Background

Overview of
Projective Geometry




Topics Covered

+» Background (Projective Geometry)
+ Single View

+» Double View

+ Triple View

» N-view

+» Robust parameter estimation




‘Projective’ Geometry

+ Study relations between different
classes of coordinate transformations
+» Maintain Co-linearity (iff X’=HX)

+» Not necessarily maintain

a2 Angle and length (Euclidean)

aAngle and relative length (similarity)

a Parallelism, line and plane at infinity
(affine)

2 Intersection and tangency (projective)




Class Diagram

+ Note that perspective camera projection is notin
the hierarchy

+ Projective geometry does not, theoretically, have
to involve cameras (e.q. Euclldean)

+ But many concepts are very useful in camera
calibration and image analysis




Projective
8dof

Affine
6dof

Similarity
4dof

Euclidean
3dof

lnvariants

hs
h23

h33 _l

Concurrency, collinearity,
order of contact
(intersection, tangency,
inflection, etc.), cross ratio

Parallelism, ratio of areas,
ratio of lengths on parallel
lines (e.g midpoints), linear
combinations of vectors
(centroids).

The line at infinity |,

Ratios of lengths, angles.
The circular points 1,J

. ‘ lengths, areas.




Transformation Hierarchy

Rectification

What information
(constraint) needed to be
supplied to go up in the
hierarchy

Additional information
limits the degrees of
freedom

Rectification is a
mathematic process of

limiting DOFs of H
(camera or not)

2D 3D
Projective |8 15
Affine 6 12
Similarity |4 7/
Euclidean |3 6




Decomposition of projective

transformations
- B o [sR t]|K O] I O] [A t
CUSTATE T o 1Vt ov| [V v
decomposition unique (if chosen s>0) A =sRK + tVT

K upper-triangular, det K =1

Example:
1707 0.586 1.0]

H=(2707 8242 2.0
Eo N 7 e

[2c0s45°  —2sin45° 1.00.5 1.0 1 0 0O
H=|2sin45° 2cos45° 20| 0 2 0[0 1 0
0 0 1u|=0=0u®T 2 1]




Decomposition of projective
transformations
b mu o LOOT[K O] [sR ]
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Decomposition of affine
transformations

. At H-H sR t|K 0 SRK t
affine = = = =
0" 1 > A= 0 R 0T 1 0" 1

A =sRK

+» Nonsingular matrix A has a QR
decomposition

2Q is orthogonal (rotation)
aR is upper triangular




Important Relationship in 2D

<+ Point < Line
a x' =0 a I™x=0
ol =x;xx, (1.x; =l.x, o.Xx-=l. x bk &.1.=xl
=0) =0)
a x =Hx al’=H"Tl (I"TH-THx=0)
<+ Point conic < Line conic
a x'Cx=0 a ITC*|1=0
a (H ') TC(H! x')= a (HTP)TC*(HT I’ )=
X = TGHE» =0 'THCHTI’ =0

0 G =H"TCH- Q- C*’ =HC*H'




Important Relationship in 2D (cont.)

+ Point at infinity % Line at infinity
a (rx,ry,1) r-=> infinity a(@b).(xy)=r,r->
a (x,y,0) infinity
a (x,y,0).(0,0,1) = 0 2 (0,0,1)

o (0,0,1).(x,y,0) =0

«» Degenerate point +» Degenerate line

conic conic

o C=ImT™+mlT, |IT o C* = xy" + yxT,xxT
a Rank two, rank one a Rank two, rank one
2 Null space x =1 xm 2 Null spacel = x xvy

Absolute dual conic is degenerate line conics




Dual Relationship of Pole and Polar in
2D for Point and Line Conic

+ Point conic xTCx=0 + Line conic ITC*|=0

+» Tangent CTx + Tangent point C*T|

+ Pole not on the conic x « Polar not tangent to conic |

+ Polar line Cx + Pole C*|

+ Point on polar line + Line passing through pole
yTCx=0 mTC*[=0

+ Point also on conic « Line tangent to conic

+ Pole on tangent line + Polar passing through
(CTy)T™x=0 il contact (C*Tm)TI=0

|
" X C''m C*l
Vb resR Iz ora




Measuring Line Direction

< Point conic < Line conic
+ At line of infinity + In plane

+ Line of infinity
encodes direction

Pole-polar relation is projective invariant




Dual Relationship in 2D

+ Circular points
% On line of infinity

+» Dual conic
+» Degenerate line conic
» mIC*|=0, C*=lJT+]JIT

<« Measure /ine
orientation




Important Relationship in 3D

+» Point + Plane
o P™X=0 o XTP=0
0 X’=HX OwP=-H-TR
+» Point quadric +» Plane quadric
0 XTQX=0 o PTQ*P=0
a (H- X’ TQ(H-1 X")= o (HTP)TQ*(HP’ )=
X’ TH-TQH-'X’ =0 PPTHQ*H'P’ =0

