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X and Y of lengths m
and n respectively, with m n, is to transform X into Y through a sequence of edit operations,
called an edit sequence. The edit operations are of three types: insertion, deletion, and substitution. A given cost function assigns a weight to each edit operation. The amortized weight for a
given edit sequence is the ratio of its weight to its length, and the minimum of this ratio over all
edit sequences is the normalized edit distance. Existing algorithms for normalized edit distance
computation with proven complexity bounds require O(mn2 ) time in the worst-case. We give
provably better algorithms: an O(mn log n)-time algorithm when the cost function is uniform,
i.e, the weights of edit operations depend only on the type but not on the individual symbols
involved, and an O(mn log m)-time algorithm when the weights are rational.
ABSTRACT: A common model for computing the similarity of two strings
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1 Introduction
Measuring similarity of strings is a basic problem in computer science with applications in many fields such as computational biology, text processing, optical character
recognition, image and signal processing, error correction, information retrieval, pattern recognition, and pattern matching in large databases.
Given two strings X and Y over a finite alphabet whose lengths are m and n respectively with m  n, we consider sequences of weighted edit operations (insertions,
deletions, and substitutions of characters), by means of which X is transformed into
Y . If we call each such sequence an edit sequence, then the ordinary (conventional)
edit distance problem (ED) seeks for an edit sequence with minimum total weight
over all edit sequences. The edit distance between X and Y is defined as the weight
of such a sequence. Although the edit distance is a useful measure for similarity of
two strings, for some applications the lengths of the strings compared need to be taken
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into account. Two binary strings of length 1000 differing in 1 bit may have the same
edit distance as two binary strings of length 2 differing in 1 bit, although one would
most likely state that only the 1000-bit strings are “almost equal”. Marzal and Vidal
considered an alternate measure called normalized edit distance (NED) between X
and Y [7] that takes the lengths into account. If we define the amortized weight of
an edit sequence as the ratio of the total weight of the sequence to the length of the
sequence, NED is the minimum amortized weight over all edit sequences. Marzal
and Vidal showed that NED yields better results in empirical experiments. However,
it seems that the computation of NED requires significantly more work than those
of ordinary edit distance algorithms, which are mostly dynamic programming based.
It is also interesting to note that NED cannot be obtained by “post-normalization”,
i.e., first computing the ordinary edit distance and then dividing it by the length of the
corresponding edit sequence [7].
Ordinary edit distance can be computed in O(mn) time [13, 17, 5], or O(mn= log n)
time if the weights are rational [8]. In order for NED computations to be advantageous, the computational complexity of an algorithm for the latter should not significantly exceed these.
There are several algorithms to compute NED, both sequential [7, 11, 16] and
parallel [4]. Observing that the length of an edit sequence lies in the range m and
m + n inclusive, an O(mn2 )-time dynamic programming algorithm can be developed
for this problem [7]. Furthermore, it has been noted that NED can be formulated as
a special case of constrained edit distance problems [11]. By adapting the techniques
used for the constrained edit distance problems, NED can be computed in O(smn)
time where s is the number of substitutions in an optimal edit sequence [11]. But since
s can be as large as n, the worst case time complexity remains O(mn2 ).
Another approach for NED computation uses fractional programming [16]; an
iterative method in which an ordinary edit distance algorithm is invoked at each iteration. Experimental results on both randomly generated synthetic data, and real
applications performed by Vidal, Marzal, and Aibar [16] suggest that the number of
iterations necessary for the NED computation with this method is bounded by a small
constant. This implies an achievement of experimental O(mn) time complexity for
NED computation, but as argued by Vidal, Marzal, and Aibar, a mathematical proof
of a theoretical bound for this algorithm seems difficult, although it may be possible to
analyze at least the average time complexity under a reasonable probabilistic model.
In this paper, we direct our attention to NED computations for common types
of cost functions. First, we analyze the case when the cost function is uniform; i.e.
weight of an edit operation does not depend on the symbols involved in the operation,
but only on its type. In this case, we classify the edit operations into four types :
insertion, deletion, matching and non-matching substitutions. Second, we analyze
the case when the weights are rational, i.e. they are integral multiples of a fixed
real number, but not necessarily uniform. These and more restricted cases of cost
functions have been studied in the literature in the context of ordinary edit distances
[12, 15, 10, 8].
The previously suggested algorithms for NED do not specialize to faster than
O(mn2 )-time algorithms for the cases we analyze in this paper. We propose provably
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better algorithms for NED computation in these cases. Our algorithms are similar
to the fractional programming normalized edit distance algorithm in that they iteratively solve certain subproblems that involve shortest path computations. Each of
these subproblems is solved by a standard ordinary edit distance algorithm, such as
the one proposed by Wagner and Fisher [17]. But unlike the fractional programming
algorithm, our algorithms perform a binary search for the optimum value of NED by
making use of a technique developed by Megiddo [9] for the optimization of the ratio
of two linear functions. The worst-case resulting time complexity of our algorithms
are O(mn log n) when the weights are uniform (Corollary 4.4), and O(mn log m)
when the weights are rational (Corollary 4.9).
The outline of this paper is as follows. Section 2 consists of preliminaries; definitions, notation used, and the problem statement. In section 3 we describe the optimization of the ratio of two linear functions and Megiddo's method. Section 4 outlines our
algorithms and gives proofs of their worst-case time complexities. This is followed by
remarks in section 5 and conclusions in section 6.

