(�) is zero.

Dinkelbach's algorithm starts with an initial value for� and repeatedly solvesA(�).
At each instance of the parametric problem, an optimal solutionz of A(�) yields a
ratio forB. This new ratio is either equal to�, in which case it is optimum, or better
(smaller) than� . If it is equal to� then the algorithm terminates. Otherwise, the ratio
is taken to be the new value of� andA(�) is solved again. It can be shown that when
continued in this fashion, this algorithm takes finitely many steps to find an optimal
solution toB if D is a finite set. Furthermore even ifD is not finite, convergence toB� is guaranteed to be superlinear. Various properties of Dinkelbach's algorithm and
fractional programming can be found in [2, 3, 6, 14].

Megiddo [9] introduced a general technique to develop an algorithm forB given
an algorithm forA. The resulting algorithm forB is the algorithm forA with ci =ai � �bi, for i = 0; 1; : : : ; n, where� is treated as a variable, not a constant. That is,
the algorithm is the same algorithm as that forA except that the coefficients are not
simple constants but linear functions of the parameter�. Instead of repeatedly solvingA(�) with improved values of�, this alternative solution simulates the algorithm forA over these coefficients. The assumption is that the operations among coefficients
in the algorithm forA are limited to comparisons and additions. Additions of linear
functions are linear and can be computed immediately, but comparisons among linear
functions need to be done with some care. The algorithm needs to keep track ofthe
interval in which the optimum valueB� lies. This is essential because comparisons
in the algorithm forA now correspond to those among linear functions, and outcomes
may vary depending on interval under consideration for�.

The algorithm starts with the initial interval[�1;+1] for B�. If the functions to
be compared intersect, then their intersection point�0 determines two subintervals of
the initial interval. In calculating which of the two subintervals containsB�, algorithm
for A is called for help, and problemA(�0) is solved. The new interval and the result
of the comparison are determined from the sign of the optimum valueA�(�0) as will
be explained later. With Megiddo's technique, ifA is solvable usingO(p(n)) com-
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parisons andO(q(n)) additions thenB can be solved in timeO(p(n)(p(n) + q(n))) .
We refer the reader to Megiddo's paper [9] for the details of this approach.

Megiddo also showed that for some problems the “critical values” of� , values of� which affect the outcome of comparisons, can be precomputed. In such cases these
values give us the possible candidates for the endpoints of the smallest interval which
eventually contains the optimum valueB�. Whenever this can be done,binary search
can be used to findB� as follows: IfA�(�) = 0, then� = B�, and an optimal solutionz of A(�) is also an optimal solution ofB . On the other hand, ifA�(�) > 0, then a
larger�, and ifA�(�) < 0, then a smaller� should be tested (i.e. problemA(�) should
be solved with a new value of�). This procedure continues until the “correct” valueB� is found. Let�0 be the smallest value in the set for whichA�(�0) is greater than
or equal to zero. Then an optimal solutionz of A(�0) yields the optimum valueB� ofB. Fewer number of invocations of algorithmA may reduce the time complexity of
solvingB significantly, which is the case in problems such as minimum ratio cycles,
and minimum ratio spanning trees [9].

4 Algorithms for NED
We analyze theNED problem assuming two different types of commonly used cost
functions: uniform weights and rational weights. In each case, problemA is the
shortest path problemSX;Y; with the objective function in (2.1), and problemB is
the normalized edit distance problemNEDX;Y; whose objective function is given
in (2.2). We call the parametric problemA(�) theparametric shortest pathproblem
whose objective is defined as the following :
For any� real S�X;Y;(�) = minp2PX;Y [W(p)� �L(p)] : (4.1)

In the cases of cost functions we analyze, we consider two different formulations for
the parametric shortest path problem in terms of the shortest path problem. We apply
Megiddo's search technique either on a precomputed set of values, or on a range of
values in which the smallest distance between any two distinct values is largerthan
some threshold� we precompute.

