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An important class of problems in arithmetic complexity is that of computing a set of
bilinear forms, which includes many interesting problems such as the multiplication
problems of matrices and polynomials. Recently, this class has been given considerable
attention and several interesting results have emerged. However, most of the important
issues remain unresolved and the general problem seems to be very difficult. In this paper,
we consider one of the simplest cases of the general problem, namely evaluation of bilinear
forms with {0, 1} constants, and prove that finding the optimal number of multiplications
or the optimal number of additions is NP-hard. We discuss several related problems.

1. INTRODUCTION

Recently, the problem of evaluating a set of bilinear forms has been given a con-
siderable emphasis in arithmetic complexity and one particular problem of this class,
namely matrix multiplication, has been considered to be “the” problem of arithmetic
complexity. Many interesting results have been established and more results are emerging
(see, for example, [2, 3, 9, 16]). However, most of the important issues remain unresolved
and the general problem seems to be very difficult. In this paper, we consider one of the
simplest cases of the general problem, namely, evaluation of bilinear forms with {0, 1}
constants, and prove that finding the optimal number of multiplications is difficult in
a precise sense; i.e., it is NP-hard [10, 1]. Note that it is not known whether the general
problem with integer constants is decidable or not [12].

We now define this class of problems precisely. Let R be a commutative ring and let
K C R such that 0, 1 € K. Suppose x = (%, , %3 ,..., ;)7 and y = (¥, Vg ,..., ¥)T are
two column vectors of indeterminates; we have to compute m bilinear forms:

LD e

q
Bi = Z X Ve — xTG,-y, 7 = 1, 2,..., m,
i=1 k=1

where G; is a p X ¢ matrix with elements in K. The model of computation used for
this class of problems is that of bilinear programs, where each program consists of a
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sequence of instructions of the form f; « a; 0 b,, 1 <{ 1 < r, where o stands for +- or X
and each f; is a new variable; a,, b, are either previously computed f;’s (j < i), or
constants from K or indeterminates. Moreover, each multiplication step is either a
scalar multiplication, i.e., a; or b, € K, or a multiplication of a linear form in x by a linear
form in y over K (nonscalar multiplication). This program computes the set {B;}T*, if,
for each i, there exists j; such that B; = f; . The multiplicative complexity of computing
{Bj}i~, is the number of nonscalar multiplications required by any bilinear program
which computes this set.

It is apparent from the above that, if § is the optimal number of multiplications needed
to evaluate the bilinear forms B;, 1 < { <{ m, then § is the smallest number such that

8
B, =Y aun(®ri(y), 1<i<m,
k=1

where a;, € K, ri(#) is a linear form in x, say r,(x) = <{b;, #)! and 73(y) is a linear form
in y, say ri(y) = {¢x, ¥>. Thus, the above expressions can be rewritten as

)

B, = G,y = ¥ auche, ¥ee, 3

k=1

5
= af ( Y a,-kbkckT) ¥, 1 <im.
k=1

Therefore we conclude that, over K, we have

8
Gi = Z a,—kbkckT, l < i < m. (*)
k=1

Since a matrix is of rank one if, and only if, it can be written as the outer product of
two vectors, we see that the optimal number 68 is equal to the smallest number of rank
one matrices over K necessary to include the G;’s in their span. On the other hand,
(*) also implies that

G, = BAC, 1<i<m,

where

B == [bl,b2 yeaey ba], C = . ’

! The notation <{x, y) represents the inner product of x and y.
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and

Qs

Another way of stating the above result is that 6 is the smallest integer such that each G;
can be expressed as G; = BA4,C, where B, 4; and C are, respectively, p X 8, 8 X §,
and 8 X g matrices over K. Before closing this section, we give an example. Consider the
2 X 2 matrix multiplication problem

[xn x12] Yu ylZ] _ [""11 zxa]
Kor Xapdl¥or Yoz Ty Bl

The resulting problem consists of computing four bilinear forms z;, 1 <7, j < 2,
in the x’s and the y’s. One algorithm to compute the 2,,’s is the following. First, compute
the products:

my = (%3 — %pa)( Y21 1+ Vas),
my = (%1 + Xga)( Y11 + Yeo)s
my = (%3 — %)(Yu1 + V12)s
my = (% + %13) Va2 »

My = %13( Y12 — Ya2)

Mg = Xg5( Y21 — Y1)

Mg = (Xg; + X9) Y11 -

The z;;s are given by the following formulas:

2y = my + my — my + mg,
By = my + m;,
By == Mg + My,
Rpg = My — My + My — My .