2 Definitions

X = x1 x2    xm and Y = y1 y2    yn be two strings over an alphabet  with
m  n  0, not both null. We assume that the edit operations applicable on the
symbols of X to transform it into Y are of three types: inserting a symbol into X ,
deleting a symbol from X , or substituting a symbol from  for a symbol of X . The

Let

substitution operation can further be broken down into matching and non-matching
substitutions.
More formally for 1  i  m, the allowable edit operations are
(1) Insertion: any symbol s 2  can be inserted before or after xi ,

(2) Deletion: the symbol xi can be deleted.

(3) Substitution: the symbol xi can be replaced by a symbol s 2 .
A substitution operation is
(3-a) a matching substitution if s = xi ,
(3-b) a non-matching substitution if s 6= xi .

A common framework for edit distances is the edit graph GX;Y; of the strings X
and Y , and a given cost function . The edit graph is a weighted directed acyclic
graph having (m + 1)(n + 1) lattice points (i; j ) for 0  i  m, and 0  j  n
as vertices. The cost function determines the edge weights as we will explain later.
The top-left extreme point of this rectangular grid is labeled (0; 0) and the bottomright extreme point is labeled (m; n), as shown in figure 1. The arcs of GX;Y; are
divided into three types corresponding to edit operations:
(1) Horizontal arcs: f((i ? 1; j ); (i; j )) j 0 < i  m, 0  j

 ng (deletions).
(2) Vertical arcs: f((i; j ? 1); (i; j )) j 0  i  m, 0 < j  ng (insertions).
(3) Diagonal arcs: f((i ? 1; j ? 1); (i; j )) j 0 < i  m, 0 < j  ng (substitutions).

4
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If xi = yj , then the diagonal arc ((i ? 1; j ? 1); (i; j )) is a matching diagonal arc,
otherwise a non-matching diagonal arc. Figure 1 illustrates an example edit graph for
X = aba and Y = bab.
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F IG . 1: The edit graph GX;Y; for the strings
function is not specified in this case.
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The cost

An edit path in GX;Y; is a directed path from (0; 0) to (m; n). Steps of an edit
path correspond to an edit sequence as follows: A horizontal arc ((i ? 1; j ); (i; j ))
corresponds to the deletion of xi (i.e. xi ! ), a vertical arc ((i; j ? 1); (i; j )) corresponds to the insertion of yj immediately before xi (i.e.  ! yj ), and a diagonal arc
((i ? 1; j ? 1); (i; j )) corresponds to the substitution of symbol yj for xi (i.e. xi ! yj ),
where  represents the null string. In figure 1, the arcs are labeled accordingly.
A cost function assigns a weight to each edit operation, turning GX;Y; into a
weighted graph. is given as a cost matrix where rows and columns are indexed by
the symbols in fg [  . The entry at row s1 , and column s2 is the weight s1 !s2 of
the edit operation s1 ! s2 . Note that ! is undefined. Figure 2 shows an example.
We first consider certain graph problems in GX;Y; and give the definitions of ordinary and normalized edit distances in terms of these. Let PX;Y denote the set of all
edit paths between X and Y in GX;Y; . W (p) denotes the sum of the weights of the
arcs in p 2 PX;Y (W is called the path-weight function with respect to ), and L(p)
denotes the path-length function which gives the number of arcs in p 2 PX;Y .
The shortest path problem SX;Y; is the weight-minimization problem such that

SX;Y; = p min W (p)
X;Y


2P

(2.1)
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where for any optimization problem M , we use M  to denote its optimum value.

is the weight of an edit sequence with miniThe ordinary edit distance EDX;Y;


mum weight. EDX;Y; = SX;Y; when the cost function satisfies a pair of condi
tions: First, should not include negative weights, for otherwise EDX;Y;
is unde
fined even though the definition (2.1) yields some value for SX;Y; . In the presence
of negative weights, some sequence of edit operations may be repeated, undoing the
effect of earlier operations, and decreasing the total weight. This situation is similar to
the shortest path problem in arbitrary weighted graphs with negative cycles. Second,
the triangle inequality must hold for : i.e. for all triples of edit operations s1 ! s3 ,
s1 ! s2 , s2 ! s3 where s1 ; s2 ; s3 2 fg [  ,

s1 !s3



s1 !s2 + s2 !s3

:

