List of Figures

1 (a) A weighted DAG. (b) A linear clustering. (c) A nonlinear clustering. : : : : : : : : : : : 3

2 (a) The clustered DAG and its C P shown in thick arrows. (b)The Gantt chart of a schedule.

(c) The scheduled DAG and the D S shown in thick arrows. : : : : : : : : : : : : : : : : : : 4

3 Clustering a fork DAG. : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 7

4 An optimum clustering algorithm for a fork DAG. : : : : : : : : : : : : : : : : : : : : : : : 7

5 Edge zeroing op erations in the fork clustering algorithm. : : : : : : : : : : : : : : : : : : : : 8

6 Edge zeroing op erations in KB/L. : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 12

7 Edge zeroing op erations in Sark ar’s algorithm. : : : : : : : : : : : : : : : : : : : : : : : : : 13

8 Edge zeroing op erations in DSC. : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 19

9 DSC as a priority scheduling algorithm. : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 20

10 Edge zeroing op erations in MCP

. : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 22

11 Clusterings of (a) W u and Ga jski’s with P T = 10:5. (b) Sark ar’s with P T = 10. (c) DSC

with P T = 9. : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 23

12 A counter example of a fork. : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 25

13 A counter example of an in tree. : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 28

14 The Cholesky Decomp osition task graph and natural linear clustering for n=4. : : : : : : : 30

15 DSC vs. other clustering algorithms for the CD DAG. : : : : : : : : : : : : : : : : : : : : : 32

[16] Y ang, T. and Gerasoulis, A. Dominant Sequence Clustering Heuristic Algorithm for Scheduling DAGs

on Multipro cessor, Rep ort, Dept. of Computer Science, Rutgers Univ., 1991.

[17] W u, M. Y. and Ga jski, D. A Programming Aid for Hyp ercub e Architectures, J. of Sup er c omputing,

2, (1988), pp. 349-372.

34

[3] El-Rewini, H. and Lewis, T.G. Scheduling Parallel Program T asks onto Arbitrary T arget Machines,

J. of Par al lel and Distribute d Computing, 9, (1990), pp. 138-153.

[4] Gerasoulis, A. and Nelken, I. Static Scheduling for Linear Algebra DAGs, Pr o c. of F ourth Confer enc e

on Hyp er cub es, Monterey , V ol. 1, 1989, pp. 671-674.

[5] Gerasoulis, A., V enugopal, S., and Y ang, T. Clustering T ask Graphs for Message Passing Architectures,

Pr o c. of 4th ACM International Confer enc e on Sup er c omputing, 1990, pp. 447-456.

[6] Gerasoulis, A. and Y ang, T. On the Granularit y and Clustering of Directed Acyclic T ask Graphs,

TR-153, Dept. of Computer Science, Rutgers Univ., 1990.

[7] Girk ar, M. and Polychronop oulos, C. Partitioning Programs for Parallel Execution, Pr o c. of ACM

International Confer enc e on Sup er c omputing, St. Malo, F rance, July 4-8, 1988.

[8] Kasahara, H. and Narita, S. Practical Multi-pro cessor Scheduling Algorithms for E�cient Parallel

Pro cessing, IEEE T r ans. on Computers, C-33, (1984), pp. 1023-1029.

[9] Kim, S. J. A General Approach to Multipro cessor Scheduling, TR-88-04, DCS, Univ. of T exas at

Austin, 1988.

[10] Kim, S. J. and Browne, J. C. A General Approach to Mapping of Parallel Computation up on Multi-

pro cessor Architectures, International Confer enc e on Par al lel Pr o c essing, vol 3, 1988, pp. 1-8.

[11] Kung, S. Y. VLSI Arr ay Pr o c essors, Prentice Hall, 1988.

[12] Ortega, J. M. Intr o duction to Par al lel and V e ctor Solution of Line ar Systems, Plenum, 1988.

[13] Papadimitriou, C. and Y annak akis, M. T owards on an Architecture-Indep end ent Analysis of Parallel

Algorithms, SIAM J. Comput., 19, (1990), pp. 322-328.

[14] Sark ar, V. Partitioning and Sche duling Par al lel Pr o gr ams for Exe cution on Multipr o c essors, The MIT

Press, 1989.

[15] Y ang, T. and Gerasoulis, A. A F ast Static Scheduling Algorithm for DAGs on an Unb ounded Numb er

of Pro cessors, Pr o c. of Sup er c omputing ’91, IEEE, 1991, pp. 633-642.

33

1

1.5

2

2.5

3

3.5

4

0 20 40 60 80 100 120 140 160 180 200 o

o

o

o

o

*

*

*

*

*

+

+

+

+

+ PT Speedup Ratio for CD,n=200

<-Coarse grain 1/g Fine grain->

Ratio o Wu&Gajski/DSC

* Kim&Browne/DSC + Natural/DSC

Figure 15: DSC vs. other clustering algorithms for the CD DAG.

algorithm that has b etter p erformance than DSC with the same computational complexity? How do es the

p erformance of DSC compares to higher complexity clustering algorithms that satisfy T 1 and T 2 and are

optimal for the primitiv e structures?

9 Ac kno wledgmen ts

W e thank Sesh V enugopal for several useful discussions on this work and Ajay Bakre and referees for reading

the manuscript and suggesting improvements in the presentation. This work was in part supp orted by a

Grant No. DMS-8706122 from NSF.

References

[1] Chretienne, Ph. T ask Scheduling over Distributed Memory Machines, Pr o c. of the International Work-

shop on Par al lel and Distribute d Algorithms, North Holland, 1989.

[2] Chretienne, Ph. Complexity of T ree Scheduling with Interpro cessor Communication Delays, Rep ort,

M.A.S.I. 90.5, Universite Pierre et Marie Curie, 1990.

32 task T j

k represents a vector mo di�cation while T k

k is the pivot op eration. The weights are

� k

k

= (n � k + 2)w ; � j

k

= (2(n � j ) + 1)w ; k = 1 : n � 1; j = k + 1 : n

c j

k

= (n � k + 2)� ; c k +1

k

= (n � j + 1)� ; k = 1 : n � 1; j = k + 1 : n

where � j

k are the computation weighs, c j

k the communication cost b etween tasks T k

k and T j

k

, c k +1

k the

communication cost b etween tasks T j

k and T j

k +1

.

In Figure 15, we �x n = 200 and v ary the granularity of the DAG by increasing the communication constant

factors as follows, � = w , 2w , 5w , 40w , 100w , 200w . The numb er of tasks is ab out 2000 and edges 4000.

W e observe that the DSC is sup erior to all metho ds for this example particularly when the DAG b ecomes

�ne grain. F or coarse grain DAGs the DSC algorithm is b etter at most by a factor of 2. This result is

exp ected, since we have shown in [6] that any linear clustering is within factor of 2 of the optimum. Both

Natural and KB/L are linear clusterings, and the clusterings pro duced by DSC and MCP are also linear.

Figure 15 also veri�es our theoretical analysis of the previous section and the imp ortance of zeroing edges

in the dominant sequence. MCP and DSC are similar with one ma jor exception that DSC zero es the edges

in DS while MCP do es not. Notice that the MCP parallel time is 3 times longer than DSC parallel time,

while b oth natural and KB/L parallel times are within a factor of 4 with DSC when g = 1=200. With

regards to the computational complexity

, DSC is much faster than all others heuristics. Similar results

have b een derived for other task graphs.

8 Conclusions

W e have provided a general framework for comparing clustering algorithms. Guided by this framework

we were able to present, ev aluate and compare several existing algorithms in a systematic manner. W e

have demonstrated the imp ortance of having p erformance features T 1 and T 2 in each clustering step. W e

have shown that every algorithm satis�es T 1 for any DAG but only DSC satis�es additional p erformance

prop erties and has a lower complexity

. This is why DSC is sup erior to other algorithms in practice which

has b een demonstrated in the exp erimental results.

Several interesting questions remain op en for future investigation. Is it p ossible to develop a clustering

31

7 Exp erimen tal results and compariso ns

DSC vs. Sark ar’s. In Y ang and Gerasoulis [15] we compared the DSC algorithm and Sark ar’s algorithm

on 100 randomly generated DAGs and weights. These graphs are pro duced by randomly generating the

numb er of tasks and edges and assigning random numb ers as weights. The size of the graphs v aries from

a minimum average of 70 no des with 311 edges to a maximum average of 329 no des with 3430 edges.

The ratio of computation and communication v aries from 0.8 to 8.7. On the average we found that

P T

dsc

= :83P T

sar k ar for these graphs. As far as the algorithm execution sp eed is concerned, DSC is one

order faster than Sark ar’s.