Note that the number of multiplications used by the above algorithm is seven compared
to eight multiplications required by the ordinary algorithm. Moreover, the constant set K
consists of {0, 1, —1} C Z. The above algorithm was discovered by Strassen in 1969 [14]
and has since then stimulated research in this area.

Another way of stating the above algorithm is to express each G; as G; = CA,B,
1 <7 < 4, where C, 4;, and B are given as follows:

_—0 = O
—_—o O =
l
S = O =
D = =
(==l .
_—0 OO
—_—0 O
P!
f
p—t e DO e = O
O~ OO OO~

oo~ O~ OO
OOr—“t—Oh—»—-

571/20/1-6
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1 0
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2. T Cast witH {0, 1} CoNSTANTS

In this paper, we investigate the complexity of the problem of determining the optimal
number of multiplications required to compute a single bilinear form

B —

M
™

&35%: Vi

i 1

]
-
.

i

over the set K = {0, 1} C Z and we later extend the results to an arbitrary set of bilinear
forms over {0, 1}. The main result states that computing the multiplicative complexity
of these problems is NP-complete. In this section, we give a graph interpretation together
with some mathematical characterizations of the multiplicative complexity of a single
bilinear form. But first, we borrow a couple of definitions from graph theory [8, 11].

An undirected graph G = (V, E) is an ordered pair consisting of a set V' of vertices
or nodes and a set E of edges, E = {{v, w} | v, we V, v # w}. G is called bipartite if
the vertices consist of two nonoverlapping sets ¥} and ¥V, such that each edge ec E
has one vertex in ¥; and the other in ¥, ; we use the notation G = (V;, V,, E) to
denote the corresponding bipartite graph. A graph G = (V", E’) is a subgraph of G =
(V, E)if V'CV and E’'C E. The complete (or Kuratowski graph) bipartite graph K, ,,
is a bipartite graph G = (V,, V,, E)such that | V| = 1|V, | = m and

E={{v,,v}|v,eV,and v,e V,}.

Let B = ™Ry = ¥, 7.1 7:#%;; be a bilinear form such that y;; € K = {0, 1} C Z.
We consider bilinear algorithms over K and we are interested in developing a method
to determine the multiplicative complexity of B. We can associate with B the bipartite
graph G(B) = (Vy, V,, E) defined as follows: V, = {9;}f, and V, = {w;}?_; are two
sets of distinct nodes corresponding respectively to the indeterminates {x;}?_, and { Vit
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an edge ¢ = {v; , w;} is in E if and only if y;; = 1. For example, the bilinear form B =
291 + %15 + %y + %95 + 2373 + %3, can be represented by the bipartite graph
of Fig. 2.1. Note that the optimal algorithm for computing B can be described by the

identity B = (%; + %,)(3, + ¥2) + %3(¥2 + ¥5). The multiplication (%, + x)(¥; + ¥2)
corresponds to the complete subgraph K, , defined on the vertices {z, , v,} and {=, , w,};
the other multiplication corresponds to K , defined on {v;} and {w,, w,}. We call this
a decomposition of G into the subgraphs K , and K| , of length 2.

FiGure 2.1

Let G(B) = (V, W, E) be a bipartite graph associated with a bilinear form B over
{0, 1}. A decomposition of G(B) consists of a set of Kuratowski graphs G; = (V;, W;, E)),
1<i<r suchthat Y, Vi=V, Uy Wo =W, Ui, E: =E and E,nE; =¢
for i 5= j; r is called the length of the decomposition.

TueoreM 2.1. Given a bilinear form over {0, 1} with corresponding graph G(B), the
multiplicative complexity of B is equal to the minimal length of a decomposition of G(B).

