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Uniform Generation of Anonymous and Neutral Preference
Profiles for Social Choice Rules

Omer Becidlu

Abstract. The Impartial Anonymous and Neutral Cultu(BANC) model of social choice as-

sumes that the names of the voters as well as the identityecdlternatives are immaterial.
This models allows for comparison of structural propersiesial choice rules (SCRs) for large
values of the parameters empirically: whether Condorcaheiis exist, whether Borda and
Condorcet winners are identical, whether Plurality with-aff winners are among Borda win-
ners, for example.

We derive an exact formula for the number of equivalencesela®f preference profiles
(called roots) in this model. The number of terms in the fdadepends only on the number
of alternativesm, and not the much larger number of voters In IANC, the equivalence
classes defining the roots do not have the same size, malkdimgitiiform generation for large
values of the parameters nontrivial. We show that the DMéli-algorithm can be adapted
to this problem, and describe a symbolic algebra routine ¢ha be used for Monte-Carlo
algorithms for the study of various structural propertieSGRs.
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1. Introduction

There are a few basic models used for the analysis of the giepand behaviors of
various social choice rules (SCRs) through probabilistethods designed to gener-
ate voter preferences. Among thebapartial Culture (IC) uses preference profiles
(which show how each af voters in an electorate ranks alternatives as am x n
matrix) in which each is profile is equally likely. This mod&s been introduced in
social choice literature by Guilbaud [9]. For linearly oreém alternatives chosen
by n voters, IC assumes that each voter independently selecfsdference ranking
according to a uniform distribution, resulting in a totahmoer ofm!™ profiles.

The Impartial Anonymous Culturé AC) model on the other hand, is based on the
presentation of voter preferences by anonymous profileseithe names of the voters
are neglected. As introduced by Fishburn and Gehrlein fglarronymous profile is
the representative profile of an anonymous equivalence (A&=C) which is the set of
preference profiles that can be generated from each othpexiauting only the names
of the voters. IAC assumes that each AEC is equally likelye Taimber of AECs
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for linearly orderedm alternatives byn voters is given by the binomial coefficient
(mimt 1), as this is a balls-in-boxes type of a counting problem (sseF5]).

Thelmpartial Anonymous and Neutral Cultu(ANC) model that is studied here,
treats voter preferences through a class of preferencégsrafihere not only the names
of the voters, but also the names of the alternatives are teriah This approach re-
flects two basic axioms of social choice theofytonymityandNeutrality. Anonymity
requires voters to be treated equally whereas neutralitiipits a SCR from having
a built-in bias for or against any one or more alternativase €quivalence classes in
this model are theanonymous and neutral equivalence clag#d$ECs). The equiva-
lence classes as well as equivalence class representt@/also referred to asots
Thus, each root represents a structurally distinct prater@rofile under simultaneous
fulfillment of anonymity and neutrality axioms. We denote ®ym, n) the number of
roots for linearly orderedh alternatives by: voters.

This paper provides a formula fét(m, n), which is then used to provide an algo-
rithm that generates roots from the uniform distributiohisTallows for a testbed that
can be used to answer various questions about the propariasnymous and neutral
SCRs by the Monte-Carlo method. Properties such as théhida of the existence
of a Condorcet winner, the probability that the Borda andGbeadorcet winners are
identical, the probability that Plurality winners are a sebof Borda winners, etc., are
among questions that can be empirically answered.

We use ideas from the theory of symmetric functions to oladormula forR(m, n)
which is a sum of terms where the number of terms depends anty and not the
much largem. There is a combinatorial explosion in the computatiotR¢fn, n) for
large values ofn andn, and a simple enumeration of roots is insufficient to selkegt r
resentatives from the uniform distribution. Furthermdhe ANECs do not all have
the same size. This makes uniform generation appear sormevdidematic, but we
use the Dixon-Wilf algorithm along with the formula fdt(m,n) to overcome this
problem.