1 1_T 1 2 T 1 3 T

T 2 2 T 2 3 T

3

3

T T 2 4 T

14: The Cholesky Decomp task graph and natural clustering for n=4.

DSC vs. other heuristics. e have chosen exp erimentation the wknown Cholesky

Decomp (CD) DAThere are several for cho osing DAG for comparison. One that

we can compute the clustering of KB/L analytically rather than computationallwhich b e imp ossible

b ecause the complexit. Another reason is we would like to compare DSC with the natur al

which a widely used clustering for this DAG [4, 12]. However, we did include ar’s

heuristic b ecause graph is to large b e handled.

Figure 14, we give the DAfor the sp ecial case n = 4, where is the the matrix. Each

30 and ptr w do es not change. If this is true, assume (n

1

; n

2

) an edge but not in ptr w

which is zero ed in k such < k j. Now since (n

s

; n

t

) is also in the , the edge (n

1

; n

2

) must

lie either on the ro side of (n

s

; n

t

) on the side of it. If (n

1

; n

2

) on the leaf of (n

s

; n

t

),

all the edges the CP of the subtree (n

s

; n

t

) b e zero step k which a contradiction.

If on other hand, (n

1

; n

2

) on the ro ot side of (n

s

; n

t

) then it should b e ptr w (op

i which is

again a contradiction.

Prop osition 6.1.8 ar’s Algorithm). Sarkar’s algorithm do not T 2 is optimal

tr e e.

Pro of: The counter example a (or join) where do es satisfy T 2 and not

optimal in general.

6.2 A general summary

VI we summarize the cof the four algorithms.

able VI: A comparison four clustering algorithms.

ar MCP KB/L DSC

Goals G1 G1/G2 G4/G1 G1/G2

ransformed Reduce Minimize Compress CP Compress

goals CV time in subgraphs D S

Multiplicit y One One All in CP Some edges

of zeroing of free no de

Constraint T 1 Non increase Linearity CT 1, or

imp osed in ST of clustering CT 1& CT 2

T 1 es es es es

T 2 No No No No �ne grain

for coarse grain

Complexity e(v + e) v

2

log v (v + e) (+ ) log v

Notice that DSC T 2 for any coarse DAG. The pro is similar to the given for the

out-tree case. The grain constraint assures that only one edge wb e zero it would

b e zero ed.

29 that it determines the optimum coarse in-trees.

Prop osition 6.1.7 (KB/L Algorithm). KB/L is not optimal for any tr e and gener al do es not

satisfy T 2. It only T 2 for c o arse-gr ain in/out-tr e es.

Pro of: o show KB/L optimal we present a counter example in 13. The optimal result

derived bDSC M

1

= fn

1

; n

3 g; M

2

= fn

2 gM

3

= fn

4

; n

5 g P T = 13:5. The derived by

Kim’s algoriis M

1 fn

1

; n

3

; n

5 g; M

2

= fn

2 g; M

3 fn

4 g with P T = 14.

n^{3 n 4 n 5 n 1 n}

4 2^{4 2 0.5 7 3 3}

Figure 13: A counexample of an in tree.

prove KB/L satis�es T 2 a grain in-tree. The pro of an out-tree similar. e notice

that D S

i

CP

i since KB/L a algorithm. Now assume (n

s

; n

t

) 2 ptr w (op

i

). This

that the parallel time is reducible by this edge. e show that no incoming edge of

n

t b een or zero ed at any step less equal to i. Assume the con, which means that

one edge has b een zero and the including (n

s

; n

t

), have b een examined. Then zeroing

(n

s

; n

t

) is imp ossible reduce the time b ecause the tree coarse grain. That is a contradiction.

, KB/L zero es edges in CP each subgraph each and the subgraph a

subtree, we can see all edges in the subtree ro oted n

t are examined. As result, when

the CP of the whole tree GCP) go es through any unexamined subtree, part of GCP

in this subtree is the CP of subtree. And when KB/L working on the where (n

s

; n

t

)

resides, the edges in its CP including (n

s

; n

t

) b e zero ed.

we show that one such edge (n

s

; n

t

) is in ptr w when edge zero ed. If KB/L do es not

zero anedge in ptr w (op

i set step i unstep j, then no edge GCP is zero ed during steps

28

Prop osition 6.1.5 (DSC Algorithm). DSC satis�es T 2 and gives the optimal for c o arse gr ain

in-tr e es but not for �ne gr ain in-tr e es. or b oth �ne and c o arse gr ain out-tr e es, T 2 but is

not optimal.

Pro of: The optimum solution can b e derived by for coarse grain in-trees. It proven by induction

depth the tree ang and Gerasoulis [15, 16] bshowing that DSC pro duces schedule where

evno de the minimum startitime.

Without inverting an DSC cannot get the optimum but it still satis�es the T 2 prop ert. e prove

it in twsteps.

In �rst step we show if ptr w (op

i

) 6= ;, then edges ptr w (op

i

) must b e unexamined. If not,

supp ose (n

s

; n

t

) 2 ptr w (op

i

) and has b een and n

t b een scheduled. Zeroing (n

s

; n

t

) will

strictly reduce the parallel time implying the starting time n

t can b e reduced. Since n

t only one

incoming edge (n

s

; n

t

), if the was true, (n

s

; n

t

) whave b een zero when n

t was scheduled,

a contradiction.

Next wmust prove (n

s

; n

t

) will b e zero some future step. Assume the top-most unexamined

edge in the current and which b elongs ptr w (op

i

), is (n

s

; n

t

). rom i + 1 to the step when

n

t b ecomes the parallel time cannot b e reduced (n

s

; n

t

) alwain the ptr w set. At the step at

which n

t b ecomes it mhave the priority and then (n

s

; n

t

) must b e zero ed reduce the

starting time of n

t

.

Prop osition 6.1.6 (MCP Algorithm). MCP T 2 and gives the optimal for c o arse

gr ain in-tr e but not gener in-tr e es. or out-tr e es, do es not satisfy T 2 and it is not optimal.

Pro of: Since the itself is NP-complete, a general in-trees out-trees MCP cannot

determine optimum. Also since the sp ecial of fork/join do es satisfy T 2, do es not

satisfy T 2 in general.

The pro that for a coarse grain in-tree, MCP is optimal and satis�es T 2 is to DSC. When the

tree has heigh1 and a grain join then determines the optimum. Inductiv, we can prove

27 or a fork we present a counter example shown 12. The optimal clustering for fork, derived

by has time equal 8 and given by: M

1

= fn

1

; n

2

; n

3

; n

5 g; M

2 fn

4 g: MCP derives the

followiclusters PT=10: M

1

= fn

1

; n

2

; n

3 g; M

2

= fn

4 g; M

4 fn

5 g:

The MCP examines the free no des the order n

3

; n

2

; n

4

; n

5

. Moreover, ptr w (op

0

) f(n

1

; n

5

)g, but

this edge is never zero ed. Thus do es the T 2 prop ert.

Prop osition 6.1.3 ar’s Algorithm). Sarkar’s algorithm do not T 2 is optimal

join or fork.

Pro of: e present a counter example for a fork in Figure 12. The case is similar.ar’s

clustering with P T = 9 is given b eloand this is not optimum: M

1

= fn

1

; n

2

; n

4

; n

5 g; M

2

= fn

3 g:

Regarding the T 2 prop ert, wlo ok the sequence. At step 1, (n

1

; n

5

) is zero ed. At step 2,

(n

1

; n

2

) zero ed. Then P T

2

= 9 and ptr w (op

2

) = f(n

1

; n

3

)g. But this edge never zero ed.

Prop osition 6.1.4 (KB/L Algorithm.) KB/L do es not T 2 and it is optimal an arbitr ary

join or fork. In the sp e cial c ase of c o arse gr join or KB/L T 2 and is optimal.

Pro of: or a with the ro ot n

x and �

i

+ �

i

� �

i+1

+ �

i+1

, the CP is (n

x

; n

1

) and it is zero ed

P T

1

= �

x

+ max(�

1

�

2

+ �

2

): This is optimum for coarse graphs. However, if the graph is not coarse

grain, then nonlinear is necessary KB/L is optimum. Also since ptr w (op

1

) = (n

x

; n

2

)

and this edge never zero ed it do es T 2. or 12 Kim’s algoritgives P T = and

M

1

= fn

2 g; M

2

= fn

3 g; M

4 fn

4 g; M

5

= fn

1

; n

5 g: The results are similarfor join.