To see the relevance of this, assume all edit operations have some large weight except
for c!f = f !h = 0, and consider the strings “cat” and “hat”. The optimum
ordinary edit distance can be achieved by performing two operations on the first index
position of “cat” by “cat” ! “fat” ! “hat”. But then the resulting ordinary edit

distance is smaller than SX;Y;
. The problem is that an optimal edit sequence does
not correspond to any edit path in PX;Y . An optimal edit sequence can be captured in
the set of edit paths only if no multiple editing is allowed on any index position.
Consider the problem of finding the minimum amortized weight of the paths in
PX;Y . We denote this problem by RX;Y; . Thus

RX;Y; = p min WL(p(p)) :
(2.2)
X;Y
The normalized edit distance problem NEDX;Y; , seeks for the minimum amortized weight over all possible edit sequences. NEDX;Y; = RX;Y; when the two


2P





conditions discussed above for the cost function hold. We assume that the cost function is non-negative and it satisfies the triangle inequality, which has been the com
mon practice throughout the literature. Note that if m = n = 0 then both NEDX;Y;

and RX;Y; are undefined.
Figure 3 shows the resulting edit graph GX;Y; for the strings of figure 1, and the
cost function in figure 2. The paths p1 and p2 in figure 3 are optimal edit paths for
ordinary and normalized edit distances, respectively. Note that the post-normalized
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value for p1 is W (p1 )=L(p1 ) = 5, whereas the optimum value of NED as defined
in (2.2) is achieved by p2 with W (p2 )=L(p2 ) = 4.
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F IG . 3: (a) An optimal edit path p1 (for ED) with weight 15, EDX;Y;
= 15. (b) An

optimal edit path p2 (for NED) with amortized weight 16=4 = 4, NEDX;Y;
= 4.

Given an alphabet , let < e1 ; e2 ; : : : ; ed > be an ordering of edit operations
where d = (jj + 1)2 ? 1, the size of . For strings X and Y , define F =
f(fe1 (p); fe2 (p); : : : ; fed (p) j p 2 PX;Y g where fe (p) denotes the number of arcs
in p corresponding to the edit operation e . W and L can be thought of as linear
functions from F to the real numbers. For a given p 2 PX;Y

W (p) =

X

id

ei fei (p)

(2.3)

1

L(p) =

X

id

fei (p):

1

Consequently NEDX;Y; can be viewed as the minimization problem whose objective function in (2.2) is the ratio of the two linear functions in (2.3).

3 Optimizing the Ratio of Two Linear Functions
For z = (z1 ; z2 ; : : : ; zn ) 2 D for some domain D  IRn , let A the problem
of minimizing c0 + c1 z1 +    + cn zn and let B be the problem of minimizing
(a0 + a1z1 +    + anzn )=(b0 + b1z1 +    + bnzn ) where the denominator is assumed
to be always positive in D. For  real, let A() denote the parametric problem of
minimizing (a0 + a1 z1 +    + an zn ) ? (b0 + b1 z1 +    + bn zn ) in D. This is
problem A with ci = ai ? bi , i = 0; 1; : : : ; n.

Problem A:

minimize c0 + c1 z1 +    + cn zn
z2D

s.t.
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minimize ab00++ab11zz11++ ++bannzznn
s.t. z 2 D

Problem A():





minimize [(a0 + a1 z1 +    + an zn) ? (b0 + b1 z1 +    + bn zn )]
s.t. z 2 D

Dinkelbach's algorithm [3] can be used to solve B when a solution for A is available. The algorithm uses the parametric method of an optimization technique known
as fractional programming. In fact, this method is also applicable to optimization
problems involving ratios of functions which are more general than linear. The thesis of the parametric method is that an optimal solution to B can be achieved via the
solution of A(). In fact

=B



iff

A () = 0 :