This paper is organized as follows. Section 2 outlines tisé&chdeas and introduces
the notation we need. The first formula for the number of rddfs:, n) appears in
Theorem 3.1 of Section 3. By using a result from the theoryyafmetric functions
(Theorem 3.2), we obtain the simpler expressionRgm,n) given in Theorem 3.3.
This immediately yields a number of explicit formulas whigk derive for small val-
ues ofm in Section 4. In Section 5 we outline the Dixon Wilf algorithemd indicate
its use to generate roots from the uniform distribution. Anbyplic algebra routine
built on this theory is then described, and sample Matheraatins are given.

The basic ideas of discrete mathematics, group theory anggctions to the ex-
tent used here can be found in Feller [5], Wielandt [13], aedder [10]. Ideas related
to the symmetric functions can be found in MacDonald [11]e Timain reference on
SCRs is Moulin [12]. IC and IAC models are presented in moritlen Berg and
Lepelley [1] and Gehrlein [7].
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2. Preliminaries

In this section, we give a brief outline of the elements ofnpatations, integer par-
titions, and group actions on finite sets and their applbcato the notion of roots.
We start with preference profiles, and give an example thabdstrates both type of
equivalence classes of preference profiles: AEC, and ANEC.

A preference profilés anm x n matrix which shows how each of thevoters lin-
early ordersn alternatives. We assume that the voters correspond to thene and
the alternatives correspond to the rows of the matrix. As@amgple, let us consider a
case withn = 4 voters and two alternativeg anda,. There are two possible linear
preference rankings for two alternatives:is strictly preferred tai,, or a; is strictly
preferred tau;.

Example 2.1.Form = 2 andn = 4, m!™ = 16 preference profiles are as listed below.

ai | ai| ai | ai az | az | a2 | az ai | ai | a2 | az
Tr1 = Tp = xr3 =

az (a2 | a2 | a2 ay | a1 | a1 | a1 a2 | a2 | a1 | a1

ayp (a2 | a1 | az az | a2 | a1 | ai a2 | a1 | a2 | a1
T4 = Ts5 = Te =

az [ ai | a2 | ai ay | ai | a2 | az ay | az | ai | az

ai | az | a2 | ai az | ai | a1 | az ai | ai | ai | az
xTr7 = xrg = xr9 =

az (a1 | a1 | a2 ay | a2 | a2 | a1 a2 | a2 | a2 | a1

ay (a1 | a2 | ai ay | az | a1 | a1 a2 | a1 | a1 | a1
rio = xr11 = T12 =

az (a2 | ai | az a2 | a1 | az2 | az ay | az | a2 | a2

ay (a2 | a2 | az az | a1 | az | az a2 | a2 | a1 | a2
r13 = T14 = Tr1s =

a2 | a1 | a1 | a1 ai | az | a1 | a1 a1 | a1 | a2 | a1

az [ az | a2 | ai

16 =

ap | ai | ai | az

The (3) = 5 AECs for this example are

{z1}, {22}, {x3, xa, x5, w6, x7, 28}, {79, x10, ¥11, 12}, {713, 14, 215,216} (2.1)

The profileszg andx1g are in the same AEC sincey is obtained fromeg by inter-
changing the 3-rd and the 4-th columns. Preference prafjesndxs are in different
AECs as no permutation of the columnszgfwill give x1s.

When we construct the ANECS, in addition to renaming therools, there are two
possible ways of renaming the alternatives: one leavesdhees of the alternatives
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intact, and the other switcheg anda,. If we apply these operations to the AECs
above, we obtain a coarser partition of the 16 preferenddgspgiving us three roots
(AN ECS) 91, 92, 93:

91 = {xla xZ}a
02 - {x3,$4,$5,$6,$77$8}, (22)
03 = {x9,r10, 711, 12, 13, T14, T15, T16}

ThereforeR(2,4) = 3. In (2.2), preference profilesy andzs are in the same equiv-
alence class sincess is obtained fromzg by interchanging the 3-rd and the 4-th
columns, and simultaneously switchingandas,.