Proof. 'The proof follows from the observation that B has a multiplication of the form
(i, -+ %5, + - 4 %, )(5, + 35, + -+ ;) if, and only if, G(B) has the complete
bipartite subgraph K, ; whose node set consists of

{1),-1 y 'viz gorey ‘v,-l} and {wjl N wjz geney st}. l

We now give a different characterization of the complexity based on a ““linear indepen-
dence” concept.

Given m vectors {v;};., , whose entries are 0 or 1, we say that these vectors are Lnearly
dependent over {0, 1} if there exists k, 1 <{ & < m, such that

m
=3 ov;, o =01
i==1
ik
The vectors {v;};., are called linearly independent if they are not linearly dependent.
Note that, according to this definition, the vectors

0

_—o - O

1 1
1 0
O b 1 L
0 0

—_—O
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are linearly independent in spite of the fact that

1 0 1
1 0 0
ol T 1| = 11| T
0 1

— O e O

(=4

Let R be an n# X m matrix with 0, 1 entries. Define the column rank of R as follows:
suppose {c;};., are the columns of R. If these vectors are linearly independent, then
column rank (R) = m; otherwise, let ¢; be the column which is the sum of some other
columns, then column rank (R) = column rank (R), where R = (¢;, ¢5,ev €41 s
Cr4q s--» ). It is important to notice that the column rank of R is not necessarily equal
to the maximum number of linearly independent columns of R as the following example
shows: let R be given by

1 0110

11000

R=100011

11 011

The columns

1 0 1 0
1 1 0 0
o}’ o’ 1}’ 1
1 1 1 1

are linearly independent; however, column rank (R) = 3 since

[0 1 1 0
1 00 0]
column rank (R) = column rank 00 1 1
|1 011
[0 1 0
1 00
= column rank 00 1 = 3.
|1 01

It is clear that the column rank is well defined; i.e., we get the same answer regardless
of the order of the columns taken out of R. We can similarly define the row rank of R,
We remakr that the column rank and the row rank of a matrix are in general different.
The matrix

[= =R
_0 - O
—_0 O =
O = O =
_——0 O

has column rank (R) = 5 and row rank (R) = 4.
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The following theorem shows the usefulness of the above definitions.

THEOREM 2.2. Let B = xRy be an n X m bilinear form over {0, 1}. The multiplicative
complexity v of B is <min(row rank(R), column rank (R)).

Proof. Let {c;}7-, be the columns of R. Suppose

m

Cp = Z oy a; €40, 1},
i

for some k, 1 < k < m. Note that B = xTRy = Y., <%, ¢;> y; ; thus

B=<{ a0yt Y (%60,

i=1
ik
Now since
m
Cx = Z 65 s
&
itk
we have

B = Z (o, 006> Vi Z (%, € ¥

=1 =1

2k ik
= Z <, ¢ (2 yy + i)

i=1

ik

Therefore, we need at most m — 1 multiplications to compute B. Continuing in this
fashion, it is easy to see that p <{ column rank (R) Similarly, p < row rank (R) and thus
p << min(column rank (R), row rank (R)). |

Unfortunately, we may have p < min(column rank (R), row rank (R)) as the following
example shows. Let R be given by

bt et (O O b pem
OO0 = —
= = OO
SO~ —= OO0
CO= OO =
QO = OO



84 GONZALEZ AND JA'JA’

It is easy to check that row rank (R) = column rank (R) = 5. However, the following
algorithm requires four multiplications only.

B = (%, + %)(31 + 32) + (%5 + xe)(y1 + ¥3) + (%3 + 2)(¥s + ¥4)
+ (% + x2)(¥5 + Ye)-

Finally, we give the following characterization.

THeOREM 2.3. Let B = xTRy be an n X m bilinear form with 0, 1 entries. The multi-
plicative complexity of B is the smallest r such that R = XY, where X and Y are n X r
and r X m matrices with 0, 1 entries.

Proof. Immediate from the fact that the multiplicative complexity is the smallest r
such that R = XDY, where X, D and Y are respectively n X 7, r X v and r X m
matrices with 0, 1 entries and where D is diagonal. |

3. MINIMIZING THE NUMBER OF MULTIPLICATIONS IS NP-COMPLETE

In this section, we prove that the following problem (which we call the MP problem)
is NP-complete: Given a p X ¢ matrix with 0, 1 entries and given a positive integer m,
does there exist two matrices 4 and B such that R = AB, 4 and B are respectively
p X m and m X g matrices with 0, 1 entries? We reduce the 3-colorability problem
[13] into an instance of the above problem.