6.1.2 Performance on in/out trees

Finding an optimal solution for tree is NP-complete shown by Chretienne [2]. However, when this

tree is the optimal solution is computable in p olynomial time. This can b e shown busing

the fact an optimum schedule b e derivby linear for grain DAand then use

the sp ecial tree structure determine the optimlinear clustering p olynomial time. As matter of

the algoriwill �nd the optimum linear clustering trees.

26 able Performance of on primitivstructures.

Coarse grain

Join ork In-tree Out-tree

T 2 Opt. T 2 Opt. T 2 Opt. T 2 Opt.

KB/L es es es es es No es No

Sark ar No No No No No No No No

DSC es es es es es es es No

MCP es es No No es es No No

Fine grain

Join ork In-tree Out-tree

T 2 opt. T 2 opt. T 2 opt. T 2 opt.

KB/L No No No No No No No No

Sark ar No No No No No No No No

DSC es es es es es No es No

MCP No No No No No No No No

timum clustering and satis�es pr op erty T 2.

Pro of: or b oth and the derives the same edge sequence optimal

algorithm in section which satis�es T 1 and T 2, as shown in section 4.

Prop osition 6.1.2 (MCP Algorithm). The MCP algorithm do not derive the optimum for arbitr ary

fork and gr aphs and also do not T 2. Only for a c o arse gr join the determines the

optimum and T 2.

Pro of: Consider a join set with the ro n

x

, invert the shown in Figure 3 (a), with �

i

+�

i

� �

i+1

+�

i+1

.

The only zero es one edge (n

1

; n

x

) and the parallel time is P T

m+1

= �

x

+ max(�

1

�

2

+ �

2

):

If graph is coarse grain, �

1

� �

2

+ �

2 and MCP �nds the optimal solution. However, if the graph is

�ne grain and zeroing (n

2

; n

x

) reduces P T

m+1

, (n

2

; n

x

) is in ptr w (op

m+1

). Since do es

not zero edge at any step do es not satisfy the T 2 prop erty and it do es not derive the optimum.

n^{3 n} 4 n^5

n 1^n

2 4 2 1^{6 4 5 8}

Figure 12: A counexample a fork.

25 e need clarify our de�nition coarse and �ne task graphs, see more details [5, 6]. or

each join and fork of a we de�ne

(J

x

) = min

k =1:m f�

k g= max

k =1:m fc

k ;x g; (F

x

) = min

k =1:m f�

k g= max

k =1:m fc

x;k g:

The gr ain, g

x

, of a n

x and the gr anularity of a DAare de�ned by

g

x

= minf(F

x

); (J

x

)g; (G) = min

n

x

2V fg

x g:

e a DAG c o arse gr if (G) � 1, we it �ne gr ain. or coarse grain DAGs each

task comma amount of compared to the computation of neighb ors. Coarse grain

graphs p ossess maninprop erties. or example, the ratio b etween the parallel time of anlinear

clustering and of the optimum is less equal to 1 + 1(G),[6]. This implies that for coarse grain

wcan alwa ys b e within a of two from the optimby using clustering. As a matter

of fact the optimparallel time can b e derivby a linear [6]. Therefore, we can exploit all

parallelism in coarse graphs by using clustering. This is the �ne grain graphs

where tasks must b e sequentialized to the time. If we lo ok the optimum fork

algorithm in Figure 4, the fork is coarse then algorithm will stop zeroing only the �rst

edge, otherwise will continue sequentializing parallel tasks by more edges.

6.1 P erformance on primitive structures

An in-tr e e is a directed in whicthe ro ot has degree and no des havoutgoing

degree one. An out-tr e e is a directed in whicthe ro has incoming degree zero and no des have

incoming degree one. A join is an in-tree of depth 1. A fork is an out-tree of depth 1.

All satisfy prop erty T 1, the reduction in the parallel time. or other p erformance

features, able V summarizes the comparativ e results on the primitivstructures.

e now provide the pro of the ab ove p erformance results.

6.1.1 Performance on ork and Join

Prop 6.1.1 (DSC Algorithm) the and gr aphs the DSC algorithm the op-

24 scheduled P

0 its start time will b e delayed. Thus n

4 is scheduled new pro cessor P

1

.

,n

5 is scheduled in P

2

. Then the next n

6 b e scheduled P

1 by zeroing edge (n

4

; n

6

).

At the step, (n

6

; n

7

) will b e zero ed the parallel time reduces to 10.5. The clustering is:

M

0

= fn

1

; n

2

; n

3 g, M

1 fn

4

; n

6

; n

7 g; M

2 fn

5 g:

Complexit

.u and Gahave giva wtime complexitof O (v

2

log ) b ecause the cost in the

tie breaking. If are no then complexitis similar to DSC.

5.5 Clustering Figures

Figure we summarize results three algoriton our example. The KB/L is givin

Figure 1 (b) with P T = 11:5.

n^{1 n 2 n 7 n 6 n}

4 n 5^{n 1 n 2 n 7 n} 3 n 4 n 5

(a)

(b)

(c)^{n 1} n 7 n 6 n 3 n 4 n 5

Figure 11: Clusterings of (a) u and Gajski’s with P T = 10:5. (b) ar’s with P T = 10. (c) DSC with

P T = 9.

6 Optimalit y Results for Primitiv e Structures

In section, we study the p of the previous four algorithms in the clustering of some

sp ecial primitivstructures such join, fork and coarse grain tree structures. The for studying the

p erformance primitivstructures that a DAG is comp osed a of join and no des, and join

and fork are spanning trees of DAG. Therefore studying the p erformance of algorithms

on such will further enhance our understanding of b ehavior.

23

CLUHEU (MCP) : asks with the priorit in path should start exe-

cution the earliest p ossible time.

SCHALG : A is scheduled either the scheduled task of a in SG

i�1

is the �rst scheduled task in a new cluster.

domain(op

i

= edges.

f ocus(op

i

) = Incoming edge a free no de with the highest priorit.

Constr aint CT 1

er o(op

i

) = Incoming edge f ocus(op

i

) constr aint true.

criterion: All no des havb een scheduled.

10: Edge zeroing op in .

time. Since ST (n

x

) = topl el (n

x

; i), then reducing the starting time for each P T

i

� P T

i�1

and this algoritsatis�es T 1. The do es not T 2 a general DAG.

Example. e apply this algoriton task graph in Figure 1(a). The �nal clustering is shown in

Figure 11(a). The stepwise is shown in able IV.

able IV: Clustering steps of for 1(a).

step i domain(op

i

) f ocus(op

i

) free no de er o(op

i

) P T

i

0 14

1 ; ; n

1

; 14

2 (n

1

; n

2

); (n

1

; n

3

) (n

1

; n

3

) n

3

(n

1

; n

3

) 14

3 (n

1

; n

2

); (n

3

; n

4

); (n

3

; n

5

) (n

1

; n

2

) n

2

(n

1

; n

2

) 12.5

4 (n

3

; n

4

); (n

3

; n

5

) (n

3

; n

4

) n

4

; 12.5

5 (n

3

; n

5

) (n

3

; n

5

) n

5

; 12.5

6 (n

4

; n

6

); (n

5

; n

6

) (n

4

; n

6

); (n

5

; n

6

) n

6

(n

4

; n

6

) 11.5

7 (n

2

; n

7

); (n

6

; n

7

) (n

2

; n

7

); (n

6

; n

7

) n

7

(n

6

; n

7

) 10.5

, the are mapp ed clusters and the priorities are computed. The followipriorit y

along with the priorittuples include the b ottom up level, the highest b up level its child,

and on easily derived: fn

1

< 14; 11:5; 8; ::: ; 1 >; n

3

< 11:5; 6:5; ::: ; 1 >; n

2

< 8; 1 >; n

4

< 6:5; 3; 1 >;

n

5

< 6:5; 3; 1 >; n

6

< 3; 1 >; n

7

< >g:

First n

1 is scheduled pro P

0

. At the second the free n

3 is selected and is scheduled to

P

0 its starting time reduces 2 1. At the step, n

2 scheduled in P

0 after n

3 according

to SCH ALG, this pro cessor allows its execution. Now the time b ecomes

P T

3

= 12:which the length of D S =< n

1

; n

3

; n

4

; n

6

; n

7

>. Next n

4 is considered but b e

22 estimate of O (e ). Thus the total time complexitof DSC is O ((v e). The space complexity is

O (v + e). or clustering the cost reduces to O (v v + e).

5.4 W u and GaMCP O (v

2

log ) algorithm

Algorithm.u and Gajski[17have prop osed two scheduling algorithms for a b ounded numb of

pro cessors. These are the MCP (Mo Critical Path) and (MobilitDirected). The MCP reduces

to an clustering when is used as a scheduling algorithm on completely connected

architecture with unb ounded numb er of pro cessors. On other hand, the algoriis not an edge-

zeroing algoriand we not compare with the other algoritin this pap er.