Let [n] = {1,2,...,n}. We denote byS, the group of permutations dm]. A
groupG actson a finite sef if eachg € G gives rise to a permutation of the elements
of Q, such a way that the identity element does nothing, whilenapasition of actions
corresponds to the action of the composition. We denote’the image ofr € Q
under the permutation @ induced byg. The subset of2

{27 | g € G}
is called theorbit of = € Q. A group action splits ug into a disjoint union of subsets
Q=01+62+---+0r (2.3)

where each¥; is a group orbit and the “+" signifies disjoint union. THgare the
equivalence classes under the actionbbn Q where we definer,y € Q to be
equivalent iff there exists somee G such thaty = x9. If 29 = x thenz is fixedby
g. Forg € G let

Fy={recQ|a? =z}

denote the set of elements@ffixed by g. Consider now a finite grou@’ acting on a
setQ. The numbe? of equivalence classes can be computed by the formula

1
R= @Z |7, (2.4)

geG

which is known as th&robenius lemmgor Burnside lemmaFor detailed information
on permutations groups and their actions on finite sets, fee tiee reader to Kerber
[10], or Wielandt [13].

In the setting of IANC, a preference profile of votgrg and alternativesdA =
{ay,az,...,ay} is represented as an x n matrix in which each column is a permu-
tation of A. LetQ = Q(m,n) denote the set of these preference profiles. Evidently,
Q[ = (m!)™.

Roots can be characterized as the orbits of the action ofrtithupt groups,, x S,
onQ = Q(m,n). R = R(m,n) is then the number of roots. Elements&f x S,
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are pairs of permutations, 7) with o € S,, andt € S,,,, where the group operation
is componentwise composition of permutations. In the aatibg = (o, 7) on Q, a
preference profile? is obtained from the profile by permuting the columns (voters)
according tar, and simultaneously permuting the alternatives by mappatha; to
ariy, i =1,2,...,m. Representing permutations by their cycle factorizatibefol-
lowing example illustrates this action fer= 4 voters and alternative$ = {a1, ax}:.

Example 2.2.

a1 | a1 | az | az

az | a2 | a1 | ay

az | az | a1 | a1

9= ((13(24), (1)(2)) — 27 =

ai|aij|az|az

g=((13)(24),(12) — 29 =210 ]192] %

I
8

az | a2 | a1 | a1

In particular,g = ((13)(24), (12)) fixesz.

R(m,n) can now be computed using the Frobenius lemma (2.4). Tostatesults
we need more notation. partition A of an integem is a weakly decreasing sequence
of nonnegative integets = (A1 > A2 > -+ > A\,) Withn = A1+ A2+ - -+ \,. Each
of the integers\; > 0 is called gpart of A. For example\ = (3,2, 2) is a partition of
n = 7 into three parts. It has two parts of size two and one paiizefthree. If\ is a
partition ofn, then this is denoted by F n. Each partition of. has atypedenoted by
the symbol 122 ... n% which signifies that hasc; parts of size for 1 < i < n.
For example the type of = (3,2, 2) is 19223'495°697°, We can omit the zeros that
appear as exponents and write the typa af 231,

A permutationo of [n] defines a partition of. where the parts of the partition are
the cycle lengths in the cycle decompositiorvofThe cycle type ob is defined as the
type of the resulting partition. For exampie= (142)(35)(67) has cycle type 28
For any\ F n of type 1*12%2 ... n®» define the number

2y = 19129 ... lanl ). (2.5)

It is well known that the number of permutations of cycle tgge2*2 - . . n®» is given
by z;ln! where )\ is the partition of cycle lengths af. For example in the symmetric
groupSy, there are
7!
22312111
permutations having the same cycle typ&2as (142)(35)(67). The collection of
permutations which have a given cycle type is callembajugacy classin the group

=210



6 Omer Eecidjlu

S, X Sy, conjugacy classes are indexed by a pair of partitiohsn, u = m. If C'is the
conjugacy class where the cycle types are given bydy, then|C| = nlm! z;lz;l.
For integersi andn we use the symbal |n to mean that! dividesn evenly. For

any statemen$' the indicator function of is

1 if SisTrue
S) = '
x(5) {0 if Sis False

For partitions) and i, GCD(X) denotes the greatest common divisor (GCD) of the
parts ofA, andLC M (1) denotes the least common multiple (LCM) of the partg of

For an integefk with 0 < k < z, extend the definition of the ordinary binomial
coefficient(7) to nonintegral values of by setting

! ; P
(;;) _ {m if zis |htegral, 2.6)

0 otherwise.