4.1 Uniform Weights

A cost function for uniform weights has a simpler representation than the general
case. Ordinarily specifies the weights of insertion, deletion, and non-matching sub-
stitution. Generally the weight of a matching substitution is assumed to be zero. In
our case we denote the uniform cost function byu, and represent it as a4-tuple of
real numbers,u = (I ; D; M ; N). These specify the weight of an insertion (I ),
deletion (D), matching substitution (M ), and non-matching substitution (N ). As
an exampleu = (9; 7; 0; 5) is the representation, in this format, of the cost function
in figure 2 .

For a givenp 2 PX;Y , let h(p), v(p), dM (p), anddN (p) denote respectively the
number of horizontal, vertical, matching diagonal, and non-matching diagonal arcs in
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Furthermore from the structure of the graphGX;Y; we have the identitiesm = h(p) + dM (p) + dN (p);n = v(p) + dM (p) + dN (p):

Therefore we can rewriteW(p) andL(p) as linear functions of two variablesdM (p)
anddN (p) only, by using the expressionsh(p) = m � dM (p) � dN (p), andv(p) =n � dM (p) � dN (p) in (4.2). In this case,Wu andL are linear functions from
the setf(dM (p); dN (p)) j p 2 PX;Y g to the real numbers, and the numerator and
denominator in (2.2) are given by the linear functionsWu(p) = mD + nI (4.3)+(M � I � D)dM (p) + (N � I � D)dN (p);L(p) = m+ n� dM (p)� dN (p):

As we show next the set of possible values of� required for findingNED�X;Y;u
can be precomputed efficiently.

PROPOSITION4.1
For not bothm andn equal to zero, letQ = fq(r; s) j r; s are non-negative integers, andr + s � minfm;ng g
whereq(r; s) = mD + nI + (M � I � D)r + (N � I � D)sm+ n� r � s : (4.4)

Then

1. jQj = O(n2),
2. For any two stringsX andY over� of lengthsm andn, fWu(p)=L(p) j p 2PX;Y g � Q,

3. For all� 2 Q, � � 0.

That is, the possible amortized weights for the paths inPX;Y are all included in the
setQ whose cardinality isO(n2) (assumingm � n), and whose elements are non-
negative.
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PROOF. Sincer + s � minfm;ng = n, by definitionq(r; s) takes onO(n2) distinct
values, proving the result about the size ofQ. To see thatQ includes all amortized
weights note that the expression used to generate the elements ofQ in (4.4) uses the
same expressions forWu andL in (4.3) except that the variablesr, ands replacedM (p) anddN (p) respectively, and for anyp 2 PX;Y , it is necessary thatdM (p) +dN (p) � minfm;ng .

Conversely, for non-negative integersr; s with r+ s � minfm;ng, it is easy to see
that there are stringsX = x1x2 � � �xm, Y = y1y2 � � � yn and an edit pathp in PX;Y
such thatdM (p) = r, dN (p) = s, andq(r; s) is the amortized weight of the pathp
provided that not bothm andn are zero. Therefore the setQ in the proposition is
actually the union of the ratiosfWu(p)=L(p) j p 2 PX;Y g whereX andY vary over
all strings of lengthm andn over�. Since amortized weights are non-negative for
the paths inPX;Y , Q does not include a negative number.

PROPOSITION4.2
For � 2 Q, the optimum valueS�X;Y;u(�) of the parametric shortest path problem
can be formulated in terms of the optimum valueS�X;Y;u0 of a shortest path problem.

PROOF. For any� 2 Q, using the definition in (4.1), and expressions in (2.1) and
(4.3), we haveS�X;Y;u(�) = minp2PX;Y [Wu(p)� �L(p)]= minp2PX;Y [mD + nI+ (M � I � D)dM (p)+ (N � I � D)dN (p)� �(m+ n� dM (p)� dN (p) ) ]= ( minp2PX;Y [mD + nI+ (M + �� I � D)dM (p)+ (N + �� I � D)dN (p) ] )� �(m+ n)= S�X;Y;u0 � �(m+ n)
where u0 = (I ; D; M + �; N + �) : (4.5)

Thus computingS�X;Y;u(�) involves solving the shortest path problemSX;Y;u0 , and
performing some simple arithmetic afterwards. Note that, all� 2 Q are non-negative.
Thereforeu0 andGX;Y;u0 have no negative weights.

