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Abstract. The rectangle routing (RRP) consists of routing a set of multiterminal nets 
through a rectangle R under the knock-knee model. We present, for the three-terminal-net 
RRP problem, an O(n log n) time algorithm that constructs a layout inside a rectangle R f 
such that asymptotically A(Rf)/A(R) < 24/13 < 1.85, where A(W) is the area of rectangle 
W. For the unrestricted RRP problem, we present an O(n log n) time algorithm that 
generates a layout inside a rectangle R f such that asymptotically A(Rf)/A(R)< 3.5. Our 
approach consists of stretching the grid, and introducing a set of wires such that the given 
RRP problem instance is transformed into a two-terminal-net routable RRP instance, which 
can be routed by an existing O(n log n)-time algorithm. 

Keywords. VLSI design automation; layouts; switch-box routing; routing through a rectan- 
gle; minimizing area; approximation algorithms. 

1. Introduction 

Let R be a rectangle uniformly parti t ioned by w - 1 vertical line segments 
and h - 1 horizontal line segments. The set of  lines (which include the rectangle 
boundary  sides) is called the grid and the lines are called grid lines. The 
intersection of two grid lines is referred to as a grid point. A subset of  grid 
points on the boundary of R without including the corners of R are referred to 
as terminalpoints. A terminal t is denoted by a pair (x(t), y(t)) of the x and y 
coordinate values of t. It is important  to note that in order  to simplify our 
notation we eliminated the possibility of terminal points being located on the 
corners of  R; however, our algorithms can be easily modified to handle this 
situation by introducing a constant number  of  additional grid lines (the number  
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is very small). T h e  app rox ima t ion  bounds  for  the modi f ied  a lgor i thms are 
asymptot ical ly  ident ical  to the bounds  r e p o r t e d  in this paper .  T h e  vert ical  
(hor izonta l )  grid lines are  cal led columns (rows). T h e  co lumns  (rows) are  labeled  
f rom left to r ight (bo t tom to top) with the in tegers  0 to w (0 to h). T h e  set of  
terminal  points  is pa r t i t i oned  into m sets, N~, N j , . . . ,  N m. Each  set ~ is cal led a 
net, and the set of  nets is d e n o t e d  by N. T h e  p ro b l em  of  rout ing  though  a 
rec tangle ,  which we call the R R P  problem (which is also r e f e r r ed  to as the 
switch-box routing problem), is d e n o t e d  by I = (R,  N) ,  and consists of  f inding a 
layout u n d e r  the knock-knee  wiring mode l  for  the set N of  nets inside R. A 
layout  u n d e r  the knock-knee  model  for  the set N of  m nets  consists of  m 
edge-dis joint  c o n n e c t e d  subgraphs  W~, W 2 . . . . .  W,, of  R such that  each W, 
connec t s  all te rminals  in N i. It is well known that  any knock-knee  layout  is 
wirable  in four  layers by using the a lgor i thm in [1]. An R R P  p r o b l e m  in which 
every net  has at most  k te rmina ls  is called an R R P  of  degree k or a k-terminal-net 
R R P  problem. 

W e  def ine  a l,ertical cut of  R as the region be tween  a pair  of  ad jacent  
co lumns  (c, c + 1). No te  that  the two co lumns  are not  inc luded  in the cut. Th e  
capacity o f  a l,ertical cut is H + 1, the n u m b e r  of  rows be tween  co lumn c and 
co lumn c + 1 (i.e. the  total  n u m b e r  of  rows in R). T h e  density of  a vert ical  cut 
(c, c + 1), d e n o t e d  by d,~(N), is the n u m b e r  of  nets with at least one  te rminal  to 
the left of  the cut and least one  te rmina l  to the right of  the cut. A vert ical  cut 
(c, c +  1) is not saturated if its capaci ty  exceeds  its density.  Th ese  not ions  are  
similarly de f ined  for  hor izonta l  cuts. W e  def ine  d " ( N )  = max{d~( N)10  ~< c < w} 
and d h (N)  = m a x { d ~ ( N ) ] 0  ~< c < h} as the l,ertical density and horizontal density 
of  I, respectively.  
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The two-terminal-net RRP has been extensively studied. The fundamental  
theorem for routability of a two-terminal-net RRP was established by Frank [2] 
and Mehlhorn and Preparata  [5]. 

Theorem 1.1. A two-terminal-net RRP is routable iff the revised row and column 
criteria hold [2]. Furthermore, if these conditions are satisfied a layout can be 
constructed in O(n log n) time, where n is the number of terminals [5]. 

The concept of revised row and column criteria is required in Theorem 1.1. 
However, since this concept is not relevant to our discussion we do not 
elaborate on it. Interested readers can find additional details in [2] and [5]. The 
following corollary of Theorem 1.1 allows us to simplify the presentation of our 
results. 

Corollary 1.1. For a two-terminal-net RRP, I = (R, N),  if every vertical cut and 
horizontal cut of R is not saturated, then I has a layout in R [2]. Fur thermore ,  
such a layout can be generated in O(n log n) time, when n is the number  of 
nets [5]. 

It is important to point out the difference between Theorem 1.1 and Corollary 
1.1. Corollary 1.1 guarantees a layout solution for two-terminal-net RRP in- 
stances I = (R, N)  such that dV(N) < h + 1 and dh(N) < w + 1, whereas Theo- 
rem 1.1 guarantees a layout for some two-terminal-net RRP instances even 
when dV(N) = h  + 1 a n d / o r  dh (N)  = w + 1. 

The problem of determining whether  or not an RRP instance of arbitrary 
degree is routable is an NP-complete problem [9], and thus it is unlikely that an 
efficient algorithm for its solution exists. However, any RRP problem instance is 
routable if enough rows and columns are introduced. In [5], an algorithm for 
routing any instance of the RRP problem by introducing additional rows and 
columns is presented.  This algorithm is based on Theorem 1.1. For any rectan- 
gle R we use A(R)  to represent  the area of R. We say that rectangle R' is a 
stretched version of rectangle R if R'  is obtained from R by adding zero or more 
rows and columns. We say that OPT is an optimal area layout for I = (R, N)  if 
R*,  the smallest rectangle that includes OPT, is a stretched version of rectangle 
R, and A(R*)  4 A ( R ' )  for any rectangle R' that is a stretched version of R and 
(R' ,  N)  is a routable RRP problem instance. Note that our definition of 
optimality is with respect to all layouts with a number  of rows and columns that 
is at least as large as the number  of rows and co lumnso f  R, respectively. Let R" 
be the rectangle obtained from R by adding d r ( N )  - (h + 1) (dh (N)  - (w + 1)) 
columns (rows) between two adjacent columns (rows) if d r ( N )  > h + l ( d h ( N )  > 
w + 1). Clearly, A(R")  (greater  than or equal to A(R)) is a lower bound for the 
area of an optimal layout for R. Hereafter ,  we assume that for any given RRP, 
I = (R, N), d~(N) < h + 1 and dh (N)  < w + 1; and we use A(R)  as a lower 
bound for A(R*) ,  where R* is the smallest rectangle enclosing OPT. This 
assumption allows us to apply Corollary 1.1 to simplify our algorithms and their 
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analyses. Our  algorithms (and their analyses) can be easily modified when we 
choose to use Theorem 1.1. The difference would be at most one additional row 
and one additional column. For a rectangle R with height h and width w, the 
aspect ratio of R, denoted as r(R), is defined as max{h, w}/min{h, w}. We 
assume without loss of  generality that w ~< h. In practice w and h are large. 
Because of these properties,  we only derive asymptotic bounds  for the approxi- 
mation, i.e., our bounds hold when w is larger than some fixed constant. For all 
h and w, the exact approximation bound (by this we mean the approximation 
bound for all h and w >1 1) for our algorithm is equal to the asymptotic one plus 
O((h + w)/(hw)). It is important to note that the exact approximation bounds 
for our algorithms differ from the asymptotic ones, because there are several (at 
most five) additional rows and columns that are not accounted for in the 
analyses. 