0 Q'=H-TQH-! o Q*’=HQ*HT




Dual Relationship of Pole and Polar in
3D for Point and Plane Quadric

+ Point quadric XTQX=0 <« Plane quadric PTQ*P=0

+ Tangent plane QTX + Tangent point Q*TP

+ Pole not on the + Polar plane not tangent to
quadric X quadric P

+ Polar plane QX + Pole Q*P

+ Point on polar plane +» Plane passing through pole
YTQX=0 STQ*P=0

+ Point also on quadric + Plane tangent to quadric

+» Pole on tangent plane < Polar passing through
(QTY)T™X=0 contact (Q*TS)TP=0




Measuring Direction in 3D

_ine Direction + Plane direction
Point conicin + Plane gquadricin
olane of infinity space

_Ine conic Iin space




A Hard to Visualize (but
extremely important!) Concept
+» A plane contains a < 3D space contains

line at infinity a plane at infinity
(0,0,1) (0,0,0,1)

% Line at infinity + Plane at infinity
contains two contains an
circular points (or absolute conic

a degenerate
conic) xl+x =0,x,=0 X +x,+x,=0,x,=0

+ Line at infinity lies on plane at infinity

«» Two circular points lie on the absolute
conic




-
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Proof

+ Line at infinity lies < Circular points lie
on plane at infinity on absolute conic

a (or point at infinity
lies on plane at

infinity) S E Sl T TSN | 1Y
F - T a0 N _|T 0 r,
=4 el HiEsSEE | 517 ™ BB A0 | I
0O 0 O 1}60 0 0
2oy e | =xr1 1 2 _2 2 2 AV A
L " vl o | Y | x; +x5+x; =(r, +ir,)-(r, +ir,)
0 0 10 0 0 =lr, I +2ir, -r,— 1, ’=0

x,=0




A Hard to Visualize Concept

+ All circles
intersect AC in
two points
(circular points)

« All spheres
intersect plane
at infinity in AC




Comparing 2D and 3D

for Line
+» Dual conic + Absolute conic
« L/ne conic <« Po/nt conic
% In line of infinity + In plane of infinity
+» Pole-and-polar +» Pole-and-polar
relation relation
« Line orientation « Line orientation

Plane of infinity encodes line direction
nfch=0

C.= 1

oo




Dual Relationship in 3D

+» Absolute conic +» Absolute dual
(AC) quadric (ADQ)

% On line of infinity + In space

+» Backproject into « Project into
ADQ ADC

+» Measure /ine +» Measure plane
orientation orientation
fC =0 REHHIT 7

COOZ 1 s W O C:: |




Comparing 2D and 3D

% 2 points «» Line conic

% In line of inf + Line orientation

% Point conic +» Dual quadric

+ In plane of infinity « In space

< Line orientation + Plane orientation

+ Image of absolute < Image of absolute
conic in image dual conic in

image




Rectification

e 2D
« H fixes line of

infinity if and only
if H is affine

+ H fixes circular

points if and only
if His similarity

«» 3D
+ H fixes plan of

infinity if and only
if H is affine

+ H fixes AC and

DAQ if and only if
H is similarity




More Details (Repetition)

« Line In space
« Point in P.o.l

<« Absolute conic in
P.o.l_

d=

lim

A—o0

< lac

1

2

QU Q. Q
|

HEH
Co

+ Vanishing point

+» Plane in space
« Line in P.o.l

+ Absolute dual
guadric in space

d, d,
n
ﬂ'={ } =4d,; (Hdi=ld .
n,
d, d;'

I=dxd'=n

7£T:0

+ Vanishing line
% jadc '




Why We Even Care? (2D version)

+» Because in 2D pole and polar relationship
IS projective invariant
0 For point conic yTCx=0
0 For line conic m™C*1=0
0 mM'TC*¥I=(HTm)THC*HT (H-Tl)=mTC*|
+ This means that

0 known (orthogonal) directions in space

0 Measured them in images (no Io_n?er orthogonal, but
still satisfy pole-polar relationship

o Constrainton H
0 In regular Cartesian frame
» C* is the absolute dual conic
0 In projective frame
> C*’ is the image of absolute dual conic (iadc)