Based on this result, we propose the following algorithmUniformNED to solve theNED problem with uniform weights: The algorithm first generates the set ofnumbersQ which includes all possible amortized weights, i.e. potential optimal values ofNED as described in proposition 4.1. Next, the optimum valueNED�X;Y;u is sought
in this set by simulating a binary search. At each iteration, the median of the current
set is found, and with this value a parametric shortest path problem instance is created.
This parametric problem is solved by using the formulation in proposition 4.2. If the
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optimum value of the parametric problem is zero then the median is the optimum value
ofNED and the algorithm terminates with returning the median. If it is negative then
the search needs to be directed to smaller values; otherwise if it is positive, the search
space is reduced to larger values. In both cases, the non-optimal half is removed from
the set. This process may remove all the elements but one fromQ . The remaining
element is returned as the optimum value ofNED .

The main steps of the algorithm are shown in figure 4. The algorithm is clearly

ALGORITHM UniformNED

Step 1 : If m = n = 0 then return(�1) signalling an undefined result.

Step 2 : Return trivial answers :

If m = 0 then return(I),
If n = 0 then return(D).

Step 3 : Generate the set Q (of proposition 4.1).

Step 4 : While(jQj > 1) do

Step 5 : Find the median �med of Q .

Step 6 : v  S�X;Y;u(�med) (use proposition 4.2).

Step 7 : If v = 0 then return(�med)
Step 8 : else if v < 0 then remove from Q�med and the elements larger than �med
Step 9 : else (if v > 0 then) remove from Q�med and the elements smaller than �med .

Step 10: End (while)

Step 11: Return the element in Q.
Step 12: End.

FIG. 4.NED algorithmUniformNED for uniform weights.

correct whenm or n is zero. OtherwisefWu(p)=L(p) j p 2 PX;Y g 6= �, and
the correctness in this case follows from the facts that there exists� 2 Q such
that S�X;Y;u(�) = 0 (take� = NED�X;Y;u), and if S�X;Y;u(�) = 0 then� 2fWu(p)=L(p) j p 2 PX;Y g .

Note that any shortest path algorithmA for GX;Y;u0 with non-negative weights
can be used to computeS�X;Y;u0 as part of the computation ofS�X;Y;u(�) in step6
of algorithmUniformNED, provided thatu0 as defined in (4.5), does not cause a
conflict with algorithmA's assumption on the edge weights ofGX;Y;u0 .

THEOREM 4.3
If algorithmA computesS�X;Y;u0 (without the assumption of the triangle inequality
for u0) with time complexityC(m;n), thenNED�X;Y;u can be computed in timeO(n2) + C(m;n)O(log n) .

PROOF. We show that this complexity result can be achieved by using algorithm
UniformNED. Step3 of the algorithm takesO(n2) time. The while loop iteratesO(logn) times. If linear-time median finding algorithm [1] is used in step5, then the
total time (from start to completion of the loop) spent in steps5, 8, and9 to find the
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medians, and remove the elements fromQ isO(n2) since the size ofQ is halved after
each iteration. Solving a parametric problem in step6, which involves a shortest path
computation problem and simple arithmetic, by proposition 4.2, takesC(m;n) time
using algorithmA . The remaining steps take constant time. Thus the resulting time
complexity is as expressed in the theorem.

Wagner and Fisher's ordinary edit distance algorithm [17], whose timecomplex-
ity is O(mn) and space complexity isO(n), actually computesS�X;Y;u0 . It can
be used as algorithmA to solve the parametric shortest path problems in algorithm
UniformNED. SinceC(m;n) = O(mn) in this case, and the setQ requiresO(n2)
space, we have

COROLLARY 4.4
Algorithm UniformNED computes the normalized edit distanceNED�X;Y;u usingO(mn logn) operations andO(n2) space.

4.2 Rational Weights

We first analyze the case when the weights are integral. Even though it doesnot seem
feasible to precompute all possible amortized weights in this case, we will show that
an efficient search for an optimum value is still possible by using the factthat the
distribution of the amortized weights is not arbitrary.