The 3-colorability problem can be stated as follows: given an undirected graph G =
(V, E), does there exist three disjoint sets of vertices (.S} , S, , S3) such that U?___l S;=N
and if {v;, v;} € E, then v, and v; are in different sets?

Actually, we use a slightly modified version of the 3-colorability problem which we
call the 3 — m colorability problem and which can be stated as follows: given an un-
directed connected graph G = (N, E) such that degv > 4, for all ve N, and | E| >
2| N|+1,is G 3-colorable ?

The following theorem shows that the above problem is also NP-complete.

TaeoreM 3.1.  The 3 — m colorability problem is NP-complete.

Proof. Itissimple to check that the 3 — m colorability problem is in NP. To complete
the proof, we reduce the 3-colorability problem to an instance of the above problem.

Let G, = (N, , Ey) be any graph; without loss of generality, we can assume that G,
is connected. Create three distinct copies G, = (V,, E;) G, = (N,, E,) and G;=
(N3, E;) of G, and consider the graph G = (V, E) such that V' = N, U N, U N, U N,
and

E = E,U E U E,UE; U {{f, o}, (2, o}, (0, o}, (&, 0},

@, o), 0, o | 0, o} € B

3
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Note that | E| = 10| Ey| and | V| == 4 | N, |; since G, is connected, we have that
|Ey| = | Ng| — 1 and hence | E| =10 Ey| = 10| Ny| — 10 = (5/2) [ N|— 10 =
2| N| 4 1, wherever | Ny | > 5, which we can assume without loss of generality.

We claim that G, is 3-colorable iff G is

(1) Suppose G, is 3-colorable and let (S{”, S§*, S{") be the corresponding partition
of nodes of G, . Define S{) = {v{"’ | v{® € S}, fori = 1, 2, 3andj = 1, 2, 3. Consider
the partition of the nodes of G, (SP U S& U S U SP, SO U S® U SP U SO,
S U S U SH U SP). Clearly, this defines a 3-coloration of G.

(2) Suppose now that G is 3-colorable with induced partition (S, , S;, Sy). Let
Si0 = (o | o® e S;) for i = 1,2, 3. It is easy to see that (S{, S, S defines
a 3-coloration for G, . ||

We need one lemma before establishing the main theorem of this section.

LemMma 3.2. Given a graph G = (N, E), deg v > 4, v N, the elimination of k edges
leaves at most k|2 nodes of degree zero.

Proof. Let S be the set of nodes whose degrees becomes zero after the elimination
of the & edges. Suppose &, of the edges eliminated were adjacent to two nodes in .S and
ky of the edges eliminated were adjacent to only one node in S. Clearly k > k, + &, .
Since each node in .S had degree at least four then 2k, + &k, >> 4 | S|. Hence, 4 | S| << 2k
or | S| k2. |

Treorem 3.3.  The MP problem is NP-complete.

Proof. Tt is straightforward to check that MP is in NP. We now show how to reduce
the 3 — m colorability problem to MP in polynomial time.

Let G == (N, E) be an undirected graph in which each vertex is of degree greater than
orequaltodand |E| >2 | N|+ 1. Let N = {v,, v3,..., v,} and E = {e, , ey ,..., €},
where n = | N| and r = | E |. From G, we construct the following instance of the MP
problem. Take p = 6n + 3r + 1, ¢ = 6r -+ n and m = 3r - 6m; clearly, ¢ > m.

The set of constants {y;,;} defining R is constructed as follows:

(al) for each vertex ; € N and all edges ¢; € E incident upon v, , set

Yii = VYnvir+i = Yontd,2r47 = V3n+3r+i,3r+n+j
= Yarptniidrintds = Varesniisrant = 1.
(a2) foreachs 1 i < n, set
Vigrri = Vntiarsi = Yoniigrei = 1o
(a3) foreachj, 1 <{j < 3r, set
Yanisg = Vantdarintdi = Lo

(a4) forj, 1 <j << 6r+ n, set

Ysrseni1,i = 1.
(a5) set all other y;; to zero,
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Figure 3.1 shows the matrix R = (y;;). G, is the incidence matrix of the graph G,
i.e., itis an # X r matrix such that the entry (¢, §) is equal to 1 if and only if v; is incident
upon ¢, . I, represents the identity matrix of size k. Row x consists of a sequence of
consecutive 1’s.