3. Counting roots

Theorem 3.1.The number of root&(m, n) is given by

=3 X(LCM(pu)| GCD(N)) 23z, tmpeateztton(31)
AFnpukEm

where the type of is 1412%2 ... n®» and z,, is as defined in (2.5).

Proof. As we have remarked, the number of ro&ten, n) is given by the number of
orbits R in the decomposition (2.3). We first determine the naturéneffixed points
of g € S, x S, and then use the Frobenius lemma to prove this theorem.oSeapp
g = (o, 7) with the corresponding partitions n andu - m. Suppose the type of

is 14122 ... n% . Then

lartagttan  f [OM D
F_{m it LCM (k) | GEDOY), 32)

0 otherwise.

To prove this claim, suppose? = z. Lett be the order ofr in S,,. Thust is
the smallest integer such that the permutations?, ..., ¢ are all distinct. Con-
sider a cyclec in the cyle decomposition of. Without loss of generality, we can
assume that = (12 --- k), and the first column of is (a1, az,...,a,). Un-
der the action ofg on z, the first column ofz is mapped to the second column,
the second column to the third, etc., and finally th¢h column is mapped back
to the first. At the same time under the actionmf(a1,az,...,a,) is mapped
to (aT(l), Ar(2)s - ,aT(m)); (aT(l), Ar(2)s - - - ,aT(m)) to (a’TZ(l)’ ar2(2)s - - - ,aTz(m>), etc,
and finally (a i1, art-1(2), - - -, art-1() Dackto(as, az, . . ., an ). It follows that if
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x is fixed byg, then the first: columns ofr must be made up of a number of repetitions
of the block oft columns

air  aray Gy o Grt-l(g)
az  ar2) aTz(z> T athl(Z) (3 3)
Am  Qr(m) Ar2(m) " Qrt=1(py)

Thereforet | k. Since this holds for any cycle of, ¢ divides the GCD of the cy-
cle lengths ofs, which is GCD()). On the other hand, the order of a permuta-
tion is the LCM of its cycle lengths, and therefare= LCM (u). Conversely, if
LCM (i) | GCD(X) then the above argument shows thét= . Hencez? = x iff
LCM (p) | GCD(X). The quantityay + a2 + - - - + «, is the total number of cycles
of o. The columns ofc permuted by each cycle ofis determined by a single column
of the cycle, which can be picked onernaf ways. It follows that the number of fixed
points of

|Fyl = X(LCM () | GOD(X)) maoareztran (34)

Since|F,;| depends only on the cycle structureofindr, we can make the summation
in the Frobenius lemma (2.4) over pairs of partitions théinéethe conjugacy classes,
and multiply the expression in (3.4) by the cardinality ¢ ttorresponding conjugacy
class. This gives

1

R(m,n) = nlm!

Z Z X(LCM (p) | GCD(X)) ntm! 2;12;1 il Qatazttan
AbnputEm

which is (3.1). |

The expression in (3.1) faR(m,n) is a double sum, and the number of terms in-
volved in the summation is the product of the number of part# of» and the number
of partitions ofm. Since the number of partitions of an integer grows expaaky)t
the evaluation of?2(m, n) via (3.1) does not look practical.

Suppose however thdtC'M (1) = d. Then the contribution ofi to the sum (3.1)
can be written as
z;l Z z;lm!a1+"'+o‘” (3.5

AbEn
d|\i, Vi
To be able to use this expression to simplify the number ohsein the computation
of R(m,n), we need to evaluate the sum

Z z;l it tan (3.6)
AFn
d |\, Vi
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Fortunately, we can find a closed form expression for (3.6)$5g methods from
the theory of symmetric functions.