That is,  is the optimum value of problem B iff the optimum value of the parametric problem A() is zero.
Dinkelbach's algorithm starts with an initial value for  and repeatedly solves A().
At each instance of the parametric problem, an optimal solution z of A() yields a
ratio for B . This new ratio is either equal to , in which case it is optimum, or better
(smaller) than  . If it is equal to  then the algorithm terminates. Otherwise, the ratio
is taken to be the new value of  and A() is solved again. It can be shown that when
continued in this fashion, this algorithm takes finitely many steps to find an optimal
solution to B if D is a finite set. Furthermore even if D is not finite, convergence to
B  is guaranteed to be superlinear. Various properties of Dinkelbach's algorithm and
fractional programming can be found in [2, 3, 6, 14].
Megiddo [9] introduced a general technique to develop an algorithm for B given
an algorithm for A. The resulting algorithm for B is the algorithm for A with ci =
ai ? bi , for i = 0; 1; : : :; n, where  is treated as a variable, not a constant. That is,
the algorithm is the same algorithm as that for A except that the coefficients are not
simple constants but linear functions of the parameter . Instead of repeatedly solving
A() with improved values of , this alternative solution simulates the algorithm for
A over these coefficients. The assumption is that the operations among coefficients
in the algorithm for A are limited to comparisons and additions. Additions of linear
functions are linear and can be computed immediately, but comparisons among linear
functions need to be done with some care. The algorithm needs to keep track of the
interval in which the optimum value B  lies. This is essential because comparisons
in the algorithm for A now correspond to those among linear functions, and outcomes
may vary depending on interval under consideration for .
The algorithm starts with the initial interval [?1; +1] for B  . If the functions to
be compared intersect, then their intersection point 0 determines two subintervals of
the initial interval. In calculating which of the two subintervals contains B  , algorithm
for A is called for help, and problem A(0 ) is solved. The new interval and the result
of the comparison are determined from the sign of the optimum value A (0 ) as will
be explained later. With Megiddo's technique, if A is solvable using O(p(n)) com-
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parisons and O(q (n)) additions then B can be solved in time O(p(n)(p(n) + q (n))) .
We refer the reader to Megiddo's paper [9] for the details of this approach.
Megiddo also showed that for some problems the “critical values” of  , values of
 which affect the outcome of comparisons, can be precomputed. In such cases these
values give us the possible candidates for the endpoints of the smallest interval which
eventually contains the optimum value B  . Whenever this can be done, binary search
can be used to find B  as follows: If A () = 0, then  = B  , and an optimal solution
z of A() is also an optimal solution of B . On the other hand, if A () > 0, then a
larger , and if A () < 0, then a smaller  should be tested (i.e. problem A() should
be solved with a new value of ). This procedure continues until the “correct” value
B  is found. Let 0 be the smallest value in the set for which A (0 ) is greater than
or equal to zero. Then an optimal solution z of A(0 ) yields the optimum value B  of
B . Fewer number of invocations of algorithm A may reduce the time complexity of
solving B significantly, which is the case in problems such as minimum ratio cycles,
and minimum ratio spanning trees [9].

4 Algorithms for

NED

We analyze the NED problem assuming two different types of commonly used cost
functions: uniform weights and rational weights. In each case, problem A is the
shortest path problem SX;Y; with the objective function in (2.1), and problem B is
the normalized edit distance problem NEDX;Y; whose objective function is given
in (2.2). We call the parametric problem A() the parametric shortest path problem
whose objective is defined as the following :
For any  real

SX;Y;
() = min [W (p) ? L(p)] :
(4.1)

p2PX;Y

In the cases of cost functions we analyze, we consider two different formulations for
the parametric shortest path problem in terms of the shortest path problem. We apply
Megiddo's search technique either on a precomputed set of values, or on a range of
values in which the smallest distance between any two distinct values is larger than
some threshold  we precompute.

4.1 Uniform Weights
A cost function for uniform weights has a simpler representation than the general
case. Ordinarily specifies the weights of insertion, deletion, and non-matching substitution. Generally the weight of a matching substitution is assumed to be zero. In
our case we denote the uniform cost function by u , and represent it as a 4-tuple of
real numbers, u = ( I ; D ; M ; N ). These specify the weight of an insertion ( I ),
deletion ( D ), matching substitution ( M ), and non-matching substitution ( N ). As
an example u = (9; 7; 0; 5) is the representation, in this format, of the cost function
in figure 2 .
For a given p 2 PX;Y , let h(p), v (p), dM (p), and dN (p) denote respectively the
number of horizontal, vertical, matching diagonal, and non-matching diagonal arcs in
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and L can be simplified to the following expressions :

W u (p) = D h(p) + I v(p) + M dM (p) + N dN (p);
L(p) = h(p) + v(p) + dM (p) + dN (p):

(4.2)

GX;Y; we have the identities
m = h(p) + dM (p) + dN (p);
n = v(p) + dM (p) + dN (p):
Therefore we can rewrite W (p) and L(p) as linear functions of two variables dM (p)
and dN (p) only, by using the expressions h(p) = m ? dM (p) ? dN (p), and v (p) =
n ? dM (p) ? dN (p) in (4.2). In this case, W u and L are linear functions from
the set f(dM (p); dN (p)) j p 2 PX;Y g to the real numbers, and the numerator and
Furthermore from the structure of the graph

denominator in (2.2) are given by the linear functions

W u (p) = m D + n I

(4.3)

+( M ? I ? D )dM (p) + ( N ? I ? D )dN (p);
L(p) = m + n ? dM (p) ? dN (p):

As we show next the set of possible values of  required for finding
can be precomputed efficiently.