The MCP algoritis describ ed b elow:

Determine priority list based on the \highest botl el ordering of SG

0

. If twtasks

have the level then break tie by the highest level of its successor tasks, the

successor of successors so on.

WHILE an unscheduled task in priority list) DO

Find the free no de with the priorit .

Schedule this task a pro cessor that allows its e arliest exe cution.

ENDWHILE

There certain similaritib etween the and the algorithm. They are b oth implemenas

scheduling algoritthat have the time as scheduling guide. There is however

a major di�erence in the choice of the priorities in the free list. The DSC uses the topl el and

botl SG

i while the uses the botl of SG

0

. As a the cannot identhe

dominansequence manot zero edges. The of MCP as an edge-zeroing algorithm

is givin Figure 10.

Goal ransformation. The goal for this algoriis G1, the minimizatiof the time.

The cost function for is the time which equal to

P T = max

j

(ST (n

j

) + �

j

) � max

j

ST (n

j

) + max

j

�

j

:

This that the time the last task could result in the reduction of the overall

parallel time. Therefore transformed is the minimization of time of the task.

The heuristic is to achieve this by starting the execution every task at the earliest p ossible

21

U SN

0

= V ; i = 0

WHILE U SN

i

6= ; DO

n

x

= head(F L);/* The free task the highest priorit. */

n

y

= head(P F L); /* The partialtask the highest priorit.*/

IF (pr ior (n

x

) � pr ior (n

y

)) THEN

Minimitopl el (n

x

; i) under the constraint CT 1

by zeroing some of incoming edges. Schedule after the

last scheduled in pro cessor (cluster).

If is accepted then scn

x in a new pro cessor.

ELSE

Minimitopl el (n

x

; i) under the constraint CT 1 CT 2

by zeroing some of incoming edges. Schedule after the

last scheduled in pro cessor (cluster).

If is accepted then scn

x in a new pro cessor.

ENDIF

Delete n

x

U SN

i and add it inSN

i

. Up date F L and P F L.

Set i = i + 1:

ENDWHILE

Figure 9: DSC as a prioritscheduling algorithm.

ab ove implies that D S must go through an immediate predecessor n

y b elongs SN

i

. If rest of

the no des in P F L dep end the head no n

x of F L, then we mdynamically maintain P F L the

topl el of its no des will change each step. This could cost O (v e) since requires the re-computation

of topl el s.

e slightlmo dify the algorithm to reduce complexity without the �nal result. Instead of

topl el (n

k

; i) we use

star tbound(n

k

; i) = maxftopl el (n

m

; i) + �

m c

m;k g; n

m

2 SN

i

\

P RED (n

k

; i)

where P RED (n

k

; i) is the set scheduled n

k in SG

i

. e can show that

star tbound is a lowb ound topl el , see and [16], by proving

star tbound(n

k

; i) � topl el (n

k

; i); n

k

2 P F L; star tbound(n

y

; i) = topl el (n

y

; i);

n

y

= head(P F L); star tbound(n

k

; i) = topl el (n

k

; i); n

k

2 F L:

Maintaining F L and P F L priorit y cost O (log ) and since there v steps the cost O (v log ).

Adding the traversacost of O (v + e) a O (v log v + e).

The incoming edge minimizatiopro cedure can b e computed O (jP RED (n

x

)j logjP RED (n

x

)j)

which is the cost for the priorities of its predecessors. Summing ovall we get an upp er b ound

20

CLUHEU (DSC) : Reduce the length of the DominanSequence.

SCHALG : A is scheduled either the scheduled task of a in SG

i�1

is the �rst scheduled task in a new cluster.

domain(op

i

= edges.

f ocus(op

i

) = Incoming edges of free no de b elong the path through

any of the free no des.

Constr aint CT 1, CT 1 CT 2

er o(op

i

) = Incoming edges f ocus(op

i

) if constr aint true.

criterion: All no des havb een examined

8: Edge zeroing op in DSC.

The free no with the highest priority will b e scheduled to the pro cessor that allowits earliest execution.

If such pro exists then is scheduled ina new pro cessor. At each scheduling step, wneed

to maintaitwo no de lists: a partial free list P F L whicconno des which least one of its

predecessors has b een scheduled all predecessors havb een scheduled, and a list F L whose

elements are free no des. Both are sorted in descending of their task priorities. e break a tie

by the immediate successor (MISF) strategy [8]. unction head(Lreturns

the no de in the list L, which the with the priorit. If = fg, head(L= N U LL

and pr ior (N U LL) = 0. e summarize the scalgoriin 9.

e need show that the ab ovalgoritidenti�es D S at each step. o that we must show that a

D S with at least one unexamined edge mpass the head no des either F L P F L. e have

that

P T

i

= max

q =1:v pr ior (n

q

; i) g = maxf max

n

q

2N

i pr ior (n

q

; i); max

n

q

2U N

i pr ior (n

q

; i) g:

In and [16] we have shothat

max

n

q

2U N

i pr ior (n

q

; i) = maxfpr ior (n

x

; i);pr ior (n

y

; i)g

where n

x

= head(F L) and n

y

= head(P F L) whicprovour result.

Complexit

.e maka kation regarding the complexitof the algorithm.If the D S

go es through the head of F L up dating b oth F L and P F L costs O (log ) p er step if a balanced search

tree structure is used. On the other hand, D S go es the head n

y

P F L result

19

D S. If reducibility is detected the present step then it will b e at some future step b ecause of

constraint CT 2. If we �nd D S is not reducible then CT 2 is [15, 16].

The pro cedure to achievthe shortest topl el for CT 1. The DSC algorithm

minimizes the topl el (n

x

; i) at each step. The minimum is derived by using the optimalgorithm for

the join set, whicis to the set optimclustering algoritdescrib ed in section 3.1. The join

set used for the minimization includes those scheduled predecessors n

x which have one successor

(i.e. n

x

). The priorities used sorting the are the lengths of the topl el (n

m

; i) + �

m

+ c

m;x

, where

n

m is a predecessor n

x

.

Example. Applying DSC algorithm to the of Figure we two with P T = 9

as shown in 11(c). The clustering steps are shown in able I I I.

able I I I: Clustering steps of DSC Figure 1(a).

step i domain(op

i

) f ocus(op

i

) no de er o(op

i

) P T

i

0 14

1 ; ; n

1

; 14

2 (n

1

; n

2

); (n

1

; n

3

) (n

1

; n

2

) n

2

(n

1

; n

2

) 13.5

3 (n

1

; n

3

) (n

1

; n

3

) n

3

; 13.5

4 (n

3

; n

4

); (n

3

; n

5

) (n

3

; n

4

) n

4

(n

3

; n

4

) 12.5

5 (n

3

; n

5

) (n

3

; n

5

) n

5

(n

3

; n

5

) 11.5

6 (n

4

; n

6

); (n

5

; n

6

) (n

4

; n

6

); (n

5

; n

6

) n

6

(n

4

; n

6

); (n

5

; n

6

) 10

7 (n

5

; n

7

); (n

6

; n

7

) (n

5

; n

7

); (n

6

; n

7

) n

7

(n

6

; n

7

) 9

At b eginning P T

0

= 14. The �rst unexamined edge from top to b ottom in D S is (n

1

; n

2

) and n

2 free.

Zeroing this edge minimize its starting time and this zeroing accepted n

2 is scheduled after

n

1

. Next (n

1

; n

3

) is chosen for zeroing. Zeroing this edge increase starting time since it mb e

scheduled n

2

. Therefore, zeroing is not accepted and n

3 is marked examined. Continuing with

the algoritwe the clusters M

0 fn

1

; n

2 g; M

1 fn

3

; n

4

; n

5

; n

6

; n

7 g and the time is reduced

to 9.

DSC as priorityscalgorithm. Under the ab ove the can b e

implemented as a priority scheduling mecon unb ounded numb er of pro cessors having the no de

priorities as follows:

pr ior (n

k

; i) = topl el (n

k

; i) + botl el (n

k

; i):

18 us to consider the following strategy:

1. Susp end an unexamined edge (n

m

; n

y

) in D S until the head no n

y b ecomes free.

2. Cho ose a free no de n

x whicb elongs the longest p ath thr ough any of the fr e no in SG

i�1

.

Zero its edge(s) provided constraints CT 1 CT 2 are satis�ed.

3. CT 2: Zeroing incoming edges of n

x minimize topl el (n

x

; i � 1) should a�ect the strict

reduction of topl el (n

y

; i � 1) some future step j, i � j.