PROPOSITION4.5
If Q is the non-empty set of possible values forNED�X;Y; i.e.,Q = fW(p)=L(p) j p 2 PX;Y g;
and� = �Q denotes the smallest gap inQ defined by� = min f ja� bj j a; b 2 Q; a 6= bg;
then� � 1(m+n)2 .

PROOF. Let p1, andp2 be two edit paths with different amortized weights such that� =W(p1)=L(p1)�W(p2)=L(p2) . Then� = ����W(p1)L(p2)�W(p2)L(p1)L(p1)L(p2) ���� � 1(m+ n)2
follows from the facts thatjW(p1)L(p2)�W(p2)L(p1)j � 1 (distance between any
two distinct integers), andL(p1)L(p2) � (m+ n)2 sinceL(p1); L(p2) � m+ n .

PROPOSITION4.6
For� real and a cost function with integral weights, the optimum valueS�X;Y;(�) of
the parametric shortest path problem can be formulated in terms of the optimum valueS�X;Y;0 of a shortest path problem.
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PROOF. For any� 2 Q, using the definition in (4.1), and expressions in (2.1) and (2.3)
we have S�X;Y;(�) = minp2PX;Y 24 X1�i�d eifei(p)� � X1�i�d fei(p)35= minp2PX;Y 24 X1�i�d(ei � �)fei (p)35= SX;Y;0
where0ei = ei � � for all i, 1 � i � d.

From proposition 4.6,S�X;Y;(�) is the optimum value of the shortest path problem inGX;Y;0 . This definition of the parametric problem was used in fractional program-
ming normalized edit distance algorithm [16]. We want to emphasize thatGX;Y;0
may not lead to a valid instance of ordinary edit distance problem because0 may
include a negative weight.

We propose the following algorithmIntegerNED for theNED problem with
integer weights : The algorithm first computes the smallest possiblegap� between
any two distinct values forNEDX;Y; using the expression in proposition 4.5. The
algorithm maintains an interval,[e; f ], such that the optimum value ofNEDX;Y; lies
in [e�; f�] wheree, andf are appropriate integral values. Initiallye is set to zero, andf is set tomax=� wheremax is the maximum weight in . The algorithm iteratively
solves a parametric shortest path problem with parameterk� wherek is the median
of integers in[e; f ]. At each iteration the interval is updated according to the sign
of the optimum value of the parametric problem as explained in Megiddo's search
technique. The effective search space is the integers in[e; f ] . Each iteration reduces
this space by half. The iterations end whenever the optimum value for the parametric
shortest path problem is zero upon which the algorithm terminates by returning the
parameterk� as the optimum value ofNEDX;Y; , or whenever there remains no
integers betweene, andf . In the latter case, the algorithm solves a parametric shortest
path problem with parameterf� . An optimal path for this parametric problem yields
the optimum amortized weight (the optimum value ofNEDX;Y;) with which the
algorithm terminates.

The main steps of the algorithm are shown in figure 5.
The invariant for the while loop in step4 is that e � f , andNED�X;Y; is in[e�; f�] . We can prove that it holds by induction on the number of iterations. At the

beginning (iteration zero) the invariant is true sincee andf are initialized to zero andmax, respectively, andNED�X;Y; is in [0; max] . The proof of the inductive step
follows from the discussions of Megiddo's search technique. The algorithm returns
the parameter value if during one of the iterations the optimum value of the parametric
shortest path problem is zero in which case the algorithm is correct. Otherwise, the
while-loop terminates with the following conditions being true:e � f ande+ 1 � f
(e = f or e + 1 = f ), andNED�X;Y; is in [e�; f�] . Since the minimum distance
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ALGORITHM IntegerNED

Step 1 : If m = n = 0 then return(�1) signalling an undefined result.

Step 2 : �  1(m+n)2
Step 3 : [e; f ] [0; max(m+ n)2]
Step 4 : While (e+ 1 < f) do

Step 5 : k b(e+ f)=2c
Step 6 : v  S�X;Y;(k�) (use proposition 4.6).

Step 7 : if v = 0 then return(k�)
Step 8 : else if v < 0 then f = k
Step 9 : else e = k
Step 10 : End fwhileg
Step 11 : Solve SX;Y;(f�) to find the optimum value S�X;Y;(f�) and

the length L(p) of the corresponding optimal path p .