In [5] it is shown that for any R R P  problem I =  (R,  N )  a layout can be 
constructed inside R f, a stretched version of rectangle R, such that asymptoti- 
cally A(Rf)/A(R)~< 4. The idea behind this algorithm is to stretch R into R f 
and introduce a set of wires so that I = (R,  N )  is t ransformed into a routable 
two-terminal-net R R P  problem instance I ' =  (R ' ,  N ' ) .  Since I '  is routable, its 
layout can be constructed by the algorithm for the two-terminal-net R R P  given 
in [5]. It is instructive to describe a modified version of their transformation in 
detail. Our  version is based on the assumption that dV(N) < h + 1 and d h ( N )  < 
w + 1. As a result of this, several unnecessary rows and columns are introduced. 
Let R f be the rectangle obtained from R by adding a grid line between every 
pair of adjacent grid lines, except between rows 0 and 1 (columns 0 and 1) in 
which case two rows (columns) are added. Make a copy of each terminal located 
on the left and right (top and bottom) sides of the rectangle on the unused 
boundary grid point located immediately below (to the left of) it. Each net N, 
with p terminals is t ransformed into p nets with two terminals each. Let us 
refer to the new set of terminals by the integer 1, 2 . . . . .  2p  and assume that for 
1 ~<i ~<p, terminals 2 i -  1 and 2i have the property that one is an original 
terminal and the other  is a new terminal which is a copy of the original one in 
the pair. The p nets constructed from net N i are defined as follows: the j th  net, 
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F ig .  1.1. P r o b l e m  i n s t a n c e  I = ( R ,  N ) .  
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Fig. 1.2. Problem instance I f = - ( R  f, n f) after introducing the U wires. 

1 ~<j ~ < p -  1, consists of terminals 2j  and 2j  + 1 and the p th  net consists of 
terminals 2p and 1 (see Fig. 1.2). The set of nets resulting from this transforma- 
tion is referred to as N f. If the resulting problem after deleting two rows and 
two columns without terminal points from R e is not routable, then add enough 
rows and columns to R f so that it is routable. In Fig. 1.1 we show a problem 
instance I = (R, N)  and in Fig. 1.2 we show the problem instance I f -- (R f, Nf).  
Note that in this case only h + 1 columns and w + 1 rows are introduced. Let us 
now show that I f is routable in O(n log n). Project each terminal point to the 
row or column closest and parallel to the boundary side where the terminal is 
located, and introduce U wires to connect each terminal point to its copy (see 
Fig. 1.2). Let I '  = (R' ,  N ' )  be the resulting problem, i.e., R'  is R f after deleting 
the boundary lines and N '  is N f projected from R f to R'. Each row and 
column of the newly constructed two-terminal-net RRP satisfies the conditions 
of Corollary 1.1, therefore a layout can be constructed by the algorithm in [5] in 
O(n log n) time, where n is the total number  of terminals of the nets in N. The 
final layout for I f is the layout constructed by the algorithm in [5] plus all 
previously introduced U wires. Since h f ~< 2h + 3 and w f ~< 2w + 3, A(R f) is 
approximately 4 .A(R). This is the currently best approximation algorithm for 
the RRP problem. It is worth noting that the above transformation preserves the 
aspect ratio of R, i.e., R f and R have identical aspect ratios. 

The area bound of four of the above transformation method results from the 
indiscriminating rule of introducing new grid lines. Are there other  rules for 
extending R so that R f has smaller area? How about when the degree of nets is 
small? The second question is very important because in practice nets have 
degrees bounded by a small constant [8]. In this paper, we present  a set of 
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transformations different from the ones given in [5] that provide smaller approx- 
imation bounds for the unrestricted R R P  and the three-terminal-net  R R P  
problems. In Section 2 we show that if every net in a routable R R P  contains no 
more than three terminals, then a layout can be constructed in a rectangle R f 
such that asymptotically A ( R f ) / A ( R ) <  24/13.  This compares favorably with 
the bound of 1.5 obtained for this problem when all terminals are located on 
two opposite sides of the rectangle [3,6]. For the unrestricted R R P  problem, we 
present in Section 3 an algorithm that generates a layout in a rectangle R f such 
that asymptotically A(RY)/A(R)  < 3.5. 

2. Three-terminal-net RRP approximation algorithm 

In this section we present  an approximation algorithm for the three-terminal- 
net R R P  problem. Given a three-terminal-net R R P  problem I = (R,  N),  our 
algorithm stretches R into R f so that the three-terminal-net  R R P  problem 
I f =  (R e, N f) is routable, and after introducing a set of wire segments the 
resulting problem is a two-terminal-net R R P  problem I ' =  (R ' ,  N ' ) ,  which we 
know can be routed by the algorithm given in [5]. Let us derive rules for splitting 
three-terminal nets into two-terminal nets such that A ( R  f) is as small as 
possible. Remember  that we assumed that w and h are large, and w 4 h. 

We define a total ordering on terminal points as follows: we say that 
terminals t '  < t" iff x(t ')  < x ( t " ) ,  or x(t ')  = x ( t " )  and y ( t ' )  < y ( t " ) .  We define 
a net N~ with p terminals as a sequence (ti,l, ti, 2 . . . .  , ti, p) such that t i j  < ti,j+ 1, 
1 ~< j < p. With respect  to this ordering we say that ti, 2 is the middle terminal of 
the three-terminal net N~. Note that with respect to the y ordering another 
terminal from net N i might be the middle terminal. When we refer to the 
middle terminal we mean with respect  to x. Let N 3 denote the set of three- 
terminal nets in N. The set N 3 is the same as set N in the problem instance 
given in Fig. 2.1. We partition N 3 into two subsets TB = {N i I N i ~ N 3 and at 
least two of its terminals are located on the horizontal boundar ies  of  the 
rectangle R} and LR = N  3 -  TB. Let tb = ITBI and lr = ILR 1. Assume that tb 
and lr are even numbers. When tb (lr) is odd, an additional column (row) is 
required. For the problem instance given in Fig. 2.1, TB = {N l, N 2, N 5, N7}, 

1 5 8 7 5 4  

I 
I I I l [ [  

3 8 
6 5 
2 4 

6 - 8 
7 1 

4 3 
I I I I 1 [  

2 6 1 3 7 2  

Fig. 2.1. P r o b l e m  ins tance  I = (R ,  N) .  
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LR = {N 3, N 4, N 6, Ns}, tb = 4 and lr = 4. Our  algorithm, R O U T E 3 ,  is given 
below. 

