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Abstract

Consider the parallelization of the LU decomposition
part of the LU Algorithm for ann � n tridiagonal linear
system, and the related problem of evaluation of contin-
ued fractions. Both problems have known optimal paral-
lel algorithms. We note an interesting connection between
the two: in the same matrix-chain product formulation of
the recurrences, prefix products solve one problem, while
suffix products solve the other. More precisely, direct ap-
plication of the parallel prefix algorithm for parallel eval-
uation of continued fractions results in an algorithm that
requiresO( n2logn ) processors and takesO(log2 n) parallel
time, which is suboptimal. A suffix product formulation
for continued fractions together with parallel prefix can be
used for parallel tridiagonal LU decomposition optimally
in O(logn) time usingO( nlogn ) processors.

Keywords: Tridiagonal system, LU decomposition, con-
tinued fraction, prefix product, suffix product.

1 Introduction

The firstn convergents of a general continued fraction
(CF) can be computed optimally in logarithmic parallel
time usingO( nlogn ) processors. An algorithm for this com-
putation which uses a matrix representation of CFs due to
Milne-Thomson ([1], pp. 108–110), in combination with
a parallel prefix algorithm for matrix products appears in
[2]. Continued fractions can be used to calculate quadratic
surds, solutions of second order linear recurrences, and var-
ious other (numerical and matrix) sequences whose recur-
sions are derived from continued fraction expansions.

Tridiagonal systems of equations arise frequently in the
solution of partial differential equations, interpolation, and
other engineering applications. There is a large body of
literature on the solution of tridiagonal systems on paral-
lel machines, initiated with the recursive doubling algo-
rithm of Stone [3] which makes use of the relationship be-

tween tridiagonal systems and linear recurrences to solve
this problem inO(logn) parallel steps usingn processors.
This algorithm can be used to solve banded systems as well.
See [4, 5, 6, 7]. Parallel prefix based algorithms have also
been used for the solution of tridiagonal systems with lim-
ited number of processors on the hypercube multiprocessor
[8].

The LU decomposition algorithm is one of the most
efficient existing sequential algorithms for the solution ofAx = d whereA is a nonsymmetric tridiagonal matrix. A
direct application of CF expansion and convergent calcula-
tions for the parallelization of the LU decomposition results
in a suboptimal parallel algorithm, because with this for-
mulation the convergents that are needed to be computed
are not the firstn convergents of a single CF, but rather
the full evaluation ofn different (but related) CFs of vary-
ing lengths. This straightforward application of CF based
method results in anO(log2 n) parallel time algorithm us-
ing O( n2logn ) processors. In this paper we show that with a
slight twist, an alternate formulation using suffix products
of certain matrix chains using a backward evaluation of CFs
results in an optimal parallel algorithm for the parallel LU
decomposition of nonsymmetric tridiagonal matrices.

We note that most of the analytical development used
here was introduced by Kogge [9], who presented gen-
eral algorithms for solving recurrence relations efficiently
in parallel for a large class of recurrences.

2 LU Decomposition and Problem State-
ment

We consider the linear systemAx = d (1)

whereA is a tridiagonal matrix of ordern of the form
shown in (2),x = (x0; x1; : : : ; xn�1)T is the vector of
unknowns, andd = (d0; d1; : : : ; dn�1)T is a vector of di-
mensionn.



A = 266666664 b0 c0a1 b1 c1a2 b2 c2
...

