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Question 1. (10+ 10 points) Take the 3 dimensional state with general anglesi,B,y € [0,2m) for the phase rotation

spaceA = {1,2,3} and itsqutrits o |1) + B|2) +y|3), with
amplitudes, B,y € C.

(a) Define the two qutritsy) = % |1) — [2) + [3) and

@) = 75 |1)+312) — 313). Whatis the inner productp|g)?
Answer:

1
) /2 i
W = (% 3 —3) ( f) -

(b) Take the unitary transformatidn that has
U:1)—|3)
U:j2)— 21 +22).

What can you say about the stai¢3)?

Answer: BecausdJ is unitary, the vectol |3) has to have
unit length and it has to be orthogonal tb|1) and U |2).
HenceU |3) = €(2|1) — 2|2)) with @ € [0, 2m).

Question 2. (104 10+ 10 points) Take a statéd,...,1) of n
qubits that are all “1” and appllk Hadamard gatel to this
string atk distinct places. Afterwards, we observe thgubits
in the computational basiD, 1}".

(a) Taken = 3 andk = 2, what is the probability of observing
the ‘all ones’ statél,1,1)?

Answer: ;.

(b) As a function ofn € Z* and 0< k < n, what is the proba-
bility of observing the ‘all ones’ statd, ..., 1)?

Answer: .

(c) As a function ofn € Z* and 0< k < n, what is the proba-
bility of observing the ‘all zeros’ stat, ...,0)?

Answer: If k < nthe probability is O; ifk = n then the proba-
bility is .

Question 3. (104 15+ 10+ 15 points)

(a) Consider the following 3 qubit circuit:

0)
0) = :
0) A

With its input statd0, 0,0), what will the output state be?
Answer: The output state will b¢, 0, 0).
(b) Consider the more general circuit

0) —{H}—+—@——{H}

0) S—+—{B)——
0) Y

gates. How does the output state depend on these angles?
Answer: The anglesy, 3,y will only effect the first qubit of
the output state, which will bé(1+€@+F+))|0) + 3(1 -
d(@+B+v))]1) ® |0,0). Hence the output state is uniquely de-
termined by the sura + 3+ y mod 2t, and the probability of
observing “00,0” is cos’-(%(a +B+Y)), while the probability

of observing “10,0” is sir (% (a + B +Y)).

(c) How can you generalize the circuit and the result of the
previous question (b) to qubits?

Answer: The generalized qubit circuit is

0)

0) g

The output of this circuit depends on the sgt?llo(j mod 2t
and will be

%(1+é(ul+'~+0n>) 10)+ %(1fé<01+-"+an>) 1&10,...,0).
Hence, this time the probability of observing,d®...,0" is
co( (o1 + -+ +ap)), while the probability of observing
“1,0,...,0" is Sin?(3 (01 + -+~ +0n)).

(d) (Save this question for last.) Change the circuit into

0)
0) o B
0) ——B—V)

How do the output bits depend on the angleB,y € [0, 2m)?

Answer: The output state depends on the swom- 3 +
ymod 2t and will be %(1+ €@*+F+V))(|0,0,0) +|0,1,1) +
11,0,1) + |1,1,0)) + 2(1 — &@+B¥)(|0,0,1) + 0,1,0) +
|1,0,0) +1]1,1,1)). Hence the probability of observing one
of the 3-bit strings with even parity=({000,011, 101 111})

is cog(1(a+B+Y)), while the probability of observing one
of the odd parity, 3-bit stringsg{001,010,100,111}) is
sir?(3(a+B+y)).