NEDX;Y; u


P ROPOSITION 4.1
For not both m and n equal to zero, let

Q = fq(r; s) j r; s are non-negative integers, and r + s  minfm; ng g
where

q(r; s) = m D + n I + ( M m? +In?? rD?)r s+ ( N ? I ? D )s :

(4.4)

Then
1. jQj = O(n2 ),
2. For any two strings X and Y over  of lengths m and n,
PX;Y g  Q,
3. For all  2 Q,   0.

fW u (p)=L(p) j p 2

That is, the possible amortized weights for the paths in PX;Y are all included in the
set Q whose cardinality is O(n2 ) (assuming m  n), and whose elements are nonnegative.
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P ROOF. Since r + s  minfm; ng = n, by definition q (r; s) takes on O(n2 ) distinct
values, proving the result about the size of Q. To see that Q includes all amortized
weights note that the expression used to generate the elements of Q in (4.4) uses the
same expressions for W u and L in (4.3) except that the variables r, and s replace
dM (p) and dN (p) respectively, and for any p 2 PX;Y , it is necessary that dM (p) +
dN (p)  minfm; ng .
Conversely, for non-negative integers r; s with r + s  minfm; ng, it is easy to see
that there are strings X = x1 x2    xm , Y = y1 y2    yn and an edit path p in PX;Y
such that dM (p) = r, dN (p) = s, and q (r; s) is the amortized weight of the path p
provided that not both m and n are zero. Therefore the set Q in the proposition is
actually the union of the ratios fW u (p)=L(p) j p 2 PX;Y g where X and Y vary over
all strings of length m and n over . Since amortized weights are non-negative for
the paths in PX;Y , Q does not include a negative number.
P ROPOSITION 4.2

For  2 Q, the optimum value SX;Y;
() of the parametric shortest path problem
u

can be formulated in terms of the optimum value SX;Y;
u 0 of a shortest path problem.
P ROOF. For any
(4.3), we have

 2 Q, using the definition in (4.1), and expressions in (2.1) and

SX;Y; u () = p min [W u (p) ? L(p)]
X;Y
= p min [ m D + n I


2P

2PX;Y

+ ( M ? I ? D )dM (p)
+ ( N ? I ? D )dN (p)
? ( m + n ? dM (p) ? dN (p) ) ]
= (p min [ m D + n I
X;Y
+ ( M +  ? I ? D )dM (p)
+ ( N +  ? I ? D )dN (p) ] )
? (m + n)
= SX;Y; u ? (m + n)
2P



where

0

u 0 = ( I ; D ; M + ; N + ) :

(4.5)


0
Thus computing SX;Y;
u () involves solving the shortest path problem SX;Y; u , and
performing some simple arithmetic afterwards. Note that, all  2 Q are non-negative.
Therefore u 0 and GX;Y; u 0 have no negative weights.

Based on this result, we propose the following algorithm UniformNED to solve the

NED problem with uniform weights: The algorithm first generates the set of numbers
Q which includes all possible amortized weights, i.e. potential optimal values of
NED as described in proposition 4.1. Next, the optimum value NEDX;Y; u is sought


in this set by simulating a binary search. At each iteration, the median of the current
set is found, and with this value a parametric shortest path problem instance is created.
This parametric problem is solved by using the formulation in proposition 4.2. If the
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optimum value of the parametric problem is zero then the median is the optimum value
of NED and the algorithm terminates with returning the median. If it is negative then
the search needs to be directed to smaller values; otherwise if it is positive, the search
space is reduced to larger values. In both cases, the non-optimal half is removed from
the set. This process may remove all the elements but one from Q . The remaining
element is returned as the optimum value of NED .
The main steps of the algorithm are shown in figure 4. The algorithm is clearly
ALGORITHM UniformNED
Step 1 : If m = n = 0 then return( 1) signalling an undefined result.
Step 2 : Return trivial answers :
If m = 0 then return( I ),
If n = 0 then return( D ).
Step 3 : Generate the set Q (of proposition 4.1).
Step 4 : While( Q > 1) do
Find the median med of Q .
Step 5 :

Step 6 :
v SX;Y;
(
) (use proposition 4.2).
u med
Step 7 :
If v = 0 then return(med )
else if v < 0 then remove from Q
Step 8 :
med and the elements larger than med
Step 9 :
else (if v > 0 then) remove from Q
med and the elements smaller than med .
Step 10: End (while)
Step 11: Return the element in Q.
Step 12: End.

?

j j

F IG . 4.