Angles In 2D Case

+ |, J are circular points

+» Absolute dual conic is a degenerate
conic (null space is line at infinity)

CcoOS 9 = d11d21 R d12d22

Ndudly Wd b d~fdydy wdds,

1
dl{ 1 }dz

. 0 .- d/ C_d,

1 1 Jd7Cld,JdICa,

d{ 1 }dl d{ 1 }dz
0 0

x' C.x=0

X +x5=0,x,=0
I=(1,:,0),J =(1,—i,0)
C. =1J" +JI"




Angles in 3D Case -Line

+» Absolute (point) conic is a conic on the
plane at infinity

d11d21 0 d12d22 35 d13d23
\/dlldll + d12d12 - d13d13 \/d21d21 - d22d22 T d23d23
i g
| =
1 S (e
1 1 JEQ LI 1,
W T L S

cos @ =

=1"Q.1=0

=x +x+x;=0,x,=0




Angles in 3D Case -Plane

+» Absolute dual quadric is a degenerate
quadric (null space is plane at infinity)

dl 1d21 + d12d22 ) d13d23

cosf =
\/dl ldll + d12d12 + d13d13 \/d21d21 + d22d22 + d23d23
2 n
1
m L
== - 0~ = R{Q:;nz
1 ! 1 1 \/ngQinz \/ngQ:nz
1 1
m . n, |} : T,
0] i 0]

a0 n=0

= X, R =0, uf =)




Why We Even Care? (3D version)

+» Because in 3D pole and polar relationship
IS again projective invariant
0 For absolute conic IT @ m=0 (for line)
0 For absolute dual quadric STQ*P=0 (for plane)
a0 S'TQ’*P’=(H-TS)THQ*HT (H-TP)= STQ*P

+ This means that

known (orthogonal) directions in space

Measured them in image of a3D scene

Constraint on H

In regular Cartesian frame

> €, Q* is the absolute conic and absolute dual quadric

0 In projective frame
> M, 0% are iac and iadc

Q
Q
Q
Q




Rectification

+» Rectification is a mathematic process of
imiting DOFs of H (camera or not)

+ If His to be decomposed further into
camera matrix may not be considered
(inner working of H not recovered)

+» Cameras can be treated as a projective
device
0 Affine camera
> Induce affine transform

0 Perspective (pinhole) camera
> Induce projective transform




Rectification Under Homography

<« Same camera center < Different camera
centers, but planar
structure

(o)
/’\'/f// A/\/A\/
% /m
7
AR,

V7
7 O&e\v{/




Removing projective distortion #1

E¥ 2
4

gaeag = B
» L
== |
i

(F 06 UE L

Select four points in a plane with know coordinates
- Xy : by x+hyy+ g y'= X' _ Ny X+ hyy +hys

Xy Myxth,y+hg o eos A (R

x'(h31x+h32y +h33)= hx+h,y+h;,
y'(h31x+ hy,y+ hss): hyx+hy,y+ hy

X

(linearin h;)
(2 constraints/point, 8DOF = 4 points needed)

Remark: No camera calibration necessary
Overkill, from projective to similarity are only 4 DOFs a




Removing Projective Distortion #2

+» From projective to affine
o Locate and move line of infinity

+» From affine to similarity
o Locate and move circular points




2D Rectification Hierarchy

« From perspective to
affine

+» H preserves line of
infinity /f and only if

+ From affine to similarity

+ H preserves absolute
conic (or circular points)
if and only if H is

H is affine similarity f L
1
0] O] R t R’
5 41 SR (<:>C*'=HSC*H5={ST } 1 {ST
(@L'=H[l.=| ~ = "10]|=0|=L, hAY ol t
—PAF I M )
= - -
s | _hll hy, h13“1_ — 2 1 —C*
)\ y|=|hy hy hy |0 >k =0 i 0
_O_ _h31 h32 h33__0_ - B B : T
BN 1o At A AAT A
x| [hy, hy k0O o) A } | {TV A Tv}
Y'|=|hy By hy| 1|k, =0 T taf i’ vIAT vy
_O_ _h31 h32 h33__0_ —>AAT=1,V=0




Affine rectification




Distance ratios

d(a’,b):db’,c')=a": b’

0,1)",(a,1)",(a+b,1)




Metric from affine

= S T

’ ’ ’ KK 0) ,

(l1 L l3)| Fars m, | =0
k \ms

/ / / / / / / / T
(l1m1’ Lm, +1,my,[,m, )(k121 als k122’ ki ik, k222) =0




Image Formation

+» Specialization: camera is used as
the projective device

+» Need to understand projection
relationship of point, line, plane,
conic, quadric, etc.