Algori thm ROUTE3 
(1) Let  11, / 2 , ' " ,  Itb be such that  the middle terminals of the nets in TB appears  

in sorted order,  i.e., tz,,2 < tt2,2 < • • • < tt,b, 2. 
(2) Insert  a row between rows h - 1 and h. 
(3) Let  net  Nt2 ' , and Nt~ ~ form a pair Pi for i - -  1, 2 , . . . ,  t b /2 .  
(4) Transform each pair p~ of nets into two-terminal  nets by following the rules 

given in the Appendix.  
(5) Apply steps (1)-(4) to the nets in LR after rotating the rectangle 90 degrees. 
(6) Add  enough rows and columns so that  the resulting two-terminal  net  

problem I f = (R e, N f) is routable after deleting the row in t roduced by step 
(2) and the column in t roduced by step (5). 
/ * later on it will be evident why step (6) is required * /  

(7) In t roduce  the wire segment  genera ted  by the rules given in the Appendix  
(Case 3); project  all terminal  points one grid unit  inside rectangle Rf; and let 
I '  = (R' ,  N ' )  be the resulting two-terminal-net  routable R R P  problem. 

(8) Apply the routing algori thm given in [5] to the two-terminal-net  routable 
R R P  problem I ' =  (R ' ,  N ' ) .  

(9) Use the layout genera ted  by the previous steps to construct  a layout for N f 
inside R f. 

end of ROUTE3 

Algor i thm R O U T E 3  transforms the problem given in Fig. 2.1 into the one 
given in Fig. 2.2. The  pairs formed by step (3) are Pl = (N2, N1) and P2 = 
( N  7, Ns). In step (5) the pairs formed by the algori thm are Pl = (Ns, N 4) and 
P2 = (N6, N3)" Since the rules given in the Appendix  do not introduce in this 
case fixed wire segments,  our  figures do not include the addit ional row and 
column in t roduced by steps (2) and (5). Note  that  no addit ional grid lines are 
in t roduced in step (6). Figure 2.3 shows a layout for I ' .  The  layout was not 
constructed by the algori thm given in [5]. The  reason is that  for small problem 
instances a simple ad-hoc layout can be easily constructed.  All of our  figures 
were drawn this way. Figure 2.4 shows the final layout. Wire segments  that  
emana te  f rom a pseudo terminal  and terminate  at a solid dot (via) may be 
deleted.  

Let us now consider the t ransformation applied to each pair of nets Pi in set 
TB. Let  X ( p  i) be defined as the interval (x(tt2~_. 2), x(tt2i, 2)). Note  that  by 
definit ion X ( p  i) n X ( p j ) =  O for i 4:j. Each t ime that  we apply a t ransforma- 
tion rule (Appendix)  to a pair of nets Pi, d~ for each vertical cut (c, c + 1) in the 
interval X(Pi) increases by at most  one; d~ for each horizontal  cut (c, c + 1) 
increases by at most  one; and if Case 3 (in the Appendix)  applies, addit ional 
fixed wires are in t roduced (on the top boundary).  Also, the capacity of every 
horizontal  cut is increased by one because we introduce a new column. There-  
fore, after step (3), d v increases by at most  one, d~ increases by at most  t b /2 ,  



160 T.F. Gonzalez, Si-Qing Zheng / Routing multiterminal nets through a rectangle 

and t b / 2  new columns are introduced. A similar situation arises for the nets in 
set LR. At most one row and one column are added in step (6). In summary I f 
has the property that dh(N f) <~dh(N) + 1 + t b /2 ,  dV(N f) ~<dV(N) + I + l r /2 ,  
and R f has at most 2 + t b / 2  more columns and at most 2 + l r / 2  more rows 
than R. As a result, I '  is routable. Let us now analyze the performance of 
algorithm R O U T E 3 .  

Theorem 2.1. For any three-terminal-net R R P  problem I = (R, N) such that 
dr (N)  < h + 1 and d h ( N )  < w + 1, algorithm R O U T E 3  constructs a layout in R* 
such that asymptotically A ( R f ) / A ( R )  < 2. Furthermore, procedure R O U T E 3  
takes O( n log n) time, where n is the number of terminals. 

Proof. In our algorithm, each three-terminal net in N 3 is split into two 
two-terminal nets. For example, the R R P  given in Fig. 2.1 is t ransformed into a 
new R R P  shown in Fig. 2.2. It is easy to show that if d V ( N ) < h  + 1  and 
d h ( N ) < W + l ,  then d V ( N ' ) < h ' + l  and d h ( N ' ) < w ' + l ,  where h' and w' 
are the height and width of rectangle R' ,  respectively. Therefore,  a layout for I '  
can be constructed in R '  by the two-terminal-net routing algorithm given in [5]. 

Let m be the number  of nets in N and let n be the total number  of terminals 
from the nets in N. Clearly the number  of terminals n < 2h + 2w and the 
number  of nets in N 3 is tb + lr < (2h + 2 w ) / 3 .  From the discussion preceding 
this theorem it is simple to verify that 

A ( R  f) = (w + t b / 2  + 2)(h + l r / 2  + 2). 

Since w and h are large, we may eliminate the constants. Therefore,  A ( R  f) = (w 
+ tb /2 ) (h  + l r /2) .  Substituting lr < (2h + 2 w ) / 3  - tb, we know that 

A( R f) < (w + t / 2 ) ( 4 h / 3  + w/3  - t b / 2 )  

= 4hw/3  + w2/3 + ( 2 h / 3 -  w / 3 ) t b -  tb2 /4 .  (a) 

1"5" 1 '8"  7' 5 ' 5 " 4 "  

I 
[ I I 1 I I I I 

3" 8' 
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4" 8" 
2" 4' 
6' 8' 
7" 1" 
6" 3" 
4" I L I t L i I t 3" 

2" 6'2" 1' 3' 7" T' 2' 

Fig. 2.2. Problem instance I t̀  
= (R f, N f) constructed from I 
(Fig. 2.1) by ROUTE3  by step 
(6). The wires introduced by 
step (7) are shown in the fig- 

ure. 
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Fig. 2.3 Layout for I ' .  
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Fig. 2.4. Final layout for I l 
(solid dots indicate wires bc- 

long to the same net). 
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The above equation achieves its maximum value when tb = 4h /3  - 2w/3  (this is 
obtained by deriving the function with respect to tb and equating it to zero, and 
observing that the sign of the second order term is negative). Since tb ~< w - 1, 
we know that 4 h / 3 -  2w/3  ~< w -  1 iff 5 w / 4 -  3 / 4  >/h. Therefore, from the 
form of the objective function A(R  f) and the above bounds we know that if 
5 w / 4 -  3 / 4  >~h then the maximum occurs at tb = 4 h / 3 -  2w/3,  otherwise 
(when 5 w / 4 - 3 / 4  ~<h) the maximum occurs when tb = w -  1. Let us now 
establish our approximation bound by substituting in inequality (a) the value for 
tb that maximizes it. There are two cases. 
Case 1: 5 w / 4 -  3 / 4  >/h. 