4. If edges D S have b een and this D S continues to in the next then

recursively apply ab ove three steps on the next longest path (SubDS) reduce numb er of

pro cessors.

are in order. ConstraintCT 2 is related to ptr w prop erty T 2. If at the step op

i

the topl el (n

y

; i � 1) can b e strictly reduced, wshould b e get this reduction, or even more of a

reduction, at future step op

j

. If we do not reduce D Sthen we will not b e able to reduce the

parallel time since this D S will continue to dominate. Therefore, we wanto make sure edge zeroings

that are in current D S do not the reducibility of the current D S at some future step. Of

course, CT 2 is not alento T 2 constraint, since the reduction of topl el (n

y

; i � 1) do es not

imply the reduction of P T

i�1

. In words, the inequalittopl el (n

y

; i) < topl el (n

y

; i � 1)

P T

i

� P T

i�1 rather than P T

i

< P T

i�1 b ecause P T

i

= max

k =1:v topl el (n

k

; i)+botl el (n

k

; i) g

and n

y maor manot b elong in D S

i

.

Scheduling Algorithm. The �rst ab ove warranthat the botl el s in U SN

i do not

have b e recomputed. e would also like do the same for the topl el of no des SN

i

. o do that

we must cho ose a scheduling heuristic that avinsertion of b etween already scheduled tasks in

SG

i�1

. Thus, SCH ALG: A task scheduled after the scheduled task of a cluster in SG

i�1 or

it is the �rst scheduled in a new cluster.

Detecting reducibility of D S for CT 2. Now the question that is how the reducibilitof

D S can b e detected. This done bexamining the of the zeroing of the �rst unexamined in

17

Let us assume a moment that when two clusters merged, the are ordered according the

highest botl el (n

j

; i � 1) heuristic. urthermore, a is accepted only prop erty

T 1 is satis�ed. In example b elow we show how this works. Afterwards, we mo dify these

assumptions to further reduce complexit.

Example. Consider the example 1(a). At the b eginning, D S

0

=< n

1

; n

2

; n

7

> P T

0

= 14.

In �rst step, wcho ose (n

1

; n

2

) and by zeroing this edge new D S

1

=< n

1

; n

3

; n

4

; n

6

; n

7

> with

P T

1

= 13:5. Thus this zeroing accepted. In second we cho ose (n

1

; n

3

) and by zeroing this

edge the parallel time reduces to P T

2

= 12:by inserting n

3 b efore n

2 to the b ottom

up levscheduling algorithm, since botl el (n

3

; 1) = 11:5 > botl el (n

2

; 1) = 8. At third we

fo cus on (n

3

; n

4

) and by this edge the parallel time increases 13.5 and a this zeroing

is rejected. At the fourth we fo cus on (n

4

; n

6

) and by zeroing edge parallel time reduces to

11.5. Next the edge (n

3

; n

5

) is considered and zeroing rejected. Continuing this way we derive the

clusters M

0

= fn

1

; n

2

; n

3 g; M

1

= fn

4

; n

6

; n

7 g; M

2

= fn

5 g P T = 10:5.

The DominanSequence In the ab ove we used T 1 to decide a

zeroing should b e accepted or not. Another more restrictivconstrainthat could b e used is to

accept an zeroing if the time of its head no de decreases. The constraint b elow automatically

satis�es T 1, since reducing topl for each no de in the reduction of the time:

(CT 1): An e dge zer is ac c epte d if it r e duc the topl of its he ad no de.

Evwe havimp osed a systematic edge zeroing bcho osing �rst unexamined edge top

to b ottom in D S the complexitof the algoritis still high. There are twproblems. The �rst one

is the edge zeroing travcould pro ceed a depth manner. Therefore, the botl el s of the

unscheduled predecessors in U SN

i could change by an edge zeroing. The second one is when two

clusters merged, the scalgoriallo ws for no de insertion b etween scheduled no des

in a cluster, which implies the topl el of scheduled no des SN

i also b e a�ected. As a result

determining the next D S could cost O (v + e) p er since levels mb e recomputed. One wato

avoid recomputing the botl el is traverse the graph in br e adth �rst manner. This that

we must and edges that do not b elong D Sb efore wzero an edge D S. This leads

16 mising on complexit. As we sain the previous subsection, zeroing the edges in the dominant sequence

reduce the length this D Sand this D S is unique it reduce time. The idea

b ehind a dominant sequence heuristic is to identify the D S at each step and then zero in D S.

In designing an algoritthat uses the D S as zeroing guide the following questions mb e addressed:

What the c of identifying D S

i at e ach clustering step. Given a no de n

x

SG

i

, then n

x

2 D S

i if

and only the following condition true: topl el (n

x

; i) + botl el (n

x

; i) = P T

i

: If SG

i is given, then

identifying D S

i from scratch the computation of topl el and botl el whiccosts O (v e).

This complexity is not for large task graphs thousands of tasks. Thus, lower time

complexity clustering we must come up an incr emental way of identifying D S

i to avoid

the re-computation all levels each step.

Onc e the D S

i is identi�e d, which e dges should b e chosen for zer oing. A heuristic would cho ose

zero those edges in D S

i that in the largest p ossible decrease in the time. Such edges

b elong the ptr w (op

i set which whave de�ned in the characterizatioof clustering algorithms section.

Therefore a heuristic have to compute time for each zeroing in D S

i which

again results in complexit. urthermore, since a edge could change D S in the next

step, is not necessary to zero more than one edge D S p step.

Considering the ab ove discussion since ware interested in \almosttime complexitalgorithms

with go o d p erformance characteristics,we must zero edges systematical. Before wdescrib e system-

atic edge zeroing, we need to make few de�nitions. At the b eginning the edges are marked

unexamine d. After an edge has b een considered for zeroing op

i

, is markexamine d and head no de

is sche dule d. A no de fr e if of predecessors have b een scheduled.

rom all D S we cho ose for zeroing the unexamine d e dge �rst fr om top b ottom DS. In of

two D S, we the by cho the unexamined head no de has the immediate

successors and on. At the of clustering step op

i two sets no des are created, the sche dule d

set of no des SN

i the unsche dule d set of no des U SN

i

. At each step no des U SN

i are deleted and

added to SN

i

. , SN

0 f T he set of input nodesg, U SN

0

= V � SN

0

:

15 able I I: Clustering steps of ar’s algoritfor 1(a).

step i domain(op

i

) f ocus(op

i

) er o(op

i

) P T

i

0 14

1 E (n

1

; n

2

) (n

1

; n

2

) 13.5

2 E � (n

1

; n

2

) (n

3

; n

4

) (n

3

; n

4

) 12.5

3 E � (n

1

; n

2

) � (n

3

; n

4

) (n

3

; n

5

) (n

3

; n

5

) 11.5

4 (n

1

; n

3

); (�; n

6

); (�; n

7

) (n

2

; n

7

) (n

2

; n

7

) 11.5

5 (n

1

; n

3

); (�; n

6

); (n

6

; n

7

) (n

4

; n

6

) (n

4

; n

6

) 11.5

6 (n

1

; n

3

); (n

5

; n

6

); (n

6

; n

7

) (n

5

; n

6

) (n

5

; n

6

) 10

7 (n

1

; n

3

); (n

6

; n

7

) (n

1

; n

3

) ; 10

8 (n

6

; n

7

) (n

6

; n

7

) ; 10

and the SCH ALG must b e used the of the parallel ar uses slighdi�erent

SCH ALG, based the latest starting task time to order tasks. The p erformance b oth scheduling

heuristics is similar). The b ottom up levb oth n

2 and n

3

6.5 and the parallel time is P T

3

= 11:5

for either of these no des. Then at step 4, (n

2

; n

7

) is zero ed, and parallel time remains the

same P T

4

= 11:5. In followisteps, (n

4

; n

6

); (n

5

; n

6

) will b e zero ed P T

4 reduces 10. The edges

(n

1

; n

3

) and (n

6

; n

7

) cannot b e zero ed otherwise all no des would b e the cluster and the parallel

time wincrease 13. , ar’s algoriobtains two clusters with P T = as shown in

Figure 11(b) M

0

= fn

1

; n

2

; n

7 g; M

1

= fn

3

; n

4

; n

5

; n

6 g.

As it can b e from the goal transformation inequalit, minimizing CV might not reduce parallel

time all, unless the corresp zero ed edges b to D S. or example the fourth step ab ove,

dominant sequence is n

1

; n

3

; n

4

; n

5

; n

6

; n

7

>. However ar’s algoritis unable identhis

and it zeros the edge < n

2

; n

7

> which not in D S and time unchanged.