NED algorithm UniformNED for uniform weights.

correct when m or n is zero. Otherwise fW u (p)=L(p) j p 2 PX;Y g 6= , and
the correctness in this case follows from the facts that there exists  2 Q such



that SX;Y;
u () = 0 (take  = NEDX;Y; u ), and if SX;Y; u () = 0 then  2
fW u (p)=L(p) j p 2 PX;Y g .
Note that any shortest path algorithm A for GX;Y; u 0 with non-negative weights


can be used to compute SX;Y;
u 0 as part of the computation of SX;Y; u () in step 6
0
of algorithm UniformNED, provided that u as defined in (4.5), does not cause a
conflict with algorithm A's assumption on the edge weights of GX;Y; u 0 .
T HEOREM 4.3

If algorithm A computes SX;Y;
(without the assumption of the triangle inequality
u0
0

for u ) with time complexity C (m; n), then NEDX;Y;
can be computed in time
u
2
O(n ) + C (m; n)O(log n) .
P ROOF. We show that this complexity result can be achieved by using algorithm
UniformNED. Step 3 of the algorithm takes O(n2 ) time. The while loop iterates
O(log n) times. If linear-time median finding algorithm [1] is used in step 5, then the
total time (from start to completion of the loop) spent in steps 5, 8, and 9 to find the
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medians, and remove the elements from Q is O(n2 ) since the size of Q is halved after
each iteration. Solving a parametric problem in step 6, which involves a shortest path
computation problem and simple arithmetic, by proposition 4.2, takes C (m; n) time
using algorithm A . The remaining steps take constant time. Thus the resulting time
complexity is as expressed in the theorem.
Wagner and Fisher's ordinary edit distance algorithm [17], whose time complex
ity is O(mn) and space complexity is O(n), actually computes SX;Y;
u 0 . It can
be used as algorithm A to solve the parametric shortest path problems in algorithm
UniformNED. Since C (m; n) = O(mn) in this case, and the set Q requires O(n2 )
space, we have
C OROLLARY 4.4

Algorithm UniformNED computes the normalized edit distance NEDX;Y;
O(mn log n) operations and O(n2 ) space.

u

using

4.2 Rational Weights
We first analyze the case when the weights are integral. Even though it does not seem
feasible to precompute all possible amortized weights in this case, we will show that
an efficient search for an optimum value is still possible by using the fact that the
distribution of the amortized weights is not arbitrary.
P ROPOSITION 4.5

i.e.,
If Q is the non-empty set of possible values for NEDX;Y;

Q = fW (p)=L(p) j p 2 PX;Y g;
and 

= Q denotes the smallest gap in Q defined by

 = min f ja ? bj j a; b 2 Q; a 6= bg;
then 



1
m+n)2 .

(

P ROOF. Let p1 , and p2 be two edit paths with different amortized weights such that
 = W (p1 )=L(p1) ? W (p2 )=L(p2 ) . Then

W (p2 )L(p1 )  1
 = W (p1 )LL(p(2p) ?
)
L
(p2 )
(m + n)2
1
follows from the facts that jW (p1 )L(p2 ) ? W (p2 )L(p1 )j  1 (distance between any
two distinct integers), and L(p1 )L(p2 )  (m + n)2 since L(p1 ); L(p2 )  m + n .
P ROPOSITION 4.6

For  real and a cost function with integral weights, the optimum value SX;Y;
() of
the parametric shortest path problem can be formulated in terms of the optimum value

SX;Y;
0 of a shortest path problem.
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P ROOF. For any  2 Q, using the definition in (4.1), and expressions in (2.1) and (2.3)
we have
2

SX;Y; () = p min
X;Y

4



2P

= p min

4

2PX;Y

where e0 i

= ei ? 

id

1

2

= SX;Y;

3
X

X

id

ei fei (p) ? 

X

id

fei (p)5

1

3

( ei ? )fei (p)5

1
0

for all i, 1  i  d.


From proposition 4.6, SX;Y;
() is the optimum value of the shortest path problem in
GX;Y; 0 . This definition of the parametric problem was used in fractional programming normalized edit distance algorithm [16]. We want to emphasize that GX;Y; 0
may not lead to a valid instance of ordinary edit distance problem because 0 may
include a negative weight.
We propose the following algorithm IntegerNED for the NED problem with
integer weights : The algorithm first computes the smallest possible gap  between
any two distinct values for NEDX;Y; using the expression in proposition 4.5. The
algorithm maintains an interval, [e; f ], such that the optimum value of NEDX;Y; lies
in [e; f ] where e, and f are appropriate integral values. Initially e is set to zero, and
f is set to max = where max is the maximum weight in . The algorithm iteratively
solves a parametric shortest path problem with parameter k where k is the median
of integers in [e; f ]. At each iteration the interval is updated according to the sign
of the optimum value of the parametric problem as explained in Megiddo's search
technique. The effective search space is the integers in [e; f ] . Each iteration reduces
this space by half. The iterations end whenever the optimum value for the parametric
shortest path problem is zero upon which the algorithm terminates by returning the
parameter k as the optimum value of NEDX;Y; , or whenever there remains no
integers between e, and f . In the latter case, the algorithm solves a parametric shortest
path problem with parameter f . An optimal path for this parametric problem yields
the optimum amortized weight (the optimum value of NEDX;Y; ) with which the
algorithm terminates.
The main steps of the algorithm are shown in figure 5.