T T n
n G 0 0 I, ) 0
n 0 G ) I 0 0 0
¢} n
n 0 0 Gy 1 0 0 0
n
r I 0 0 0 I 0 0
T r
r 0 I 0 0 0 I 0
r 0 0 T 0 0 0 1
r r
n 0 0 0 0 &y 0 0
n 0 0 0 0 0 G ]
n 0 0 0 0 0 0 Gy
X
Ficure 3.1

We will prove that G is 3-colorable if, and only if, R can be expressed as R = AB,
where 4 and Barep X mand m x ¢ matrices with 0, | entries (recall that m = 3r - 6m).

(1) Suppose that G is 3-colorable and let {S;, S,, S3} be the corresponding
partition of the nodes of G. Let 4 and B be the following matrices shown in Fig. 3.2.
Row y of A is constructed as follows:

Sl S2 S3 (S27 SB) (Sl’ SS) (Sl’ S2) SI S2 S3

(bl) forallv,eS,,y(k — In+ il =y[3r +(k—Dn+i =1,
(b2) for all edges e; incident upon a vertex in S, and a vertex in S, , set
B +j1=1,
(b3) for all edges ¢; incident upon a vertex in S; and a vertex in Sy, set
B +r 44l =1,
(b4) for all edges ¢; incident upon a vertex in ) and a vertex in S, , set

YBn+2r +j] = L.
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m
1
n
m
y
1
A
X T n r r
nl o6, 0 0 I 0 0
nl 0 G 0 I 0 0 0
0 n
n| o 0 8 I, 0 0 0
|1 0 0 0 I, 0 0
rl o 1 0 0 0 I 0
r r
| 0 0 I 0 0 0 I
T r
n| 0 0 0 0 &, 0 0
ol 0 0 0 0 8, 0
nl © 0 0 0 0 0 g,
B
Ficure 3.2

To prove that R = AB, it is clear that we only have to verify that yB = x, whose proof
is given by the following lemma.

LemMMA 1. Let y and B be as defined in Fig. 3.2 and let x be a row vector consisting of
I’s. Then we have yB = x.

Proof of Lemma 1. The equation yB = x is equivalent to
m
Y yby=1, forall j=1,2,.,6r+n &)
=1

We distinguish several cases.

571/20/1-7
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Casel. 1 <j<r.
Let ¢; = {v; , v;}. It is easy to see from the construction of B that

bii == bkj = b3n+]',j =1 and bij =0 otherwise.

Either one of v; or v, belongs to S; or v; € S, and v, € S, (say). In the first case, precisely
one of y[7] or y[k] is equal to 1 and y[3n -+ j] = O; in the second case, y[3n + j] = 1
and y[¢] = y[k] = 0. In either case, (*) is satisfied.

Case2. r+1<j<3rordr+4+nt+1<j<<Or+n
The proof is similar to that of Case 1.

Case3. Ir+1<j<3r+n

The only nonzero elements in row j of matrix B are b; 3, , bp1j54s > a0d gy o i -
If 9;€8;, then y[(k — )n +j] =1 and y[(k" — 1)n 4] # 1 for all & 5% k. Thus
Ziaybn =11

Proof of Theorem 3.3 (continued). The above lemma completes the proof that, if G
is 3-colorable, then R = AB, where A and B are p X (3r + 6n) and (3r + 6n) X ¢
matrices with 0, 1 entries.

(2) Suppose that R = AB with m = 3r 4 6n. We will prove that G is 3-colorable.
The main proof is contained in the following lemma.

LeMMA 2. Let R be as given in Fig. 3.1 and let A and B be any two p X mand m X q
matrices of O’s and 1’s such that R = AB. Then A and B must be of the form given in Fig. 3.2.