Had the (n

6

; n

7

) b een zero ed instead, the parallel time whave b een to 9.

Complexit

.ar computes the levat each clustering step, and then uses the levinformation to

schedule tasks and to determine the time. The of the levels costs O (v e) at

each step and there are e sucsteps the total cost of the algoritis least O (e(v e)).

5.3 An O ((e ) log ) Dominan t Sequence algorithm

A general dominansequence algorithm. In ang and [15, 16] a new algorithm

has b een prop osed. This combines the b est features several without compro-

14

O (v e). Therefore complexity of KB/L algorithm is O ((v + e)). or a dense graph = v

2

and the

complexity b ecomes upp er b ound O (v

3

given by Kim.

5.2 ar’s O (e(v e)) algorithm

Algorithm.ar’s algorit[14], p. 129, can b e as follo ws: (1) Sort the edges the DAG

in descending order of edge costs. (2) Zero highest edge if the parallel time do es not increase. (3)

Rep eat step until edges scanned. The clustering step this algoritis characterized Figure 7.

Goal ransformation. Let us lo ok the inequality

P T =

X

n

j

2D S

�

j

+

X

n

x

;n

j

2D S c

xj

�

X

n

j

2D S

�

j

+ CV

where CV is the commvolume. ar’s primary is the minimization of the time

G1. The transformed goal and corresp onding heuristic is minimize CV increasing P T .

CLUHEU ar) : Zero the highest commedge if the parallel time do es not

increase.

SCHHEU : When twclusters are merged the are ordered to the highest

botl el (n

x

; i � 1) �rst heuristic.

domain(op

0

) = E, f ocus(op

0

) = ;.

domain(op

i

) = domain(op

i�1

) � f ocus(op

i�1

).

f ocus(op

i

) = Edge with maximcost in domain(op

i

).

constr aint: P T

i

� P T

i�1

.

er o(op

i

) = f ocus(op

i

) constr aint otherwise is ;.

criterion: domain(op

i

) = ;.

Figure 7: Edge zeroing op in ar’s algorithm.

.

Example. or 1(a), ar’s sorts edges �rst. The sorted is:

f(n

1

; n

2

); (n

3

; n

4

); (n

3

; n

5

); (n

2

; n

7

); (n

4

; n

6

); (n

5

; n

6

); (n

1

; n

3

); (n

6

; n

7

)g:

The clustering steps are shown in able I I.

At the b eginning, all tasks are assumed to b e separate and P T

0

= 14. In the �rst two steps,

(n

1

; n

2

) and (n

3

; n

4

) are zero ed the time is reduced to 12.5. At the third step, (n

3

; n

5

) zero ed

13

CLUHEU (KB/L) : Reduce of the path determined by cost function.

SCHALG : No scheduling algoriis needed since is which that

SG

i

= G

i

.

domain(op

0

= E.

domain(op

i

) = E

i

= E

i�1

� fe

j;k g; n

j or n

k

2 CP

i�1

:

f ocus(op

i

) = in the path CP

i all paths in domain(op

i

).

constr aint: Linearity of clustering.

er o(op

i

) = f ocus(op

i

).

ermination criterion: domain(op

i

) = ;.

Figure 6: Edge zeroing op in KB/L.

factors. Here wassume that w

1

= 1=and w

2

1 in which case the function reduces the length of

the critical path. Under assumption Kim’s can b e considered having the goal of �nding

clustering with the minimum time (G4/G1).Each op

i for KB/L algorithm is de�ned in

Figure 6.

Example. Consider the of 1(a). The of Kim’s clustering algorithm

is shown in Figure 1(b) with P T = 11:5.The steps are shown able I. The symb ols (�; n

x

)

and (n

x

; �) represent the sets of incoming and edges of no de n

x resp ectiv.

I: Clustering steps KB/L 1(a).

step i domain(op

i

) f ocus(op

i

) er o(op

i

) P T

i

0 14

1 E (n

1

; n

2

); (n

2

; n

7

) (n

1

; n

2

); (n

2

; n

7

) 13.5

2 (n

3

; �); (�; n

6

) (n

3

; n

4

); (n

4

; n

6

) (n

3

; n

4

); (n

4

; n

6

) 11.5

3 ; 11.5

At the b eginning, the critical path of the originalDAis < n

1

; n

2

; n

7

> and these no des clustered

together. By those no des the graph, the graph 4 no des (n

3

; n

4

; n

5

; n

6

). Its

critical path is < n

3

; n

4

; n

6

> and no des are together. ,the resulting clustering is:

M

0

= fn

1

; n

2

; n

7 g; M

1 fn

3

; n

4

; n

6 g; M

2 fn

5 g:

Complexit

.Kim, in 40 of thesis, has givthe complexitof his Line ar-Cluster algorias

O (v

3

). The numb of connected comp onents is most v and for each step the longest path costs

12

Multiplicity of zeroing. The numb er of edges that are zero ed at each is character-

istic of a clustering algorithm. A algorishould strike a b etween p erformance and

complexity goals.

Parallel Time Approximation. Given q clusters, the time can b e estimated by executing these

q virtual pro cessors. Since �nding an schedule is approximate scheduling

algorithms must b e used instead. It is imp ortanto cho ose a go o scheduling so that clustering

decisions can b e as accurate as p ossible.

Complexit

.In the numb of task no des run into thousands. There-

fore, an algorithm with high time complexitwould b e computationally impractical for such task graphs.

5 A description of sev clustering algorithms

In this section, we present clustering algorifrom the of edge zeroing algorithms. e �rst

discuss these algoritand use framewto sp ecify their edge-zeroing sequences. In the

following two sections we analyze their p erformance b oth theoretically and exp erimen.

5.1 Kim and Bro wne’s O ((e + )) linear algorithm

Algorithm.Kim [9] and and Browne [10prop osed the following linear clustering algorithm,hence-

forth called the KB/L algorithm. Initially all edges are marked unexamine d: (1) Determine the longest

path CP

i comp osed only unexamine d edges, by using weighted cost function Costf unction. The

no des in path constitute a cluster and edge are zero ed. (2) Mark all edges incidento the

no des CP

i examine d. (3) Recursively apply steps 1 and 2 unall edges are examined.

Goal ransformation. In his thesis, Kim [9] uses the follo wing cost function:

Costf unction w

1

�

X

�

i

+ (1 � w

1

)(w

2

�

X

c

i;j

(1 � w

2

�

X

c j

i;j

)

for determining the length CP

i

, where w

1 and w

2 are the normalization factors and the sums over all

no des the path and c j

i;j is the commcost b etween a no de the path and all its adjacent

no des outside the path. Kim do es not giva systematic way for the of normalization

11 use the stronger condition P T

i

< P T

i�1 in an algoritto get the reduction in the parallel

, but then the algorithm might need to p erform medge-zeroing avoid early

termination. This the of non-backtracalgorithms. or the fork set example of the

previous section, if �

1

+ �

1

= �

2

+ �

2 then there two D Ss, if the while is changed to

P T

i

< P T

i�1 then this will stop zeroing any edges.

e de�ne p ar lel time r e duction warr anty subset ptr w (op

i

) of D S

i at the of op

i

, as the set

of edges for which the parallel time strictly decrease bzeroing anof edges. So a gr e e dy heuristic

zero edges the ptr w (op

i set as so on as p ossible. Thus we de�ne following prop erty:

(T 2) or every step i for which set ptr w (op

i

) is empty, algorithm zer os at le ast

one e dge in ptr w (op

i

) at futur e step j, wher e < j � k and k is the last of algorithm.

Mor e over, the zer o e d e dge b elongs to ptr w (op

�1 and ptr w (op

k

) = ;.

Determining each edge ptr w (op

i

) from scratcrequires the aluation of the time which cannot

b e used for algorithms with lotime complexit. Even though wcannot use ptr w to edge zeroing

for low complexitalgorithms, it is of interest to know for what classes of task graphs a givalgorithm

zero es edges ptr w (op

i

) each step. If j = i + 1 then the algorithm strictly reduces time

immediately in the next step. However, an algoritcould delay this zeroing a future to allow

for exibilit. It is di�cult show that: Every optimum line satis�es T 1 and T 2.

Let us lo ok the sorted set optimclustering algorithm once where k is the step of the

algorithm. e have

ptr w (op

i

) =

(

f(n

x

; n

i+1

)g i � k � 1 and �

i+1

+ �

i+1

> �

i+2

+ �

i+2

; otherwise

and this optimsequence of zeroing T 1 and T 2, where j = i + 1.