is in
The invariant for the while loop in step 4 is that e  f , and NEDX;Y;
[e; f] . We can prove that it holds by induction on the number of iterations. At the
beginning (iteration zero) the invariant is true since e and f are initialized to zero and

is in [0; max ] . The proof of the inductive step
max , respectively, and NEDX;Y;
follows from the discussions of Megiddo's search technique. The algorithm returns
the parameter value if during one of the iterations the optimum value of the parametric
shortest path problem is zero in which case the algorithm is correct. Otherwise, the
while-loop terminates with the following conditions being true: e  f and e + 1  f

(e = f or e + 1 = f ), and NEDX;Y;
is in [e; f ] . Since the minimum distance
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ALGORITHM
Step 1 :
Step 2 :
Step 3 :
Step 4 :
Step 5 :
Step 6 :
Step 7 :
Step 8 :
Step 9 :
Step 10 :
Step 11 :

IntegerNED
If m = n = 0 then return( 1) signalling an undefined result.

?

 (m+1n)2
[e;f ]
[0; max (m + n)2 ]
While (e + 1 < f ) do
k b(e + f )=2c

(k ) (use proposition
v SX;Y;
if v = 0 then return(k)
else if v < 0 then f = k
else e = k

f

4.6).

g

Step 12 :

End while

Solve SX;Y; (f) to find the optimum value SX;Y;
(f ) and
the length L(p) of the corresponding optimal path p .
W (p) S  (f) + fL(p)

Step 13 :

Return

Step 14 :

End.



F IG . 5.

X;Y; 
W (p)
L(p)

NED algorithm IntegerNED for integer weights.

between any two possible distinct values for
cases two consider :

NEDX;Y;


is at least  , there are two



= e or NEDX;Y;
= f,
(i) NEDX;Y;

(ii) NEDX;Y; is in (e; f ) (in which case there is only one possible value for

NEDX;Y;
in (e; f )).

In both cases, an optimal path p for the parametric shortest path problem with parameter f yields the optimum value of NEDX;Y; , because of the fact that each new
solution to a parametric problem yields a ratio no larger than the parameter value as
pointed out in the description of Dinkelbach's algorithm. Note that in step 12 of the
algorithm, after determining the optimum value of the parametric shortest path problem and the length of the corresponding optimal path, we have used the expression in
definition (4.1) to determine the weight of the optimal path.
T HEOREM 4.7

If algorithm A computes SX;Y;
0 and the length of the corresponding optimal path
(without the assumption of non-negativity for 0 ) with time complexity C (m; n) and

space complexity U (m; n) then provided that all the costs in are integral, NEDX;Y;
can be computed in time O(C (m; n) log m) using U (m; n) space.
P ROOF. We show that this complexity result can be achieved by using algorithm
IntegerNED. The while loop iterates O(log ( max (m + n)2 )) times because the
search space on which binary search is performed is included in the set of integers
in the range [0; max (m + n)2 ] . Solving the parametric problem in step 6 takes
C (m; n) time using algorithm A since it involves a shortest path computation and
some simple arithmetic by proposition 4.6. Given that algorithm A computes the
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length of an optimal path along with the optimum value of the parametric problem, step 11 can be performed within time and space complexities of algorithm A .
The remaining steps take constant time. Therefore the resulting time complexity is
O(C (m; n) log ( max (m + n)2 )) . The space complexity of the algorithm is the same
as that of algorithm A since the space required by the steps other than those which
involve the parametric shorest path computations is only constant.
The ordinary distance algorithm of Wagner and Fisher [17] uses a very simple dynamic programming formulation which can easily be modified such that it keeps track
of the length of the optimal path, and it also returns this length in addition to the optimum value of the shortest path problem. This modification does not increase the
time and space complexities of the algorithm. This modified algorithm is suitable as
algorithm A in IntegerNED. Since C (m; n) = O(mn) and U (m; n) = O(n) in
this case, we have
C OROLLARY 4.8

using
Algorithm IntegerNED computes the normalized edit distance NEDX;Y;
O(mn log m) operations and O(n) space provided that all the costs in are integral.
are integral multiples of a fixed real number

with the same time
complexity as follows: Let int be an integral cost function such that
If the weights of edit operations in

r, we can use algorithm IntegerNED to compute NEDX;Y;
ei = r eint
i

(4.6)

for all i , 1  i  d. Then the following relation holds by the definition in (2.2)

NEDX;Y; = rNEDX;Y;




int

:

Therefore
C OROLLARY 4.9

can be computed in O(mn log m) time and
The normalized edit distance NEDX;Y;
O(n) space provided that all the costs in are rational.