Proof of Lemma 2. We actually prove that if R = AB, where R is the same as R
without the last row (ie., row «) and 4 and B are (p — 1) X m and m X ¢ matrices,
then 4 = I,, and B = R. The proof is based upon the characterization given in Theorem

2.1.
The bipartite graph G(R) corresponding to R is given in Fig. 3.3, where there are two

types of edges:

(a) edges which represent the incidence matrix and which exist among the following
sets of nodes:

{21 yenes X} and {15000 P0hs

{Xpga reees Xan} and {Dre1se Yarhs
{Xan41 5ee X3n} and {Yers1 s Yorhs
{*3n48r11 1+0r Xaniart and {Ysrint1 e Yarks
{®ant3r41 see> Xsnsar) and {Varini1 e Vsrinhs
{X5ntar11 30es Xonsar) and {X5rint1 veees Yersn)-

Note that, for example, an edge between x; and y;, 1 <7 <, 1 <j < 7, exists if and
only if the node v; of G is incident upon e; .



(b)

Xant1

x3n+r
Xantrel

X3ntor
X3nesrtl

X3n43r
X3n43r+1

X, 4n+3¢
Xinrar+1

Xsn43r
X5nt3ril

Xen

COMPUTING BILINEAR FORMS

0 O
) O
o] 6]
! G :
e 2 O
O [}
Gg :
8] O
o) QO
: Gyt
o) O
0
o ‘
o)
O
Ficure 3.3
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YVars1

Yarsn
Yartni1

Varsn
Yarent1

Varsn
Ysrin+t

Yer+n

edges which represent I, or I, and which exist among the following set of nodes:

{xl ey xn}

(%041 seees Fan}
{%an41 50eer Xgn}
{X3n11 eer Xanprf
{Xantra1 5o Xgnrar)
{*3n 4241 e
X311 5eees Xgnir)
{Fansri rees Xansard

{X3nrari1 5ee-

{y3r+n+1 seecy y47+n},

{Vartnit ser Xsninds

and {Ysre1 00 Darends
and {Psr+15-0s Yarens
and {Ysr41 50 Varanhs
and {¥1 500 Vobs
and {Pri1 s Parhs

o> ®3n43r} and {Yars1 v Yarks
and
and

» X3ni2r} and

{y5r+n+1 yeeey ys,r_'_n}.

Note that G(R) has only two types of complete subgraphs K, ; and K, ,% where 7,
I > 1. The statement of the lemma can be reformulated as follows: G(R) has only one

2 Note that K, , is the complete graph based on m nodes among the x,’s and n nodes among

the y,’s.
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decomposition of length 37 + 6n and this decomposition is obtained by taking each x;
and constructing the complete subgraph consisting of all edges incident upon x; . The
main idea of the proof is to show that any decomposition of G(R) which contains complete
subgraphs of the type K, ;, r > 1, has length greater than 3» 4 6n. We now prove this
fact.

Consider any decomposition D of G(R) of length 3r + 6n and suppose it contains «
complete subgraphs of the type K, ;, r > 1. Each such K, , has one vertex among the
¥;'s, say ¥; . Therefore « can be expressed as « = a; + ay + oy + oy + o5 + 05 + o7,
where a; is the number of K, , subgraphs with j, belonging to the 7th set of nodes which
form the y,’s.

We now remove the edges corresponding to the above K, ; subgraphs and try to deter-
mine the number of the x,’s nodes whose degrees are nonzero. Removing the first oy +
ay + oy subgraphs destroys no x,’s. If we next remove the «, subgraphs, then, at most,
min(ey /2, o) + min(oy/2, o) + min{oy/2, o) of the x’s will disappear completely
(Lemma 3.2). Deleting the next ag subgraphs can cause at most min(a; , o) + (o5/2) x;
nodes to disappear. Similarly, taking out the remaining subgraphs can result in the removal
of at most min(ag , ay) + ag/2 -+ min(ay , ag) + /2 x; nodes.