Constraints. Constraints on the heuristics mighb e imp osed achieve goals. or example the

non-increase the parallel time, P T

i

� P T

i�1

, constraint is used in optimum fork clustering algorithm

in the section. In to \goal achieving" constraints,other constraints mighb e imp to

reduce the computationalcomplexity of the heuristic. or example non-backtracking is a constrainthat

considerably reduces complexit.

10 is alent solving:

P T

opt

= min

i=1:m max( i

X

=1

�

j

; �

i+1

+ �

i+1

) + �

x

:

Thus the new goal b ecomes the minimization of the function whiccan b achieved by

zeroing �

i+1 whenever �

i+1

+ �

i+1 is the maximab ove. Rep eating suczeroing yields an optimal zeroing

sequence which P T

0

� P T

1

� � � � P T

k and P T

k

< P T

k +1

. It just happ ened for this example

that the achievement the transformed also implies the achievemenof the originalgoal. This not

true in general.

Another of goal transformatis ar’s [14] which as a primary goal G1. His

transformed goal is \the minimizatioof communication volume G3 increasing the parallel time".

Performance features. What are the sp features warrantgo o d p of clustering al-

gorithms. Because clustering problem is NP-complete for the p erformance goals G1/G2,it is extremely

di�cult to �nd the features that will warrant optimum clusterings. There are features however,

whicwe b elieve are necessary to assure go o d p erformance of clustering algorithms.

Monotonic de cr e of p ar lel time. Let consider the non-backtracking clustering algorithms. o en-

sure that such algoritpro duce whose parallel time not wthan the initial parallel

a must b e imp osed. One sucis the non-incr e asof the parallel time each

step of the algorithm:

(T 1) P T

i

� P T

i�1

:

This condition assures that at a lo c minimum the parallel of a clustering sequence will b e

derived. As a matter of fact the graph is grain any lo minimum of a algorithm

that satis�es T 1 will b e within a of two of the optimclustering. This b ecause for coarse grain

graphs every clustering within a of two of the optimum, see [56]. Since clustering

is linear then T 1 assures that the parallel time do es increase. Thus, T 1 is a reasonable constrainat

the least coarse DAGs.

Par lel time r e duction warr anty. Assumption T 1 is su�cient enforce reduction the parallel

time at each step and heuristic satis�es T 1 manot reduce time at all. e can of course

9

CLUHEU : the time.

SCHALG: Any ordering n

1

; n

2

; : :; n

i results in an optimal schedule.

domain(op

i

) = f< n

x

; n

i

>; � ; < n

x

; n

m

>g

f ocus(op

i

) = f< n

x

; n

i

>g

constr aint: P T

i

� P T

i�1

er o(op

i

) = f ocus(op

i

) constr aint true otherwise ;.

P T

i

= max(

P

i

=1

�

j

; �

i+1

+ �

i+1

) + �

x

ermination criterion: When constr aint not true.

5: Edge zeroing op in the fork algorithm.

the p erformanc e typ e and non-p erformanc e typ e. Performanc e goals could b e the follo wing: (G1)

Minimization of the time cost function on an unb ounded numb er of pro cessors. (G2) Maximization

of the e�ciency function. (G3) Minimizatiof the communication volume, CV =

P

e

i;j

2E c

i;j

, cost

function. Non-p erformanc e goals on the hand imp ose constraints on the structure shap e of the

clustering rather than p erformance. Examples are: (G4) Clustering is linear. (G5) Clusters havno

cycles, i.e. they are convex, ar [14]. (G6) Clustering satis�es the lo cality of data [4].

One can use comof goals as as do con ict with each other. Whenever con icts

o ccur, then priority must b e imp osed. or example implies that will b e used �rst when

there a and the will b e an optimlinear clustering. On the other hand, we use G1/G4,

the goal G1 could lead to clusters if the corresp onding time is shorter. G2 and

alone are not r e goals, unless combined another or constraint,since maximization of

the e�ciency minimizatioof commvolume can b oth b achieved by mapping no des to a

single cluster.

Goal ransformation. Because the NP-completeness of the problems have some the ab ove

goals, these cannot b e solvin p olynomial time. Therefore, the goals must b e transformed so

that their cost functions directly computable in p olynomial time. or example the for our optimum

fork clustering algoritin the last section is G1. Because the sp structure the graph, the goal

8

. . .

. . .

0 0 0

2

m

k

1

n

n x n

m

β κ

β

2

β

1

1

ν

ν

μ

ν

κ

ν

κ

ν

+1

ξ ν

μ

β

κ

β

+1

(α) Φορκ ΔΑΓ

(β) Χλυστερεδ ΔΑΓ

Figure 3: Clustering a fork DAG.

Let now consider a fork DAF

x with commcosts c

x;j

= �

j

, : m shown in Figure 3(a)

to demonstrate an edge-zeroing sequence. e present an optimum clustering algorithm a

fork DAG in 4. or simplicitwe assume the no des edges have b een sorted such that

�

j

+ �

j

� �

+1

+ �

+1

; j = : m � 1.

i = 1;

P T

0

= �

1

+ �

1

+ �

x

P T

1

= max(�

1

; �

2

+ �

2

+ �

x

WHILE (P T

i

� P T

i�1

) DO

�

i

= 0;

= i + 1;

P T

i

= max(

P

i

=1

�

j

; �

i+1

+ �

i+1

) + �

x

ENDWHILE

k i � 1;

Figure 4: An optimclustering algorifor a fork DAG.

Initially each task is mapp ed a separate pro cessor of the clique. At each i of the algorithm,

corresp onding to op

i the fo is on the edge n

x

; n

i

> and if the time reduces bzeroing that

edge then edge is zero ed, see 3(b). Therefore, the n

j

, j = 1 i will b e mapp ed in the same

cluster if P T

i

� P T

i�1

. A of the algoritis given in Figure 5. The pro of optimalitis given

in [15], Theorem 4.2.

4 A c haracterization of algorithms

Clustering goals and cost functions. Clustering heuristics mhave certain and mcho ose

the corresp onding functions for acthose goals. e distinguish b etween twtyp es goals,

7 in a cluster, then such a merging will not increase the time. If such a zeroing in a

cluster then the reduction not of the parallel time dep end the granularitof the

DAG.

3.1 Clustering algorithms based on edge-zeroing

The edge-zeroing merging constitute an imp ortansub-class clustering algorithms

which we will study detail. Such algorithms only op erate the connected comp onent the DAG

and never tasks that are connected. Edge-zeroing clustering will pro duce a sequence of graph

transformations G

i

= (V; E;C

i

; T ); i = : k the initial DAG. The op eration op

i only mo di�es the

C

i�1

C

i by edge zeroing the sets V; E and T remain unchanged. or edge-zeroing clustering

algorithms, we de�ne:

� CLUHEU : The CLUstering which selects the edges to b e zero ed.

� SCHALG: The ALGorithm.

� domain(op

i

) : The set of edges in E to b e by op

i

.

� f ocus(op

i

): The set of edges that are candidates for at op

i

.

� er o(op

i

) : The set of edges that will b e zero ed at the completion of op

i

.

� SG

i

: The scheduled DAto SCH ALG. , SG

0

G

0

.

� D S

i

: The Dominant Sequence at the of op

i

, which is the path SG

i

.

� CP

i

: The of no des the CriticalPath G

i

(V; ; C

i

; T ), i = : k .

� topl el (n

x

; i), botl el (n

x

; i): The length the path b etween no de n

x the (b ottom)

no de in SG

i

, including all the communication and costs that but excluding �

x

topl el (n

x

; i).

� P T

i

: The Parallel Time the completion of op

i

:

P T

i

=

X

n

j

2D S

i

�

j

+

X

n

j

;n

m

2D S

i c

j;m

= topl el (n

x

; i) + botl el (n

x

; i);n

x

2 D S

i

:

6

3 A description clustering algorithms

Clustering heuristics have and achieve via a sequence of steps. Clustering

algorithms p erform sequence re�nement steps op

i

, i = 0 k . An initialis givat op

0

. Her e

we assume that ly e ach is a cluster. Each op

i p erforms a re�nement the clustering by

mer ging some clusters and the step op

k

, �nal is derived. At each step a go o re�nement

must b e p so that the �nal clustering satis�es or is \close" satisfying the goals. e

only consider non-b acktr acking heuristic algorito avhigh complexit, i.e. once clusters have

b een mer ge in op

i they cannot b e unmer ge d afterwards. Then numb er of clustering steps remains

p olynomially b ounded with resp ect to the size of the DAG.

Let us how the clustering in 1(c) could b e derived as sequence merging

op op

i

. e use that \two clusters are merged if the parallel time do es increase".