Clearly, 4 h / 3  - 2w/3  ~< w - 1. Therefore, the right hand side of inequality 
(a) achieves it maximum value when tb = 4 h / 3 -  2w/3.  Substituting it in 
inequality (a), we know that 

A(R  f) < (2w/3  + 2 h / 3 ) ( 2 h / 3  + 2w/3 )  = 8hw/9  + 4h2/9 + 4w2/9.  

Since A(R)  = hw, A ( R ' ) / A ( R )  < 8 / 9  + 4h/(9w)  + w/(9h).  The maximum 
value of this function is when h / w  is as large as possible. Therefore, replacing h 
by 5w/4  > 5w/4  - 3 / 4  in the above inequality we know that 

A ( R f ) / A ( R )  < 8 / 9  + ( 4 / 9 ) ( ( 5 w / 4 ) / w  + w / ( 5 w / 4 ) )  = 9 /5 .  

Case 2 : 5 w / 4  - 3 / 4  ~< h. 
Clearly, 4h /3  - 2w/3  >1 - 1. Therefore, the right-hand side of inequality (a) 

achieves its maximum value when tb = w - 1. Substituting it in inequality (a), we 
know that 

A(R f) < (w + ( w -  1 ) /2 ) (4h /3  + w /3  - ( w -  1)/2)  

= ( 3 w / 2 -  1 /2 ) (4h /3  - w / 6  + 1/2)  

= 2hw - w2/4 + 5w/6  - 2h /3  - 1/4.  

For w/> 4, A(R f) < 2hw. Since A ( R ) - -  hw, we know that asymptotically 
A ( R f ) / A ( R )  < 2. 

Obviously, step (1) takes O(n log n) time. After the middle terminals are 
rearranged, steps (2), (3) and (4) takes O(n) time. Steps (5) and (8) also take 
O(n log n) time. Steps (6), (7) and (9) can be easily implemented in O(n) time. 
Hence, the total time required is O(n log n). It is worth noting that the output  
generated by our algorithm has at most two wire segments for each net. [] 

From the analysis of algorithm ROUTE3,  we know that the worst case area 
may be achieved only when h >~ 5w/4  - 3/4 .  We also notice that the additional 
grid lines introduced by algorithm ROUTE3 can be either horizontal or vertical. 
Clearly, when h >~ 5 w / 4 -  3/4 ,  transforming a three-terminal-net RRP into a 
two-terminal-net RRP by exclusively introducing additional rows may possibly 
result in smaller routing area. For this reason, we present the following algo- 
rithm for the three-terminal-net RRP problem. 
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Algorithm R O U T E 3 _ A L  T 
(1) If h ~< 13w/8, then apply procedure ROUTE3 and stop; 

/ * This bound for h was selected because it is a break even point for the 
asymptotic approximation bounds of ROUTE3 and steps (2)-(6). We are 
not claiming that for each problem instance if h ~< 13w/8 then steps (2)-(6) 
generates a worse solution; or conversely, if h > 13w/8 then ROUTE3 
generates a worse solution. */ .  

(2) Let R 1 be a copy of R and let N ~ be N. Let a t (a b) be the number of nets 
with least two terminals located on the top (bottom) side of R. We introduce 
a t (a b) rows between the topmost (bottommost) row and the (bottom) side 
of R ~. The topmost (bottommost) rows are used to route the nets with two 
or more terminals located on the top (bottom) side of R ~. The layout for 
these nets is constructed by the algorithm given in [4]. For each net with 
exactly one terminal on the top (bottom) side of R ~, we project this terminal 
to the topmost (bottommost) empty row and for each net with exactly two 
terminals on the top (bottom) side of R ~, we project one of these two 
terminals to the topmost (bottommost) empty row. 

(3) Let R 2 be the empty portion (without wires) of R ~. At this point there are 
two- and three-terminal nets. All the middle terminals (with respect to y) of 
the three-terminal nets are located on the left or right side of R 2. This 
routing problem is referred to as 12 = (R 2, N2). The remaining three-termi- 
nal nets are split into two-terminal nets and rows are introduced using the 
transformation rules given in step (5) of algorithm ROUTE3. If the rules in 
the Appendix introduce fixed wire segments, add a column between columns 
0 and 1. When this additional column is introduced, project each terminal 
point located on the left side of the rectangle one unit towards the inside of 
the rectangle. Add enough columns so that the resulting problem, which we 
call 13=  (R 3, N3), is routable. 

(4) Let I '  = (R', N ' )  be the resulting problem; 
(5) Construct a layout for the two-terminal-net RRP problem I '  using the 

algorithm given in [5]; 
(6) Construct from the layout for N '  in R' and the partial layouts constructed 

in previous steps the final layout. Let R f be the smallest rectangle enclosing 
the final layout. 

end of ROUTE3 A L  T 

Let us now apply steps (2)-(6) to the problem instance given in Fig. 2.1. Note 
that such instance does not satisfy the condition h > 13w/8. Step (2) introduces 
the wire segments shown in Fig. 2.5 and the new problem instance is given in 
Fig. 2.6. The resulting problem after step (3) of procedure ROUTE3 ALT is 
given in Fig. 2.7. Note that the rules in the Appendix do not introduce fixed wire 
segments for this example. 

Figure 2.8 shows a layout for problem I '  constructed by an ad-hoc method 
rather than by the algorithm given in [5] for step (4) of procedure 
ROUTE3 ALT. Figure 2.9 shows the final layout. 
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Fig. 2.5. Partial layout con- 
structed by step (2). 
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Fig. 2.6. Problem 12 = 
(R e, N2). 
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Fig. 2.7. Problem 13 after in- 
troducing wires. 

If h ~< 5 w / 4 -  3 /4 ,  then since 5 w / 4 -  3 / 4  < 13w/8  algorithm 
ROUTE3_ALT uses algorithm ROUTE3 to construct a layout in R f extended 
from R. Therefore, by the approximation bound given in case 1 of the proof of 
Theorem 2.1, A ( R f ) / A ( R )  < 8 /9  + ( 4 / 9 ) ( h / w  + w/h) .  Since h <~ 5 w / 4  - 3/4, 
we know that A ( R f ) / A ( R )  < 9/5  = 1.8. 