It follows that the maximum number of x, nodes which could disappear is given by

— min (21 in (22 in (8.
,u—mln(2 ,a4)+m1n(2 ,a4)+m1n(2 ,a4\)
+ min(ay , o) -+ f‘zi + min(og , o) + %- + min(oy , ag) + %

Three cases arise:

(i) a4 = 1. Using the fact that mm(kl , Re) < (R + kp)/2 and min(k, , &,) < A&y
or k, , we obtain

e<( e ) T () e 3 (20 g

By oy gyt g = — ay.
But since all the remaining subgraphs of & are of type K ; , then £ must have at least
6n + 3r — (¢ — a,) such complete subgraphs. Therefore, the length of & is at least
o+ (6n+ 3r — (0 — o)) = 6m + 3r + a4 > 6m + 3r,

which contradicts the assumption that the length of 2 is 6n 4 3r.
(i) o, = 0and g + a3 + o5 = 1. In this case,

p = min(oy , o) + = —— + min(og , o) + 58y min(oy , o) + =
Thus

Xg

2

&y X3
Bt SIS -3
2

5 +

< o5 -+ ag + o +
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It is easy to check that p < &y + o + a3 + o5 + ag + o, — 1 and the proof carries
as before.

(i) o, = 0 and oy + oy + oy = 0. It is clear that p < (a5 + o5 + o;)/2 and the
proof is similar to proofs in the previous cases.

Therefore any decomposition of G(R) which contains subgraphs of the type K, ,,
> 1, has to be of length greater than 6n + 3r. |

Proof of Theorem 3.3 (continued). We now know that for any 4 and B such that
R = AB, both A4 and B must be of the form given in Fig. 3.2. Note that row y of 4 has
not been specified. Define the following three sets of nodes in G:

Dy ={v; | yl7] = 1},
Dy = {v; | y[n +j] = 1},
Dy = {v; | y[2n +j] = 1}.

These sets are pairwise disjoint because if v, € D; N D, , say, then multiplying y by
the (3r 4 &)th column of B produces a sum of 2 which is not correct. Moreover, these
sets exhaust all the nodes of G by the fact that

\
H

I,
Iﬂ
I,
0 n
ylol =011 =1
0
0
0
0

We now prove that no edge has its two nodes in one set D, . Suppose ¢; = {v,, v;} is
such that ¢, and v, are in D,. Multiplying y by the (X — 1)r + f)th column of B results
in a number greater than one since y[(k — 1)n + 1] = y[(k — I)n - ] = L. It follows
that the above partition of vertices defines a 3-coloration for G and the proof of the
theorem is complete. ||

We have the following immediate corollary.

CoROLLARY. Given a set of bilinear forms {B.}]-, over {0, 1} and given a positive integer 8,
the problem of determining whether or not these bilinear forms can be computed with 8 multi-
plications is NP-complete.

All of the above results rely heavily on the fact that the constant set is {0, 1} C Z.
A much more interesting case is when the constant set consists of {0, 1, —1} as in most
of the published algorithms. Finding the corresponding complexity seems to be harder
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in this case; however, we could not extend the above proofs to cover this case. It is worth
mentioning that, for a given single bilinear form B = 3, ; y;%;¥;, vy = 0, 1, the
introduction of subtraction can reduce the number of multiplications as the following
example shows. ‘

Let B = xTRy, where R is the following 8 X 8 matrix:

00011000
00011000
00000T1 11
R_l1 1010000
00101000
10000100
01000010
0 01 0000 1]

It is simple to check that seven multiplications are necessary and sufficient to compute
B over {0, 1}. However, the following algorithm over {0, 1, —1} uses only six multi-
plications.

B = (% + x5 + %) (31 + Yo + ya) + (%5 + %) (31 + ¥e)
+ (% xy + %) (s + ¥5) (g + %) (Y2 + ya) + (x5 -+ x5) (Y5 + Ve)
— (% ~+ %y + X)) (1 + yo + Va)-

4. CoMPLEXITY OF RELATED PROBLEMS

As we have seen in Section 2, the multiplicative complexity of a single bilinear form B
over {0, 1} is related to the length of a decomposition of the associated bipartite graph
G(B). In view of Theorem 3.3, we have the following immediate result.

THEOREM 4.1. Given a bipartite graph G and a positive integer k, the problem of
determining whether G has a decomposition of length k is NP-complete.

We can use the graph formulation of the problem to prove that even the following
problem is NP-complete: Given a bilinear form B over {0, 1} and given a positive integer [
does there exist a bilinear algorithm to compute B with one multiplication of the form

(xi1 4 x;, e xil)(yjl + Ys, + _Vj,)?