«» Need to dissect the camera matrix

+» Planar homography (discussed
above) is a special case where 3D
object is planar




Projective Relationship

« Point « Line
«» X=PX + Backprojection
% k= PO (P =PHPP= =P

PP+=l) o (xTI=0, (PX)TI=0,

XT (PT)=0)
PP =1
K
= [K o]{oT =1 N pr
\ RS TRRR KT (KT
P — 4 Xoss J _OT )/




More Projective Relationships

Projection? Back-projection  Epyelop Projection?




Point Quadrics and Conics

« Under the camera P a conic C back
projects into a cone Q= PTCP

2 Cone is a degenerate quadric
o Camera center is the null space

x Cx=0
— (PX)" CPX =0 J.\‘

= X" (P"CP)X =0
P"CPC =P "C(PC) =0




Plane Quadrics and Line Conics

+» Under the camera matrix P the
outline of the quadric Q is the conic
given by C*=PQ*P"

1"'C*1=0

=2 10 54= 0l ===
— (P"1)’ Q*P"1=0

1" (PQ*P ") =0

— C*=PQ*P’




Camera Calibration (cont.)

+» Why? Because we are interested in similarity
reconstruction
a X =PX implies x = (PH1)(HX)

0 Even if we can perform reconstruction, the
structure recovered is only up to HX (preserves
co-linearity), which is not very useful

+» How does calibration help?
a X =KR[I|0]X!= KR[I|O]JH-'H X

a If we know K, you cannot fake R, except with
another R’ (RH-! is not R in general)

0 Reconstruction is similar to the original scene
> Angle, relative length can be measured




Proof

+» You can fool the camera (the same
image and the same parameters) by

a U
{

sing PH-! as projection matrix (with
ne same K)

a U

sing HX as the 3D scene

a The matrix structure dictates similarity

x = K[R | t]X = PX
AN R' t
x 05 7

t'
PH' =KI[R| t } = K[RR'| Rt'+ At]
[0) 2




Uncalibrated Camera
+» The same trick won’t work if you
don’t know K

+» M has an RQ decomposition where
aR is upper triangular
2Q is orthogonal

x =K[R [ t]X =PX

A B
Y% -2

i

o A B .
PH =KJ[RIt] o1 = K[RA +tC" | RB + At]
=K'[R'I t']

= K'R'=KRA +tC' =M =RQ




Camera Calibration (cont.)

+» Camera calibration does not give
o Absolute scale
a2 Absolute location

aYou cannot tell if you are flying over
New York City or flying over a model of
New York City in Santa Barbara

2 The best you can hope for with a single
camera with no object of known scale




|




Camera Calibration

+» There are two components

alIntrinsic parameters: independent of
placement, dependent on camera used

a Extrinsic parameters: dependent on
placement, independent of camera used

+» Projective geometry constraint is on
intrinsic parameters only

+» Other constraints have to be brought
in to determine placement




Dissecting Camera Matrix

o X=PX
& b, || i =0-—0F
| Lty
preal T O kv vo O 1 O O |:O 1:|Pw0rld
[k Mo & 53 =08 < 202
F r __rl tx_
k a ull 0 0 0
Bt
=10 k v |0 1 00 P
r, t
O 0 1)0 O 1 O
< 0 1 6G 1 7

=K[RITIP, ..
=KR[II-CIP, . T =-RC




More Simplification

«|n a camera-centered coordinate

frame

aR is identity

aCis (0,0,0)

a P= KRJ[I|-C] =K][I|0]

+» For affine camera, the camera

center is at infinity and the focal
length increase to infinity

2P becomes an affine matrix




3D Rectification Hierarchy

« From perspective to
affine

+» H preserves plane of
infinity /f and only if

H is affine

RO © NS

+ From affine to similarity

+ H preserves absolute
conic (or absolute dual
quadric) if and onIy if H
is similarity

1 sR t 1 sR” 0
=) C*=H Q H' =
( ) sQoo K |:0T 1:| 1 |: tT 1
L O_
= P
1
2 *
=9 =
] Q..
L O_
h -
=AY t 1 AT
=
( )_VT v} 1 {tT
L O_




More Details (Repetition)

« Line In space
« Point in P.o.l

<« Absolute conic in
P.o.l_

d=

lim

A—o0

< lac

1

2

QU Q.
|

HEH
Co

+ Vanishing point

+» Plane in space
« Line in P.o.l

+ Absolute dual
guadric in space

d, d,
n
ﬂ'={ } =4d,; (Hdi=ld .
n,
d, d;'

I=dxd'=n

7£T:0

+ Vanishing line
% jadc '




d=|d,
d3

im0

000
(K'x)'C*(K'x)=0
xK'K'x=0

+ Vanishing point
« lac

Mgre Details (Repetition)

d, d,
n
7[=|: }d= d,| d'=|d,
n,
d, d,'
l=dxd'=n

+ Vanishing line
+ jadc




Comparison

+» 2D planar
homography

2 Plane to plane
correspondence

+ Move line of
infinity

+» Recover circular
point

« Similarity

J
*

L)

@,
*

)
0’0

3D planar
homography
0 Image plane and plane
at infinity
correspondence
?