When 5 w / 4 -  3/4  ~<h ~< 13w/8 algorithm ROUTE3_ALT uses algorithm 
ROUTE3 to construct a layout in rectangle R f extended from R. Therefore, by 
the approximation bound given in case 2 of the proof of Theorem 2.1, 
A ( R f ) / A ( R )  < 2 - w / (4h )  + 5/(6h)  - 2/(3w) - 1/(4hw).  Since h >~ 5 w / 4  - 
3/4,  then 5 / (6h)  - 2/(3w) - 1/(4hw)  <~ O. Therefore, A ( R f ) / A ( R )  < 2 - 
w/(4h) .  Substituting h ~< 13w/8, we know that A ( R f ) / A ( R )  < 24/13 < 1.85. 

When h > 13w/8, algorithm ROUTE3 ALT constructs a layout by perform- 
ing steps (2)-(6). In this case at most two columns are introduced and the 
number of rows introduced is a +/3, where a = (a t + ab) and /3 is the number 
of middle terminals (with respect to y) located on the left and right sides of R 
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2 
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7" 
1" 

4" 
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-~ 8 '  
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26"  1" 3' T 

Fig. 2.8. Layout constructed for I '  by step (4). 
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Fig. 2.9. F inal layout .  
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(after  construct ing the part ial  layout) divided by two. It is simple to verify that  
for each of  the a rows in t roduced  in step (2) at least one three- te rminal  net is 
t r ans formed  into two-terminal  nets and for each of  the /3 = l r / 2  rows intro- 
duced in step (3) two three- te rminal  nets are t r ans fo rmed  into two-terminal  nets 
(assuming that  lr is even). Therefore ,  a = 2/3 ~< 2 h / 3  + 2 w / 3 .  Let us now 
establish a bound  for A ( R f ) / A ( R )  when h and w are large. Af te r  e l iminat ing 
constants,  A ( R  f) <~ (h + o~ +/3)(w). Subst i tut ing /3 ~< h / 3  + w / 3  - a / 2  in the 
above equat ion  we know that  A ( R  f) ~< 4 h w / 3  + a w l 2  + w2/3.  Since A ( R )  = 
hw, A ( R f ) / A ( R )  <~ 4 / 3  + a / ( 2 h )  + w/(3h) .  Since a < w, A ( R f ) / A ( R )  < 4 / 3  
+ 5w/ (6h) .  By the condi t ion h > 13w/8 ,  we know that  A ( R f ) / A ( R )  < 2 4 / 1 3  < 
1.85 also holds. This analysis is summar ized  in the following theorem.  

Theorem 2.2. For any three-terminal-net R R P  problem I = (R, N) such that 
dV(N) < h + 1 and d h ( N )  < w + 1, algorithm R O U T E 3  A L T  constructs a lay- 
out in R f such that asymptotically A ( R f ) / A ( R )  < 2 4 / 1 3  < 1.85 in O(n log n 
time, where n is the number of terminals'. 

Proof. The proof  follows from the above discussion. [] 

3. Approximations for the RRP problem of arbitrary degree 

In this section we present  an approximat ion  algori thm for the unres t r ic ted  
R R P  problem. As in the previous section, the idea beh ind  the a lgor i thm is to 
t ransform the given R R P  problem I = (R,  N)  into a routable  two- terminal -net  
R R P  problem I " =  (R" ,  N " ) ,  such that  af ter  in t roducing some addi t ional  wire 
segments  in any layout for I " ,  we obtain a layout for N f inside R e, where  R t is a 
s t re tched version of  R. Le t  us derive rules for splitting nets into two-terminal  
nets such that  A ( R  f) is as small as possible. R e m e m b e r  that  we assumed that  h 
and w are large, and w ~< h. 

We call net  N i a k-side net if its terminals  are located on exactly k sides of R. 
Let  s = s i s  2 . • • s k be a string such that  1 ~ k ~< 4. String s consists of  no more  
than  two h's fol lowed by no more than  two v's. If  s contains  two h's (v's) then  
the first one is labeled top (left) and the second one is labeled bo t tom (right); on 
the o ther  hand,  if s contains  one h (v), it is labeled top and bo t tom (left and 
right). We part i t ion net  set N depend ing  on the sides where  the terminals  are 
located into the sets O h, 0 v, 0 by, 0 hh, 0 vv, 0 hhv, 0 hvv, and 0 hhvv. These  sets are 

def ined in Table 1. As an example,  for the problem instance given in Fig. 1.1, 
O h = {N,, N2}, O v = G, O h '̀ = { N  3, N4}, O v" = {Ns}, O hh = {N~,}, O hhv = {N7}, 

O h~V = {Ns}, and O hh'~ =- {Ng}. 
Let  s = s ~ s  2 ' ' s  k and t = t T t  2 '  t k be two strings such that  1 ~ < k 4 4 ,  and 

t i ~ {1, 2, +} for 1 ~<i ~< k. Net  Nj ~ O ~ is said to belong to set Oi ~ if for all 
1 ~< i ~< k there  is a label x ~ {top, bot tom,  left, right} associated with s and net  
Nj has on side x exactly one terminal  if t, = 1, exactly two terminals  if ti = 2, 

t")hhv consists of  all and at least one terminal  if t~ = + .  For  example  the set --~2+ 
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Table 1 
Definition of O sets 

165 

Set Nets in the set 

O h 

O v 
O hv 

O,~ 
0 hh 

0 h hv 

o h w  

0 h hw 

Set of 1-side nets with all terminals located at the top or bottom side of R 
Set of 1-side nets with all terminals located at the left or right side of R 
Set of 2-side nets with all terminals located on adjacent sides of R 
Set of 2-side nets with all terminals located at the left and right side of R 
Set of 2-side nets with all terminals located at the top and bottom side of R 
Set of 3-side nets with terminals located at the top and bottom side of R 
Set of 3-side nets with terminals located at the left and right side of R 
Set of 4-side nets 

3-side nets with exactly one terminal located on the top side of R, exactly two 
terminals located on the bot tom side of R and at least one terminal located on 

t3hhv consists of all 3-side nets with either the left or right side of R; and the set "~'2~ + 
exactly two terminals located on the top side of R, exactly one terminal located 
on the bot tom side of R and at least one terminal located on the either left or 
right side of R. Note that any two distinct Oi ~ s are mutually disjoint. Similarly, 
we define sets F[  and F s (S~ and S s) for the net set N '  (N") ,  which will be 
defined shortly. 

We refer to the leftmost (rightmost) terminal of net N~ located on the top 
side of R as the left representative (right representative) of N~ on the top side of 
R. Similarly, we define left representative and right representative for the 
terminals on the bot tom side of R. A net with at least two terminals located on 
the top (bottom) side of R will be referred to as t (b) net. Let d, (d b) be the 
vertical density of all t (b) nets when considering only their terminals located on 
the top (bottom) side of R. 