...
...an�2 bn�2 cn�2an�1 bn�1

377777775 (2)

In the LU factorization,A is decomposed into a product
of two bidiagonal matricesL andU asA = LU, whereL = 2666664 1e1 1

...
...en�2 1en�1 1

3777775
U = 2666664 f0 c0f1 c1

...
...fn�2 cn�2fn�1

3777775 :
The LU algorithm to solve the linear system (1) then pro-
ceeds to solve fory fromLy = d and then findsx by solv-
ing Ux = y. More precisely, this algorithm to solve (1)
consists of the following steps:

The LU Algorithm
Step 1.Compute the LU decomposition ofA given byf0 = b0;ei = ai=fi�1; 1 � i � n� 1;fi = bi � ei � ci�1; 1 � i � n� 1:
Step 2.Solve fory fromLy = d usingy0 = d0;yi = di � ei � yi�1; 1 � i � n� 1:
Step 3.Computex by solvingUx = y usingxn�1 = yn�1=fn�1;xi = (yi � ci � xi+1)=fi; 0 � i � n� 2:
First we consider the parallelization of the LU decom-

position part of the LU Algorithm to solve (1), i.e. Step 1
above. Once the diagonal entriesf1; : : : ; fn�1 of U have
been calculated,e1; e2; : : : ; en�1 can subsequently be com-
puted in a single parallel step withn� 1 processors. Thus
we concentrate on the computation of thefi's.

Let�i = bn�i for 1 � i � n, and�i = �an�i+1 � cn�i
for 2 � i � n. Then thefi satisfy the nonlinear recursionf0 = �nfi = �n�i + �n�i+1=fi�1 ; 1 � i � n� 1 :

Thus we have continued fraction (CF) expansions for
thefi of the formf1 = �n�1 + �n�n ;f2 = �n�2 + �n�1�n�1 + �n�n ;

... (3)fn�1 = �1 + �2�2 + �3
...

...�n�1+ �n�n
The resulting computational problem for the calculation of
thefi with this formulation is the efficient evaluation of the
continued fractions (3) in parallel.

2.1 Continued Fractions

Because of the form of (3), we look at fast parallel eval-
uation of CF. Consider thenth convergentpnqn = �1 + �2�2 + �3

...
...�n�1+ �n�n= �1 + �2�2+ �3�3+ � � � �n�n (4)

of a given arbitrary (i.e. not necessarily periodic) CF. By
Milne-Thomson matrix formulation [1], we have� pn pn�1qn qn�1 � = � �1 11 0 � � �2 1�2 0 � � � �� �n 1�n 0 �
or� pnqn � = � �1 11 0 � � �2 1�2 0 � � � � � �n 1�n 0 � � � 10 �

The above representation was used in [2] for the fast
computation of the firstn convergents of a CF. The algo-
rithm proceeds as follows. DefineAk = � �k 1�k 0 �

for 1 � k � n ;
with �1 = 1. We can then write the above product con-
cisely as� pnqn � = A1A2A3 � � �An � � 10 �

.

Therefore all convergentspkqk for k = 1; 2; 3 : : : ; n of
a general CF can be computed inO(logn) parallel time



usingO( nlogn ) processors, as we only need the prefix prod-
ucts A1A1A2

... (5)A1A2 � � �An
of the 2 � 2 matricesAk for 1 � k � n and a parallel
prefix algorithm [10], [11], [12] can be used for the com-
putation of the products in (5). Details of this algorithm
can be found in [2].

However thefi 's in (3) are not the convergents of a sin-
gle CF. In fact, direct application of this fast parallel eval-
uation of CF's to compute each one of the finite continued
fractions forf1; f2; : : : ; fn�1 in (3) independently would
requireO(n�1Xk=2 klog k ) = O(Z n2 xlogxdx) = O( n2logn )
processors an takeO(n�1Xk=2 log k) = O(log2 n)
parallel time. Thus the prefixes in (5) compute the given
CF in the “wrong direction” as far as thefi are concerned.

2.2 A Suffix Product Formulation

We can show that thesuffixproductsAnAn�1An
... (6)A2A3 � � �An

can be used to compute all of thefi in parallel efficiently.
To see this, write eachfi in (3) in the formfi = �n�i + risi ; 1 � i � n� 1 : (7)

Consider again the finite CF�1 + �2�2+ �3�3+ � � � �n�n (8)

defined in (4). Thenrisi = �n�i+1�n�i+1+ �n�i+2�n�i+2 � � � �n�n
for 1 � i � n � 1. By (7), once the values ofri andsi
for 1 � i � n � 1 are known,f1; f2; : : : ; fn�1 can be
computed with 2 parallel arithmetic operations usingn� 1
processors.