Step 12 : W(p) S�X;Y;(f�) + f�L(p)
Step 13 : Return

�W(p)L(p) �
Step 14 : End.

FIG. 5.NED algorithmIntegerNED for integer weights.

between any two possible distinct values forNED�X;Y; is at least�, there are two
cases two consider :

(i) NED�X;Y; = e� orNED�X;Y; = f�,
(ii) NED�X;Y; is in (e�; f�) (in which case there is only one possible value forNED�X;Y; in (e�; f�)).
In both cases, an optimal pathp for the parametric shortest path problem with param-
eterf� yields the optimum value ofNEDX;Y;, because of the fact that each new
solution to a parametric problem yields a ratio no larger than the parametervalue as
pointed out in the description of Dinkelbach's algorithm. Note that in step12 of the
algorithm, after determining the optimum value of the parametric shortest path prob-
lem and the length of the corresponding optimal path, we have used the expression in
definition (4.1) to determine the weight of the optimal path.

THEOREM 4.7
If algorithm A computesS�X;Y;0 and the length of the corresponding optimal path
(without the assumption of non-negativity for0) with time complexityC(m;n) and
space complexityU(m;n) then provided that all the costs in are integral,NED�X;Y;
can be computed in timeO(C(m;n) logm) usingU(m;n) space.

PROOF. We show that this complexity result can be achieved by using algorithm
IntegerNED. The while loop iteratesO(log (max(m+ n)2)) times because the
search space on which binary search is performed is included in the set of integers
in the range[0; max(m + n)2] . Solving the parametric problem in step6 takesC(m;n) time using algorithmA since it involves a shortest path computation and
some simple arithmetic by proposition 4.6. Given that algorithmA computes the



Efficient Algorithms For Normalized Edit Distance15

length of an optimal path along with the optimum value of the parametricprob-
lem, step11 can be performed within time and space complexities of algorithmA .
The remaining steps take constant time. Therefore the resulting time complexity isO(C(m;n) log (max(m+ n)2)) . The space complexity of the algorithm is the same
as that of algorithmA since the space required by the steps other than those which
involve the parametric shorest path computations is only constant.

The ordinary distance algorithm of Wagner and Fisher [17] uses a very simple dy-
namic programming formulation which can easily be modified such that it keeps track
of the length of the optimal path, and it also returns this length in addition to the op-
timum value of the shortest path problem. This modification does not increase the
time and space complexities of the algorithm. This modified algorithmis suitable as
algorithmA in IntegerNED. SinceC(m;n) = O(mn) andU(m;n) = O(n) in
this case, we have

COROLLARY 4.8
Algorithm IntegerNED computes the normalized edit distanceNED�X;Y; usingO(mn logm) operations andO(n) space provided that all the costs in are integral.

If the weights of edit operations in are integral multiples of a fixed real numberr, we can use algorithmIntegerNED to computeNED�X;Y; with the same time
complexity as follows: Letint be an integral cost function such thatei = rintei (4.6)

for all i , 1 � i � d. Then the following relation holds by the definition in (2.2)NED�X;Y; = rNED�X;Y;int :
Therefore

COROLLARY 4.9
The normalized edit distanceNED�X;Y; can be computed inO(mn logm) time andO(n) space provided that all the costs in are rational.

5 Remarks

In some cases, an optimal edit path may also be desired besides the normalized edit
distance. This can be accomplished by solving an additional parametric shortest path
problem. An optimal edit path for the parametric problemSX;Y;(NED�X;Y;) has
amortized weightNED�X;Y; for any cost function . Therefore, following the com-
putation ofNED�X;Y; it suffices to solveSX;Y;(NED�X;Y;) for an optimal edit
path. This additional computation can be done inO(mn) space.