We apply two transformations that introduce new rows and a set of wires on 
these new rows to transform the given multiterminal-net R R P  problem into a 
routable two-terminal-net R R P  problem. Let us consider the first transforma- 
tion. Let R ° be a copy of R and let each terminal point in R ° be in exactly the 
same position as in R. Between rows h (0) and h - 1 (1) in R ° add d t (d b) rows. 
The bot tommost  (topmost) of these rows will be called the top (bottom) free row. 
In case, d, (d b) is zero the top (bottom) boundary is called the top (bottom) free 
row. The first transformation takes all the t (b) nets and connects all their 
terminal points located on the top (bottom) side of  R ° by a set of wires which 
are routed on the topmost  (bottommost)  d, (d h) rows in R ° by the algorithm 
given in [4]. We select either the left or right representative from each net with 
at least one terminal point located on the top (bottom) side of R ° and project it 
to the top (bottom) free row of R ° (see Fig. 3.1). The rectangle, which we call 
R' ,  is defined by the left and right boundary together with the top and bot tom 
free row of R °. We shall refer to the top (bottom) free row as row h (0) of R '  
(see Fig. 3.2). By these operations,  the original is t ransformed to one in which 
each net has at most one terminal located on the top side of R '  and at most one 
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Fig. 3.1. Par t ia l  
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l ayou t  c o n s t r u c t e d  by t he  a l g o r i t h m .  

terminal located on the bot tom side of R'.  The new set of nets is referred to as 
the set N ' .  Let us now explain this process in detail. 

Algorithm F I R S T  TRANS 
Let R ° be a copy of  R and let each terminal point in R ° be in exactly the 
same position in R. Introduce d t (d  b) rows between row h (0) and row h - 1 
(1) in R°; 
The terminals located on the top (bottom) side of R ° from all the t (b) nets 
are connected by wires which are routed in the topmost  (bot tommost)  d, (d h) 
rows in R °. This partial layout is constructed by the algorithm given in [4]. 
The rectangle, which we call R' ,  is defined by the left and right boundary 
together with the top and bot tom free rows of R °. We shall refer to these 
rows as row h and row 0 of R'.  
For each net N i ~ N with at least one terminal located on the top (bottom) 
side of R ° perform the following projection operation: 
(i) If the net does not have terminals located on the left and right side of R ° 

and N i is a 2-side net, project the left representative of  N i to the top 
(bottom) side of R' .  

(ii) If the topmost  (bot tommost)  terminal located on the left or right side of 
R ° is located on the left side of R °, project the left representat ive of  N, 
to the top (bottom) side of R '  and skip (iii). 
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Fig. 3.2. Subproblem I ' =  (R', N'). 

(iii) If the topmost  (bot tommost)  terminal  located on the left or right side of 
R ° is located on the right side of R °, project  the right representat ive of 
N/ to the top (bottom) side of R'.  

After  these project ion operat ions,  we t ransform each net N/ into another  net  
N /  which is identical to the original one if N i does not have two or more  
terminals  on the top or bo t tom sides of R °. On the other  hand,  if N/ has at 
least two terminals located on the top or bo t tom sides of R °, then N i' is N~ 
without  all the terminal  points located on the top and bo t tom side of R ° 
except the projected one. 
/ * see Fig. 3.2 * /  
Let N '  be the set of all nets Ni'. The  set N '  is par t i t ioned into subsets Ft ~. 

end FIRST_ TRANS 

Figure 3.1 shows the partial layout constructed by the procedure ,  and Fig. 3.2 
shows the resulting subproblem I '  = (R' ,  N ' ) .  

For  the problem given in Fig. 1.1, procedure  F I R S T  T R A N S  generates  the 
hv _ , , = {NT} ' following sets of nets: F , + - { N ~ ,  N4}, ~v _ F++-{Ns '} ,  F ~  {N6'}, FhhV--ll+-- t 

hvv= {Ns'}, and FibS++ = {N~}. Note  that  for this example, p rocedure  El ++ 
F I R S T _ T R A N S  generates  empty  N '  nets for N 1 and N 2 simply because all 
their terminals  are located on ei ther  the top or bo t tom side of rectangle R. The  
effects of F I R S T _ T R A N S  are given in the following table, which explicitly 
shows that  each net  in set O[ has been t ransformed into a net  which belongs to 
set F[,'. The  t ransformat ion applied by F I R S T _ T R A N S  has the following 
proper t ies  that  we state wi thout  a proof. The  vertical (horizontal) density at 
each vertical (horizontal) cut for N '  is never larger than its corresponding 
density in N, i.e., dV(N) ~> dV(N ') and d h ( N )  > /dh(N ' ) .  

procedure SECOND_ TRANS 
Let R 1 be R '  with all the terminal  points f rom the nets N,'; 
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Add a column between columns 0 (w - 1) and 1 (w); 
f o r j = l  to h - 1  do 

if there is a terminal at any of the boundary grid points in row j of R 1 then 
begin 
Insert a new row between row j and row j - 1 of RI; 
if the left boundary point in row j of R j is a terminal t from net N i' 

then make a copy of t at the left boundary point of the newly introduced 
row; 

if the right boundary point in row j of R ~ is a terminal t from net ~ '  
then make a copy of t at the left boundary point of the newly introduced 
row; 

end 
endfor 
Add U wires to connect adjacent terminal from the same net and project each 
terminal one unit to the inside of the rectangle; 
Let R" be the rectangle after deleting the left and right boundary of R ~ and let 
R" contain all the terminal points in R~; 
/ * Label all terminals and copies of terminals on R l as follows * /  
for each N i' with terminals on the left or right side of R ~ do 

/ * Each net N/  is split into several two terminal nets. The k th of such nets 
is identified by the label i k * /  
Let u be a terminal of N i' on the left or right side of R ~ with the smallest 
y-coordinate value; 
if N s' does not have a terminal on the bot tom side of R ~ 

then assign label i I to u; j ~ 1; 
else 

begin 
Assign label i I to the copy of u and the terminal in N/  located on the 

bot tom side of R~; 
if there is another terminal t., of N /  such that y (v)>~y(u)  

then assign label i 2 to u else j *-- 2; 

end 
while there is an unlabeled terminal of N i' located on the left or right side of 

R" do 
j ~ - j +  1; 
Let u be the unlabeled terminal of ~ '  with the smallest y-coordinate 

value; 
Assign label i j to u and the copy of u, respectively; 

endwhile 
if N/  has a terminal located on the top side of R ~ 

then assign label i t to the terminal of N/  located on the top side of R~; 
else delete the last label it; 

endfor 
end of procedure SECOND TRANS 
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o f  p r o c e d u r e  
SECOND TRANS on I ' .  