Initially each task is mapp ed to a cluster shown in Figure and time is equal

to 14 which is the length D S

0

=< n

1

; n

2

; n

7

>. The �rst step merges n

1 and n

2 and the

resulting cluster as 1. Then D S

1

=< n

1

; n

3

; n

4

; n

6

; n

7

> and parallel time reduces to 13.5. In the

next step clusters n

3 and n

4 are merged and renamed cluster 2. Then D S

2

=< n

1

; n

3

; n

5

; n

6

; n

7

> and

time reduces 12.5. In the step clusters n

5 and n

6 merged b ecome 3.

Then D S

3

=n

1

; n

3

; n

5

; n

6

; n

7

> and the parallel time reduces 10. In �nal step clusters 2 and 3

are merged. Since n

4 n

5 are two indep ende nt task assigned the same pro cessor an must

b used to determine the parallel time. In this the time remains equal to if n

4 is executed

b efore n

3 vice versa.

Several ination can b e made: (1) When two clusters merged, scheduling heuristic

might b e needed to determine new parallel time and measure the p erformance. (2) If exists a

nonzero edge two clusters, then the twclusters will zero the edge cost. alen,

zeroing an edge cost will merge two clusters. (3) If there no edge two clusters then the parallel

time c b e bmerging these but it mighb e increased by such merging b ecause

of sequentializatioof indep ende nt tasks. (4) If zeroing the edges twlinear clusters results

5 and n

y a cluster, if n

y is executed immediately after n

x and there no data dep endenc e b etween

n

x and n

y

, then wwhat we call a sche dule d DAG, see 2 (c). e call the longest path of the

scheduled DAthe dominant se quenc e (D S) of the DAto distinguish from the critic al p ath

(CP ) of a clustered but scheduled DAG. or example, the clustered DAin Figure 1(a) also shown

in 2 has CP =< n

1

; n

2

; n

7

> length 9, while a D S of schedule given in Figure 2(c) is

D S =n

1

; n

3

; n

4

; n

5

; n

6

; n

7

> has 10. In case of clustering, the D S and CP of the

DAare idensee Figure 1(b).

Clustering has b een a step scheduling parallel architectures. More sp , [14]

who clustering \internalizatpre-pass" prop oses a twstep metho d scheduling: (1) Perform

clustering by scheduling on an unb ounded numb er pro cessors of clique. (2) Merge and schedule the

clusters when the numb er pro cessors than numb er of clusters. ar gives the following

justi�cation for clustering: \If are scheduled the pro cessor on the b est p architecture

with unb ounded numb er pro cessors, then b e scin the same pro in another

architecture." Others in the literature where has b een used are the VLSI schedules,

Kung [11], where clustering step known the pro projection step numerical computing

passing arcOrtega [12].

n^{1 n 2 n 7 n 6}

n 4 n 5 0 2 0^1 0 0 0^{n 1 n 2 n 7 n 6 n} 4 n 5

10 6^{1 0 Time 1 P} P

n^{1n} 2

n

7 n 6

n 4 n 5

(c)

(a)

(b)

Figure 2: (a) The DAG and its CP shown in thick arrows. (b)The Gantt chart of a schedule.

(c) The scheduled DAG and D S shown in thick arrows.

4 after completion of the execution, the is sento its successor tasks. Data commis done

in p ar lel.

The architecture is a connected graph, with unb ounde d numb homogeneous pro cessors,

i.e. a clique architecture.

Clustering is a of the of a DDG onclusters. A is a set tasks which execute

on the pro cessor. Clustering is known as pr o c in the case an unb ounded

numb er pro cessors on a clique architecture, ar [14]. Clustering has b een shoto b e NP-complete

for the of the parallel time cost function, Chretienne [1Papadimitrioand akis [13],

ar [14]. As a result many heuristic algorithave b een prop osed and in literature. A

clustering is called nonline if two indep ende nt tasks are mapp ed the otherwise called

line ar. In Figure 1(a) we give a weighDAG, in a linear with three fn

1

; n

2

; n

7 g,

fn

3

; n

4

; n

6 g, fn

5 g and in a clustering with clusters fn

1

; n

2 g, fn

3

; n

4

; n

5

; n

6 g and fn

7 g.

Notice for the nonlinear the indep endent n

4 and n

5 are mapp ed the cluster.

1^{1 1 n 1n 2 n 7}

n^3 n 4 n 5 1 1^1 1.5 3 1.5 5 2 2 2^{n 1 n 2} n 6 n 3 n 4 n 5^{n 1} n 7 n 6 n 3 n 4 n 5

(c)

Figure 1: (a) A weighted DAG. (b) A clustering. (c) A nonlinear clustering.

Scheduling is a task to pr o c assignment and a task to starting time mapping. In general, the problem

of �nding the optimum scheduling minimizes the parallel time has b een shown to b e NP-complete,

ar [14]. In we presenthe Gantt chart of a schedule the of

Figure 1(c). Pro cessor P

0 has n

1 and n

2 startitimes ST (n

1

) = 0 and ST (n

2

) = 1. If we

mo dify the clustered DAG as [14] badding zero-weighedges b etween anpair of twno des n

x

3 scheduling algorithms are presented. Here, we intro a framework and use to express

clustering heuristics so comparisons can b e a systematic fashion. The pap er is organized as

follows:

In section we describ e the and used clustering and scheduling algo-

rithms. In section 3, we intro duce generic framewthat visualizes a algorithm as p erforming

a sequence of clustering re�nements so that a clustering algorithm can b e presented in manner.

In 4, wdescrib e the imp ortant characteristics and p erformance of clustering algoritso

that we can clarify the and similarities and their p erformance this framework.

In section we present algorithms using our framework,and use an to demonstrate their

clustering steps. In section 6, wstudy their p erformance sp ecial imp ortanprimitiv e classes DAGs

such as join and grain trees. These are DAGs whose can b e in

p olynomial time. In 7, we present exp erimental results verify our results. Section 8

the conclusion.

2 Problem and assumptions

e with de�nitions the task computation mo del and architecture:

A directed acyclic weighted task graph (DAG) is de�ned by a G = (V;; C; T ) where V =

fn

j

; j = : g is the set of task no des v = jV j is the numb er no des, E is the set of communication

edges and e = jEis the numb er of edges, C is the set edge communication costs and T is the no de

computation costs. The c

i;j

2 C is the communication cost incurred along the e

i;j

= (n

i

; n

j

) 2 E,

which is if b oth no des mapp ed in the same pro cessor. The alue �

i

T is the execution of

no de n

i

2 V .

A is indivisible unit computation which mab e an assignment statement, a subroutine or even

an entire program. The tasks are convex which means that once starts its execution it can run to

completion without interruption, ar [14].

The task mo is the macro-data omo del, [14], and Ga[17], El-Rewini

and [3]. The execution by al of data from its predecessors. Immediately

2

A Comparison of Clustering Heuristics for Sc heduling D A Gs on

cessors

Ap ostolos Gerasoulis and ao ang

Departmenof Computer Science

Universit y

Brunswick, NJ 08903.

Abstract

Clustering of task graphs b een used as intermediate step scheduling parallel architectures.

In this pap er, we idenimp ortant characteristics clustering algorithms and prop ose a general

framework for and ev aluating such algorithms. Using this framewwe present analytic

p erformance of four algorithms: the Dominant Sequence [15], Kim and

Bro[9Sark ar’s [14and u and [17]. e identhe features di�erences

of these algorithms and why DSC is sup erior other algorithms. ,we presen t some

exp eriments to verify our analysis.

1 In duction

In pap er, we consider the clustering problem directed acyclic graphs (DAGs). Clustering is a

mapping of the no des a DAG onto lab eled clusters. A consists of set tasks while a is an

indivisible unit of computation. All tasks in cluster mexecute in same pro cessor. The clustering

has b een shob e a general graph and several functions. or

example, the cost function is the minimizatioof time on a completely connected virtual archi-

tecture an unb ounded numb pro cessors, then is NP-hard in the sense, ar [14],

Chretienne [2Papadimitriou and [13].

Several heuristic algorithave b een prop the literatfor the general clustering problem. Kim

and Browne [10] considered linear clustering which is an imp ortansp ecial case clustering. ar [14]

presents clustering based on scheduling algorithm on unb ounded numb of pro cessors.

u and Gajski [17] develop ed programming aid for hyp ercub e arcusing scheduling techniques.

ang and Gerasoulis [15, 16] have prop osed fast and heuristic algorithm, the DominanSequence

Clustering (DSC). Howevthere b een little exp erimenand theoretical comparisons of clustering

algorithms. One is the recent pap by El-Rewini and [3], where exp eriments with some

1