Theorem 3.2.For positive integers:, r, d with d | r,

nr_q
Z 2;1 po1totan <d , i 1 ) (3_7)
AEn ¢
d |\, Vi
where the type ok is A is 1*12?2 ... n®» and the binomial coefficient is defined as in
(2.6).

Proof. Let S denote the left hand side of (3.7). Unlesdivides each\; (and conse-
quentlyn), S is zero. Otherwise lep; = % fori =1,2,...,n. Thenp - 7. If the
type of \ is 112?233 ... 'then the type op is 1#42%2¢3%d ... Then

podtozdtazdt-

S pr—
Z d®d(2d)®2d (3d)3d - - - pglapglavzg! - - -
AbEn
d |\, Vi
POdto2dtazdt

Z:n d®d(2d)®2d(3d)3d - - - gl ovpglavzg! - - -
pEg

1/ T Qatzatazgt:
Z_ p—
> = (3)

PG

To evaluate this last expression, we use an identity fronthéery of symmetric func-
tions. Then-th power sump,, and then-th homogeneous (or complete) symmetric

functionh,, in the variables:1, o, . . . , zx are defined by setting
N
pn = > aj (3.8)
i=1
hn = Z TiyTiy ** * Ty, (3.9)

For any partition\ = (A1 > A2 > -+ > \,,) of n, define

i=1

It can be shown that (see MacDonald [11])

hn = Z Z)Tlp)\

AbEn



Uniform Generation of Preference Profiles 9

Take the number of variable¥ = Z and put eaclr; = 1. Then eaclp,, evaluates to
L. Thereforep, evaluates tg5)*+ 2" " where the type of is 1°12%2 - . . p. In
our case the partition in questioryigind consequently, evaluates tg% )24+,
ThereforeS is given byn-th homogeneous symmetric functiér, in the variables
x1,T2,...,xr Where each variable is set equal to 1. From the definition) (81 is a
balls-in-boxes type of a count: it is the number of ways ofribating % indistinguish-
able balls into} distinguishable boxes (see Feller [5]). This is given bylemial
expression on the right hand side of (3.7). |

Combining the two results we obtain

Theorem 3.3.

1 ﬂ+ﬂ!_1
R(m,n)= Yz, <d md_l > (3.11)
ukEm d

whered = d(u) = LCM (p), the binomial coefficient is defined as in (2.6), ands
as defined in (2.5).

Note that the summation in (3.11) is over partitions»obnly, and is independent
of the number of voters.

4. Explicit formulas

Theorem 3.3 has some immediate implications. We obtaina@xfirmulas for the
number of roots for small values of as follows.

4.1. n voters andm = 2 alternatives

Form = 2, the partitions ofn are(1, 1) and(2) with LCM (1,1) =1, LCM(2) = 2
andz(y 1) = z(2) = 2. Therefore

R(2,n) = %("i 1) + %(%) (4.2)

This is another way of saying

R(2in) = %n-ﬁ-l .if n.is even,
5(n+1) if nisodd.

4.2. nvoters andm = 3 alternatives

Form = 3, there are three partitioif$, 1, 1), (2, 1), and(3) of m with LCM (1,1,1) =
1, LC’M(Z, 1) =2, LCM(3) =3, andz(l’Ll) =6, Z(21) = 2, andz(g) = 3. Thus

1/n+5\ 1/%2+2\ 1/%2+1
R(3,n):6< 5 >+§<22 >+§<31 ) (4.2)
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4.3. mvoters andm = 4 alternatives
The partitions ofn = 4 are(1,1,1,1), (2,1,1), (2,2), (3,1), (4) with
LCM(1,1,1,1) =1, LCM(2,1,1) = LCM(2,2) = 2,
LCM(3,1) =3, LCM(4) = 4,

21,110 =24 2011 =% 2022 =8 z31 =3, 24 =4
Therefore

1 /n+23 3(3+11 1/5+7 1/7+5
R(4’")_24< 23 >+8< 11 >+3< 7 >+4< 5
4.4. n and m! relatively prime

In this case, only the term corresponding to the partition is (1,1,...,1) in the
sum (3.11) is nonzero. Since with = m! for this partition, an immediate corollary
is the following result of Giritligil and Dgan [8]:

Corollary Whenn andm! are relatively prime, the number of roa&m, n) is given
by

Ry =

m)! m! —1

n+m!—l>

Remark 4.1.By means of a symbolic algebra package such as Mathematceamw
easily calculate the value dt(m, n) for relatively large values of» andn using the
general formula in Theorem 3.3. As examples

R(5,5) = 1876255

R(5,10) = 2049242056940

R(5,20) = 5908312923863263889174

R(5,30) = 214658568936630826879925768420

5. Dixon-Wilf algorithm and uniform generation of roots

The importance of being able to access the valueR(ef, n) for large and uncon-
strained values afh andn becomes apparent when we try to generate roots from the
uniform distribution. The ability to compute the value B{m,n) together with the
Dixon-Wilf algorithm allows us to construct a symbolic pagle to generate the roots
such that each root is produced with probabiliflm, n).

Suppose in general that a group of permutatiGhacts on a se@. Consider the
decomposition of) into orbitsdy, 0», ..., 0r asin (2.3). If the number of orbitB is
known, then the following procedure, usually referred tohesDixon-Wilf algorithm
(Dixon and Wilf [2]) can be used to generate an othitom the uniform distribution.
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5.1. Basic elements of the Dixon-Wilf Algorithm
(i) Selecta conjugacy clags C G with probability

_CIE
RG]

whereg is some member af’.
(i) Select uniformly at random somec F,.

(iii) Return the orbitd that contains:.

The crucial aspect of the Dixon-Wilf algorithm is that it isayanteed to return an
orbit (or the representativeof the orbit) distributed uniformly over the set of all orhit
The task of having to generate an orbit from the uniform tigtion is transferred to
being able to select a conjugacy clasgimwith a certain probability as given in the
first step of the Dixon-Wilf algorithm, and then being ablgtok uniformly a random
profile from a fixed point seF,.

We calculate the number of orbiis = R(m,n) by using Theorem 3.3. In addition,
we can calculate the necessary parameters as required Dixbe-Wilf algorithm
such as the size of the conjugacy classes for the producp gfddANC.

A conjugacy clasg’ C S,, x S, is defined by a pair of partitions - n, u - m.
Suppose the type of is 1*12°2... n* andg = (o, 7) is an arbitrary element af.
We have

|G| = nlm!

IC| = nlm! z;lz;l

|Fy| = x(LCM(p) | GCD(X)) oozt tan
R = R(m,n)

Therefore we need to piak with probability

X(LCM (p) | GCD(N)) 23tz L mioatazt-tan
pc =
R(m,n)

Consider the lislC = {(m;, fi) | i = 1,2,..., R} where eachr; is a pair of partitions
A n, pEmwith LCM () |GCD(A). For such a pair;, the corresponding fraction
fi is defined by
f‘ _ Z)leljl m!a1+a2+"'+an

! R(m,n)
Thusfi, f2, ..., fris anordering of the nonzero probabilitigs of conjugacy classes.
Compute the partial sums

s1=f1, sa=fi+f2, s3=fr+fotfa ..., sr=frt+fot -+ fr=1
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If we generate a real number:ine [0, 1] uniformly, the probability that; 1 < = <'s;

is precisely the probability, whereC' is thei-th conjugacy class in the ordering of
the elements of . Suppose the selected class is defined by the pair of pagiié n,

u = m. We picko € §,, of type A\ by writing the integers 12, ... n, and grouping
them into cycles in the order they appear. For instance\fer (3,2,2) this yields

o =(123)(45)(67). Similarly we construct € S,,, by considering the type of and
grouping the integers, 2, ..., m accordingly in the order they appear. The resulting
pair is our elemeny € C.

Finally, we need to return a preference profile F;, making sure that is selected
uniformly at random fron¥,. This is easily accomplished by picking uniformly at ran-
dom a permutation afy, ay, . . . , a,, for every cycle otr, and by placing the permuted
alternatives as the smallest indexed column in each cydbe. other columns of the
cycle are then filled up by the images of this initial permutetlimn under the iterates
of r asin (3.3).