Figure 3.3 and 3.4 show the resulting subproblem after applying procedure 
SECOND TRANS to the problem instance I '  shown in Fig. 3.2.. The terminal 
points labeled 3 2, 41, 71, 7 3, 81, 91 and 9 6 belong to S~'; the one labeled 51, 5 2, 
5 3, 8 2, 8 3, 8 4, 9 2, 9 3, and 9 5 belong to $1~'; the ones labeled 3 l, 4 2, 5 4, 7 2, and 9 4 

belong to S~; and terminals labeled 6 belong to a net in S~.  
Each net N/ may be split into several two-terminal nets by procedure 

SECOND_TRANS. The kth of such nets is defined by the label i ~. We use R" 
to denote the rectangle extended from R 1 by SECOND TRANS, and use N" 
to denote all two-terminal nets defined on the boundary of R". At this point, 
N" is partitioned into three subsets: S~', S~ and S~.  Referring to Table 2, each 
net N,' in set Fi s is transformed into one or more two-terminal nets belonging to 

Table 2 
Sets of O, F and S before and after each transformation 

original net after first transformation after second transformation 

O h 0 0 
0 v Q Q 
0 hv Fah+ sh[, S~' 

0 w F+~+ S~', S ~  
0 hh F hh S ~  

OhhV -~r~hv + Slh~ ' , S ~  
0 h h v  ~; '  h h v  w 

- - 1 + +  S l h ~ ,  S ~ ,  S l l  

o h h w  F~lh++ S~ ,  S~, S1~' 
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the S net sets shown in the next column of the table. For example, a net in set 
F,hlh+ is t ransformed into one net in S ~  and several nets in S~. A net in F~++ is 
t ransformed into one net in S ~  and one or more nets in S~US~'~. The 
transformation applied by SECOND TRANS has the following property that 
we state without a proof. With respect to the horizontal density, d h ( N  ") <~ 
dh(N' ) .  Note that this does not explicitly take into account the U wires. Since 
all of these wires connect  adjacent terminals located on the left and right side of 
R", all these connections can be carried out on two additional columns. 

Lemma 3.1. After  procedure S E C O N D _ T R A N S  is executed, I 2(h - 1) 
- [ N - ( O  h n Ohh)l. 

Proof. Let t, i be the number  of terminals of net ~ located on the left and right 
sides of R. For each N i ~ N - ( O h U  O hh) at most t, i - 1 two-terminal nets in 
S ~  can be genera ted  by S E C O N D  T R A N S .  There fo re ,  I SU~I<~ 
~I)N,~N_(OhuOhh)(L' i - -  1). Since E x  ~NUi ~ 2(h - 1), we know that I S~l  ~ 2(h - 

I N - (O h U ohh) I. This comi~letes the proof of the lemma. [] 

Our algorithm for the unrestricted RRP problem is given below. 

A l g o r i t h m  ROUTE M U L T I N E T  
Apply procedure  F I R S T _ T R A N S  to obtain a routing instance defined in R' 
for net set N ' ;  
Apply procedure  S E C O N D _ T R A N S  to obtain a routing instance defined in 
R" for net set N";  
Add enough rows and columns so that I"  is a routable two-terminal-net 
RRP problem instance; 
Use the algorithm in [5] to route I";  
Construct a layout for N f in R f from the layout in N"  in R" and the partial 

layouts constructed in previous steps. 
end ROUTE M U L T I N E T  

Figure 3.5 shows the layout constructed for (R", N"  by an ad-hoc method 
rather than by the algorithm given in [5]. Figure 3.6 shows the final layout. 

Theorem 3.1. For any multiterminal RRP defined in a rectangle R such that h >~ w 
and d h < w + 1, algorithm R O U T  M U L T I N E T  constructs a layout in a rectan- 
gle R f extended from R such that asymptotically A ( R f ) / A ( R )  < 2 + ( 3 / 2 ) / r ( R )  <~ 
3.5, where r(R) is the aspect ratio o f  R. Furthermore, such a layout can be 
constructed in O(n log n) time. 

Proof. To estimate the maximum total number  of additional rows introduced by 
F I R S T _ T R A N S  and SECOND TRANS, we partition S~  into two subsets 
S~[top] and Sll~[bottom], where S~[top] (S~[bottom]) contains all two-terminal 
nets in S ~  with a terminal located on the top (bottom) side of R", and insert to 
zero or more rows into R" until the total number  of rows in R" is exactly 
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Fig. 3.5. Layout for (R" ,  N" ) .  
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Fig. 3.6. Final  layout. 

2(h - 1). Since for each N / ~  N - (O h U O hh) procedure  S E C O N D _ T R A N S  
introduces at most one net to she'[top] and at most one net to S~'[bottom], it 
then follows that I Slh~'[toP]l ~< I g - (O h U Ohh)l and I S~'[bottom]l ~< [ N -  
(O h W ohh)[ .  Combining these two inequalities with Lemma 3.1, we know that 
I Slh~'[top] U S1v~ I ~< 2(h - 1) and I sh~'[bottom] I U S~  [ ~< 2(h - 1). 

The height h f of the rectangle R f with smallest area that includes the final 
layout satisfies 

h f  <~ dt + db 

+ max{2(h - 1 ) , lSh~; ' [ top] l+ lS~ ' [bot tom]l+lSi ' ;~ l+ lSh~[  ' I}. 

Substituting the previous bound, we know that . h f ~ 2(h - 1) + d t + d b + 
min{[ S~'[top]l,  [ Slh~'[bottom]} + I Slh~ [. Since every net in set S~'[top] u 
S~'[bottom] U Slh~, has a terminal point on the top a n d / o r  bot tom side of the 
rectangle and for each of the d t ( d  b) tracks there is a boundary point on the top 
(bottom) of R" without a terminal point, we know that min{ I S~[top] l ,  [ S~[bot-  
tom][} + I S~lh [ ~< w - max{dt, db} .  Since d t ~< (w - 1 ) /2  and d b ~< ( w  - 1)/2,  we 
know that h f ~< 2h + (3 /2)w - 3. The total number  of additional columns intro- 
duced is no more than four. This is because the transformation performed by 
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FIRST TRANS and SECOND TRANS increases the horizontal density by a 
most two, and two columns are used for the U wires and the wires introduced by 
the transformation rules. Compare the area of R and R f and ignoring the 
constants, A(Rf) /A(R)  <~ (2hw + (3/2)wZ)/(hw) = 2 + (3/2)/r(R).  Both 
FIRST TRANS and SECOND TRANS can be easily implemented to take 
O(n log n) time. Routing the two-terminal-net instance can be carried out by 
the algorithm given in [5]. Therefore, algorithm ROUT MULTINET requires 
only O(n log n) time. [] 

Careful readers may notice that even if we are given an RRP instance 
I = (R,N) which is not routable, i.e. dV(N) > h + 1, algorithm R O U T M U L T I -  
NET can still guarantee a layout solution in R f such that asymptotically 
A(Rf) /A(R)  < 2 + (3/2)/r(R). 