5 Remarks
In some cases, an optimal edit path may also be desired besides the normalized edit
distance. This can be accomplished by solving an additional parametric shortest path

) has
problem. An optimal edit path for the parametric problem SX;Y; (NEDX;Y;

amortized weight NEDX;Y; for any cost function . Therefore, following the com

putation of NEDX;Y;
it suffices to solve SX;Y; (NEDX;Y;
) for an optimal edit
path. This additional computation can be done in O(mn) space.
In theorems 4.3, and 4.7, we have expressed the time complexities of the algorithms
UniformNED and IntegerNED in terms of the time complexity of a shortest path
algorithm A which is actually used to solve the parametric shortest path problems. To
improve these time complexities one may want to use faster shortest path algorithms.
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For edit graphs, ordinary edit distance algorithms perform better than general shortest path algorithms because of the special structure of the graph. But not every fast
ordinary edit distance algorithm is a suitable candidate as algorithm A for the computation of shortest paths in our algorithms. In general, ordinary edit distance algorithms
assume that the weights are non-negative and/or the triangle inequality holds for the
weights.
Proposition 4.6 gives a general formulation of the parametric shortest path problem
in terms of the shortest path problem. The formulation preserves the triangle inequality, but it may introduce negative weights into the cost function. To the best of our
knowledge the algorithm in [17] is the fastest algorithm A in the presence of negative
weights.
In the case of uniform cost function, we gave a different formulation for the parametric problem in proposition 4.2. By this formulation the triangle inequality may
be destroyed, but non-negativity of weights is preserved. Even though there are more
candidate algorithms that can be used as algorithm A in this case, the algorithm in
[17] turns out to be the only feasible one. Next we discuss the reasons for this.
Ordinary edit distance algorithms which assume a fixed cost function (e.g. u =
(1; 1; 0; 1)) and achieve fast running times by using this constant nature of the weights
[15, 10] are evidently not suitable as algorithm A in UniformNED. This is because
each execution of Step 6 of the algorithm uses a different cost function u 0 .
Masek and Paterson gave a C (m; n) = O(mn= log n)-time algorithm [8] which
can be used as algorithm A here, but it is no longer true that the running time of
UniformNED is as indicated by theorem 4.3. The assumption in the algorithm of
Masek and Paterson is that the weights are integral multiples of a positive real constant
r. We can easily show that if the assumption is true for u , then it is also true for
u 0 that arises in UniformNED: Suppose that I , D , M , and N are all integral
multiples of a real positive number r and let  be in Q. If  = 0, then the assertion
is true for the weights in u 0 , since u 0 = u in this case. If  > 0 then there exist
positive integers a, and b such that  = ar=b because of the way we generate the set
Q in proposition 4.1. Therefore in this case, I , D , M + , and N +  are integral
multiples of the positive real number r=b. There appear to be no other obvious choice
of the new constant such that the assumption holds for u 0 . But the algorithm of
Masek and Paterson takes time proportional to some function of 1=r which normally
is absorbed in the “big O”, since it is independent of m and n. The discrepancy factor
among the magnitude of constants for different parametric problems of UniformNED
can be in order of m since b has to be, in some cases, as large as the maximum path
length m + n. Therefore even though it may be possible to achieve O(mn= log n)
with u , solving some parametric problems using this A would take significantly (by
about a factor of m) more time.
Ukkonen's O(dn)-time output-size sensitive algorithm [15], where d is the actual
edit distance, does not seem applicable because it assumes that the weights are nonnegative and they fulfill the triangle inequality. Even though there are alternate formulations of a parametric shortest path problem SX;Y; u () in terms of a shortest path
problem in GX;Y; u 0 with different cost functions u 0 , the triangle inequality cannot
always be met while simultaneously keeping the weights non-negative. For example,
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setting u 0 = ( I ? ; D ? ; M ? ; N ? ) maintains the triangle inequality
by allowing negative weights, or setting u 0 = ( I ; D ; M + ; N + ) guarantees
non-negativity of weights but possibly destroys the triangle inequality.

6 Conclusion
In the absence of theoretical time complexity results for the application of fractional
programming to normalized edit distance calculations, we have improved the time
complexity of normalized edit distance computation from O(mn2 ) to O(mn log n)
when the weights of edit operations are uniform, and to O(mn log m) when the
weights are rational.
The worst-case and the expected time complexity of fractional programming formulation of NED need to be investigated for a better assessment of the quality of the algorithms presented in this paper, keeping in mind that our time complexity bounds are
in the worst-case. Real applications may be in favor of fractional programming based
NED algorithm because of its easy implementation, observed experimental performance, and the generality of the cost function that can be used. It seems that while
our algorithms have improved worst-case time complexities, fractional programming
normalized edit distance algorithm may actually be provably faster on the average.
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