THeorREM 4.2. Given ann X n bilinear form B over {0, 1} and an integer I, the problem
of determining whether there exists an algorithm with one multiplication of the form (% +
x, X% )i, v, + o+ vy is NP-complete.

Proof. This can be obtained from a simple reduction from the clique problem

(see also [7]). |
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The above results are all related to the number of multiplications required to compute
a bilinear form. We now focus on the number of additions. We note that the following
problem is known to be NP-complete [4, 7].

ProBLEM. Given a set of expressions with one commutative and associative operator
+ and given an integer I. Is it possible to compute this set of expressions with [ additions ?
Using the above fact, it is easy to see that the following is true.

Lemma 4.3. Given a bilinear form B over {0, 1} and given an integer I, the problem of
determining whether B can be computed with | additions is NP-complete even if we fix the
number of multiplications.

Another context in which these results are relevant is that of evaluation of arithmetic
expressions [5]. Given an arithmetic expression 4, it is ordinary to represent 4 by a
directed acyclic graph (dag) which identifies the common subexpressions. For example,
the expression (d 4 f) *(a - b) + (@ + b) xc can be represented by the dag of
Fig. 4.1. Note that an interior node represents an operator and a leaf represents a variable

' @“Q@

Ficure 4.1

name. The order of the children is important; the left child represents the first operand
and the right child represents the second operand. Assuming that the standard arithmetic
laws hold (associativity, commutativity, and distributivity of multiplication with respect
to addition), an interesting problem in code optimization is to find, for a given dag, an
equivalent dag which has the fewest number of interior nodes. A bilinear expression
can be viewed as represented by a special type of dags, namely leaf dags; a leaf dag is a dag
such that all the shared nodes (a shared node is a node with more than one parent) are
leaves. For example, the bilinear expression xy * y; + (% * ¥, 4 %, * ¥,) can be repre-
sented by the leaf dag of Fig. 4.2. The above results show that evaluating arithmetic
expressions 1s hard even for leaf dags.
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(DS
OB OROENO

Ficure 4.2

THEOREM 4.4. Given a leaf dag which corresponds to a bilinear arithmetic expression,
the following two problems are NP-hard:

(1) minimizing the number of nodes corresponding to (.
(2) minimizing the number of @ nodes with the number of (¥ nodes fixed.

5. ExTensioN 70 COMMUTATIVE ALGORITHMS

The bilinear algorithms we have been considering are noncommutative in the sense
that the indeterminates do not commute, i.e., x;¥; % y;x, . However, it is clear that the
multiplicative complexity of a single bilinear form is the same whether or not the in-
determinates commute. However, we feel that the commutative case is harder and we
will justify this fact by displaying a class of bilinear forms whose complexity is easy to
obtain in the noncommutative case but which is NP-complete in the commutative case.

Let {x,}¥_ ; be a set of indeterminates and let g be one indeterminate different from all
x;’s. We are interested in investigating the complexity of computing a set of arithmetic
expressions of the form

Bi:gxilxiz, 1 <iim, 1, #+ 1y,

where {x,-1 » %5} 7= {%; , ; } for ¢ 5 j. If we do not allow commutativity, there is a simple
efficient algorithm which computes {B,}}*, optimally. However, if we allow commuta-
tivity, the following theorem shows that the above problem is NP-complete.

THEOREM 5.1. Given a set of expressions {B,}]", of the above form and given an integer I,
the problem of determining whether this set can be computed with | multiplications in the
commutative case is NP-complete.

Progf. This problem can be viewed as the multiplicative dual of the one stated
before Lemma 4.3 and precisely the same proof carries in this case. [
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6. CONCLUSION

An important classof arithmetic problems has been identified as a member of the family

of NP-complete problems. As we mentioned earlier, the restriction to the constants

{0;

1} is crucial to the proofs, and no cancellation whatsoever was allowed. It is our belief

that the problem remains NP-complete even if we allow negation, but a more algebraic
approach is needed in this case. Our restriction here conforms with that of the monotone
models, and our results can be directly translated in the terminology of monotone models.
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