4. Concluding remarks 

We presented approximation algorithms for the unrestricted RRP and the 
three-terminal-net RRP problems. For the unstricted RRP, our algorithm 
ROUT MULTINET guarantees that a layout can be constructed in a rectangle 
R f extended from R such that asymptotically A(Rf ) /A(R)< 3.5, which is 
smaller than the previous approximation bound of four [5]. However, the price 
paid for this is an increase of the aspect ratio. For the layout constructed by the 
algorithm of [5], r(R f) = r(R). The aspect ratio of the layout constructed by our 
algorithms is different since we only add a constant number of columns, rather 
than doubling number of rows and columns. For the RRP of degree three, our 
algorithms ROUTE3 guarantees that a layout can be constructed in a rectangle 
R f extended from R such that asymptotically A(Rf ) /A(R)< 2. Algorithm 
ROUTE3 ALT guarantees that asymptotically A(Rf) /A(R)  < 24/13. In terms 
of layout area, algorithm ROUTE3 ALT is asymptotically superior. There are 
classes of problem instances for which our algorithms ROUT ALT and 
ROUT MULTINET generate solutions with near optimal area. One of such 
classes for R O U T  MULTINET is the class of problems with large aspect ratio. 
In practice w and h are large. Because of these properties and to simplify our 
analyses, we only derived asymptotic bounds for the approximation constant, 
i.e., our bounds hold when w is larger than some fixed constant. For all h and 
w, the exact approximation bound for our algorithm is equal to the asymptotic 
one plus O(h + w)/(hw)). It is important to note that the exact approximation 
bounds for our algorithms differ from the asymptotic ones, because there are 
several (at most five) additional rows and columns that are not accounted for in 
the analyses. 

Our area bounds are not small. This is mainly because the combinatorial 
properties of RRP are still not well understood. This is reflected in the lower 
bound for the layout area we used and the approach of splitting multiterminal 
nets into two-terminal nets that we adopted. One way to improve our results is 
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to develop better  lower bounds for the area of an optimal solution. This does 
not seem to be a simple problem. 

In practical situations one should run the algorithm two times, the second 
time after rotating the rectangle 90 degrees. The final solution is the best of the 
two solutions. When h and w have similar values this strategy will pay off. In an 
RRP problem with the majority of the nets having degree no more than three, 
the nets with no more than three terminals and the nets of larger degrees can be 
t reated separately. By splitting three-terminal  nets as in algorithm R O U T E 3  or 
R O U T E 3  ALT, and splitting other  multiterminal nets by some other  method,  
the area of the layout can be expected to be small. 

One of the main problems with the layouts for the RRP problem generated 
by our algorithms and the algorithm given in [5] is that the wires connecting the 
nets may be long. Our algorithm will suffer from this problem even if we use 
Frank's [2] algorithm instead of the one in [5]. At this time there is no way 
around this problem. The problem of minimizing wire length and area seems 
very interesting and deserves careful study. 
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Appendix. Transformation rules 

In this appendix we present the rules for splitting a pair Pi of three-terminal  
nets into four two-terminal nets. The two three-terminal  nets will be referred to 
as net A and net B. Assume that the middle terminals (with respect to x) of A 
and B are located on the top or bottom side of rectangle R. The terminals in 
net A (B) are labeled and ordered as follows: a b < a m < a e (b  b < b m < be). The 
ordering is with respect to their x coordinate values (see Section 2). Exactly two 
new terminal points, which are indicated by a dashed line in our figures, are 
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ab 

a 

Fig. A.1. Transformation Tp 

ae 

ab 

Fig. A.2. Transformation T 2. 

ae 

introduced to split nets A and B. These two terminal points are labeled a and 
b. Each of the two two-terminal nets generated from net A (B)  is defined by 
two terminals in {a b, am, ae, a} ({bb, bm, be, b}) joined by a thick line. The 
number  of  columns after the transformation increases by one. Without  loss of 
generality, we assume that a m ~< b m. The connectivity of two new two-terminal 
nets representing an original three-terminal net is enforced as follows. The 
terminals of these two nets may be connected by a fixed wire, which is 
represented by a zig-zag solid line in the figure. If the zig-zag line is not present,  
the two two-terminal nets generated from a three-terminal net have the prop- 
erty that wires connecting the two new nets in any layout always intersect. At 
the point they intersect the wires will be made electrically common by introduc- 
ing a via. As we defined before, the x and y coordinate values for terminal t are 

ab 

am 

a~ 
a 

Fig. A.3. Transformation T 3. 
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Fig. A.4. Transformation T 4. 
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Fig. A.5. Transformation T 5. 
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Fig. A.6. Transformation T6. 
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Fig. A.7. Transformation T 7. 
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Fig. A.8. Transformation Ts. 
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bm 

Fig. A.9. Transformation T~. 

referred to by x( t )  and y(t) .  We use [x(t) ,  x( t ' ) ]  ([y(t) ,  y(t ' ) ])  to represent  the 
set {z l y ( t )  <~ z ~< y(t ')} ({z l x ( t )  <~z ~<x(t')}). 

There  are three cases that need to be considered. (Transformations T1-Tlo 
see Figs. A.1-A.10.)  

Case 1. a m and b m are located on the same side of R. 
Assume without loss of generality that a m and b m are located on the top side of 
R. If x (b  m) <~x(a e) then let i = 1, otherwise let i = 3; and if x(b  b) < x ( b  m) then 

a 
am 

de 

be 
ab 
bb 

bm 
b 

Fig. A.10. Transformation T10. 
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let j = 5, otherwise let j = 7. Our procedure  applies the transformation given in 
T, to net A and the one in Tj to net  B. If the horizontal density of the four new 
nets is 4, then the transformation applied to net A is Ti+ 1 and the one for B is 
Tj+ ~. One can easily show that the vertical (horizontal) density of the new four 
nets at any horizontal (vertical) cut differs from the vertical (horizontal) density 
of the original two nets by a most one. Fur thermore,  the vertical density 
increases by a most one only in the interval [X(am) , x(bm) ]. 

Case  2. a m and b m are located on opposite sides of R and x(a m) 4:x(bm). 
The transformation in this case is omitted since it is similar to the one in Case 1. 

Case  3. a m and b m are located on opposite sides of R and x(a m) =x(bm). 

Depending on the locations of terminals of A and B, one of the transformations 
T 9 and T~0 is applied. First, T 9 is applied. If the horizontal density of these four 
new nets is 4, then T 9 is replaced by T~0. Note that a fixed wire (zig-zag line) is 
introduced in T10. One can easily show that the vertical (horizontal) density of 
the new four nets (without including the fixed wire) at any horizontal (vertical) 
cut differs from the vertical (horizontal) density of the original two nets by at 
most one. Fur thermore ,  the vertical density increases by at most one only in the 
interval [x(a),  X(am)]. Note that the number  of columns increases by one and 
the number  or rows remains unchanged.  