We have implemented this idea to generate roots from th@wmitlistribution as
a Mathematica program call&@nerateRoot|m,n]. The program takes a pair of in-
tegersm, n as input and generates anx n preference profile.. The resultinge is
guaranteed to be distributed over tRém,n) roots uniformly. This is the surprising
application of the Dixon-Wilf algorithm.

Example 5.1.We have run the uniform root generation algoritikntimes, fork run-
ning from 10 to 10000 in powers of 10 fon = 2 andn = 4. For eache returned
by GenerateRoot[2,4] we checked whether € 61, x € 0, orz € 03 (see (2.2) in
Section 2). Pr[Hits from orbif] is the ratio of the number of € 0, to k. Pr[Hits
from orbit 6;] and Pr[Hits from orbit)s] are calculated similarly. Figure 1 shows the
resulting computed probabilities. Since there are 3 oditg,, 63 in this case, the
actual probability for each is.833..

No. of trialsk  Pr[Hits from#;]  Pr[Hits from6,]  Pr[Hits from 3]

10 0.2 0.5 0.3

100 0.34 0.29 0.37
1000 0.352 0.348 0.3
10000 0.3235 0.3396 0.3369

Figure 1. Random generation of roots from the uniform distributiothwi = 4 voters andn =
2 alternatives. Each trial is the generation of a root fr@f®, 4) by using the Mathematica routine
GenerateRoot[2, 4].
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5.2. Likelihood of Condorcet winner to be a Plurality winner

As an example of applications of IANC agdnerateRoot[m, n), we describe a Monte-
Carlo experiment to compute the probability of CondorcetRlurality Rule’s winners
to coincide for varying values ofi andn.

Recall that an alternative is@ondorcet-winneif it is preferred to each other al-
ternative by a majority of voters. HoweverCondorcet Paradoxccurs when social
outcome is not transitive, even though the individual prefiees are not, due to the
conflict in majority wishes.

Plurality Rulesimply chooses the alternatives which are most populampassioked
candidates in a profile. Consider the likelihood of CondbRue and Plurality Rule
choosing the same winner. For simplicity, consider only ealdes of» which guaran-
tees that the Condorcet winner, when it exists, is uniquerality can choose multiple
winners. In this case, we check if any one of the Pluralityneirs is the Condorcet
winner.

The procedure followed for the experiment is as follows: &iv. and m, let
GenerateRoot|m,n| generate a random root uniformly. If the generated prafile
does not have a Condorcet winner, then we simply generatdemot. For each
root that does have a Condorcet winner, ggywe check and see if; is also chosen
by Plurality. For this we consider the first row ofand make sure that; occurs in
this row at least as many times as evefyfor 1 < j < m. The ratio of the number of
roots in which the Condorcet winner is also a plurality winteethe total number of
roots generated which have Condorcet winners is an appatiximto the probability
that a Condorcet winner is also a Plurality winner.

A plot of these probabilities for various andm computed by using = 1000
Condorcet winners for each case, appears in Figure 2.

6. Concluding remarks

Based on two fundamental axioms of social choice, anonyanity neutrality, the
IANC model uses root profiles for generating public prefees) where the names
of both the voters and the alternatives are ignored.

We derived an efficient formula for their number, and destithe the ingredients
of a symbolic algebra package for the generation of roots tiee uniform distribution
by means of the Dixon-Wilf algorithm. In this way, IANC all@afor the analysis
of the behaviors of anonymous and neutral SCRs with respegrying number of
alternatives and voters by means of Monte-Carlo methods.

Applications of this model and the proced@enerateRoot[m, n] to the study of
experimental comparisons for various SCRs is in progreg§edifjlu and Giritligil

3], [4]).
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Figure 2. The probability that the Condorcet winner is also a Pluyalinner in the IANC model. The
raw data has been smoothed out by a 5-term moving-averaaye Titie horizontal axis is the number of
votersn, through odd integers from 3 to 41. The number of samplesigged- 1000 pern /n pair.
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