For the computation ofri andsi, we claim that� siri � = � �n�i+1 1�n�i+1 0 � � �n�i+2 1�n�i+2 0 � � � �� � � � �n 1�n 0 � � � 10 �= An�i+1An�i+2 : : : An � � 10 �
(9)

for 1 � i � n�1. The assertion in (9) can easily be proved
by induction oni by using the fact that�i�1�i�1 + risi = �i�1 � siri + �i�1 � si :

The following example illustrates this calculation.

Example
Suppose that the finite CF (8) in question is1 + 23 + 45+ 67 :
Then�1 = 1; �2 = 3; �3 = 5; �4 = 7 and�2 = 2; �3 =4; �4 = 6. From the expressions in (3) we compute thatf1 = 5 + 6f0 = 5 + 67 = 417f2 = 3 + 4f1 = 5 + 2841 = 15141 (10)f3 = 1 + 2f2 = 1 + 82151 = 233151 :
We haveA2 = � 3 12 0 � ; A3 = � 5 14 0 � ; A4 = � 7 16 0 � :
Thus A4 = � 7 16 0 �A3A4 = � 41 528 4 �

(11)A2A3A4 = � 151 1982 10 �
From the first columns of the matrices in (12) we obtain� s1r1 � = � 76 � ; � s2r2 � = � 4128 � ; � s3r3 � = � 15182 � ;
which is in agreement with the fractions6=7, 28=41, and82=151 that appear in (11).

3 Parallel CF-LU Algorithm

We summarize the steps involved in the parallel com-
putation of the LU decomposition ofA as given in (2) by



means of CF computations:

Parallel CF–LU Decomposition Algorithm
Input: A tridiagonal matrixA of ordern as in (2).
Output: The matricesL andU of the LU decomposi-

tion ofA.
Step I. Let f0 := b0 and�i := bn�i for 1 � i � n. For2 � i � n compute�i = �an�i+1 � cn�i :
Step II. For2 � i � n letAi := � �i 1�i 0 �
and compute the suffix productsAiAi+1 � � �An.
Step III. For1 � i � n� 1 computefi := �n�i + risi
where [sn�i+1; rn�i+1]T is the first column ofAiAi+1 � � �An computed in Step II.
Step IV. For1 � i � n� 1 computeei := aifi�1 :

Theorem 1 Parallel CF–LU decomposition algorithm
computes the LU factorization of ann � n tridiagonal
matrix in O(logn) parallel arithmetic operations usingO( nlog n ) processors.

Proof Each one of the Steps I, III, and IV can be com-
puted with eithern � 1 processors inO(1) time, or withO( nlog n ) processors inO(logn) time. All of the suffixes of
the matrix products in Step III can be computed by an ap-
propriately modified parallel prefix algorithm inO(logn)
time usingO( nlog n ) processors. Therefore total time re-
quired by the parallel CF–LU algorithm isO(logn) usingO( nlog n ) processors. 2
4 Conclusions

We considered the parallelization of the LU decompo-
sition part of the LU Algorithm for ann � n tridiagonal
linear system. Optimal parallel algorithms for this prob-
lem through matrix recurrences are already known. How-
ever, LU decomposition is related to parallel evaluation of
continued fractions in an interesting way. In the matrix-
chain product formulation of the recurrences,prefixprod-
ucts solve one problem, whilesuffix products solve the
other. Both products can in turn can be computed fast by
known parallel prefix methods. The suffix product formu-
lation for continued fractions together with parallel prefix
gives an optimal LU decomposition algorithm which runs
in O(logn) time usingO( nlogn ) processors.
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