In theorems 4.3, and 4.7, we have expressed the time complexities of the algorithms
UniformNED andIntegerNED in terms of the time complexity of a shortest path
algorithmA which is actually used to solve the parametric shortest path problems. To
improve these time complexities one may want to use faster shortest path algorithms.
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For edit graphs, ordinary edit distance algorithms perform better than general short-
est path algorithms because of the special structure of the graph. But notevery fast
ordinary edit distance algorithm is a suitable candidate as algorithmA for the compu-
tation of shortest paths in our algorithms. In general, ordinary edit distance algorithms
assume that the weights are non-negative and/or the triangle inequality holds for the
weights.

Proposition 4.6 gives a general formulation of the parametric shortestpath problem
in terms of the shortest path problem. The formulation preserves the triangle inequal-
ity, but it may introduce negative weights into the cost function. To the best of our
knowledge the algorithm in [17] is the fastest algorithmA in the presence of negative
weights.

In the case of uniform cost function, we gave a different formulationfor the para-
metric problem in proposition 4.2. By this formulation the triangle inequality may
be destroyed, but non-negativity of weights is preserved. Even though there are more
candidate algorithms that can be used as algorithmA in this case, the algorithm in
[17] turns out to be the only feasible one. Next we discuss the reasons for this.

Ordinary edit distance algorithms which assume a fixed cost function (e.g. u =(1; 1; 0; 1)) and achieve fast running times by using this constant nature of the weights
[15, 10] are evidently not suitable as algorithmA in UniformNED. This is because
each execution of Step 6 of the algorithm uses a different cost functionu0 .

Masek and Paterson gave aC(m;n) = O(mn= logn)-time algorithm [8] which
can be used as algorithmA here, but it is no longer true that the running time of
UniformNED is as indicated by theorem 4.3. The assumption in the algorithm of
Masek and Paterson is that the weights are integral multiples of a positive real constantr. We can easily show that if the assumption is true foru, then it is also true foru0 that arises inUniformNED: Suppose thatI , D, M , andN are all integral
multiples of a real positive numberr and let� be inQ. If � = 0, then the assertion
is true for the weights inu0, sinceu0 = u in this case. If� > 0 then there exist
positive integersa, andb such that� = ar=b because of the way we generate the setQ in proposition 4.1. Therefore in this case,I , D, M + �, andN + � are integral
multiples of the positive real numberr=b. There appear to be no other obvious choice
of the new constant such that the assumption holds foru0. But the algorithm of
Masek and Paterson takes time proportional to some function of1=r which normally
is absorbed in the “big O”, since it is independent ofm andn. The discrepancy factor
among the magnitude of constants for different parametric problems ofUniformNED
can be in order ofm sinceb has to be, in some cases, as large as the maximum path
lengthm + n. Therefore even though it may be possible to achieveO(mn= logn)
with u, solving some parametric problems using thisA would take significantly (by
about a factor ofm) more time.

Ukkonen'sO(dn)-time output-size sensitive algorithm [15], whered is the actual
edit distance, does not seem applicable because it assumes that the weights are non-
negative and they fulfill the triangle inequality. Even though thereare alternate formu-
lations of a parametric shortest path problemSX;Y;u(�) in terms of a shortest path
problem inGX;Y;u0 with different cost functionsu0, the triangle inequality cannot
always be met while simultaneously keeping the weights non-negative. For example,
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settingu0 = (I � �; D � �; M � �; N � �) maintains the triangle inequality
by allowing negative weights, or settingu0 = (I ; D; M + �; N + �) guarantees
non-negativity of weights but possibly destroys the triangle inequality.

6 Conclusion

In the absence of theoretical time complexity results for the applicationof fractional
programming to normalized edit distance calculations, we have improved the time
complexity of normalized edit distance computation fromO(mn2) to O(mn logn)
when the weights of edit operations are uniform, and toO(mn logm) when the
weights are rational.

The worst-case and the expected time complexity of fractional programming formu-
lation ofNED need to be investigated for a better assessment of the quality of the al-
gorithms presented in this paper, keeping in mind that our time complexity bounds are
in the worst-case. Real applications may be in favor of fractional programming basedNED algorithm because of its easy implementation, observed experimental perfor-
mance, and the generality of the cost function that can be used. It seems that while
our algorithms have improved worst-case time complexities, fractional programming
normalized edit distance algorithm may actually be provably faster on the average.
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