» Recover absolute

conic and dual
absoluate conic
Similarity
(determining intrinsic
parameters)




Stratified Reconstruction in 3D

+» Not able to move plane of infinity -
it is everywhere

2 Plane of infinity contains the three
vahishing points




Stratified Reconstruction in 3D

+ Parallel lines (of a single direction)
on parallel planes have a single
vanishing point (point at infinity)

+ Different sets of parallel lines (of
multiple directions) on parallel
planes have vanishing points on a
single vanishing line (line at infinity)

+» Multiple sets of parallel planes (of
multiple directions) have multiple
vanishing lines (plane at infinity)




Measuring Directions Using camera

« For image points + For image lines
X:P({C}rg g ) x'1=0,d'n=0
1 0 -l R
- = (K'x)'n=0
0] [d
=K[1|0](M+z o}) = x"(K'n)=0
] =K 'n=1
=Kd o
g =n=K"l
d=K"x
6 x1
dl
X% d2

— -]_ P -orc
VS amia,
— o A |
L (aNsy' University of. Cali P
RS/ P el
A pARD
e




An Important Homography Relation

+» Images of plane at infinity and image
plane form a planar homography

d
x = PX_ =KRJ[I| —C][Oj =KRd = Hd




Projection of AC and ADQ

+» Image of absolute < Image of absolute
conic (iac) dual quadric (iadc)

wo—>H'CH"' o =PQ_P’

:KR[II—C]{I 0}{ ! }RTKT
ow=(KR)"I(KR)" = (KK")™ 0 0|-C

=KRR'K’ =KK’

If iac or idac can be recovered, camera can be calibrated




But How?

+» The pole-polar relation
ﬂd\
X:K[IIO][l —Kd—>d=K'x

J

ledz (K™ X) (K Xz)
cosf =
Jara, Jatd, K 'x) (K 'x) (K x,) (K 'x,)
X, "(KK™)™ X,

\/x (KK")'x,/x) (KK")'x,

+» Similar to planar homography case,
where conic of circular points
determines pole-polar relatlonshlp
in a plane (special case) ,




General Procedure

+» Measure 2D image points (x1, x2)
+» Relate that to 3D direction (d1, d2)

+» Impose constraints on 6 (e.g., some
directions are orthogonal)

+» But how do we know two directions
are perpendicular?




Yet Another Dual Relation

< Vanishing point + Vanishing line

+ Images of lines +» Images of planes

« Invariant measure <« |Invariant measure
using AC using IAC

d'C_d,=0

o ->H'C_H ,0=(KR) I(KR)" =(KK")"
d — vanishing point
n' Q. m, =0
- e e I 0
o —->PQ_P o =KR[II-C]
0 0
=KRR'K' =KK'

7t — vanishing line




Proof for Vanishing Points

d/C_d,=0,x=Hd

o—>H'CH' o=KR) 'I(KR) =(KK")"
=d HH'C_H'Hd, =0

= (Hd,)"(H"C_H")(Hd,)=0

= X,0x, =0




Proof for Vanishing Lines
n' Q. m,=0,n=K"l

" >PQ P',w =KR[II-C e R'K’
o >PQ P o= | ]O ol —c

- KRR’K’ =KK’
I 0
:>[an 1 210
0 0| 1
I 0K"
K 1 2 =0
0 0 1

—1KK'l, =0

=1l ol,=0




Vanishing points

x(A)=PX(A)=PA+APD =a+ AKd

v=limx(4)=lim (a +)Kd)=Kd
v=PX_=Kd ;
A d  Xh
__.__;K??L_}_H




Vanishing lines




Vanishing Points and Vanishing Lines

+ If you can locate vanishing points
and lines in images, then you can
know their 3D directions (in
camera’s coordinate system)

+» Using domain knowledge you can
Impose constraints on K




A Hybrid Relation

+» For a line and a plane in space

+» We have a point (x) and a line (l) in
Image

+» |=wx, x=w*| if they are orthogonal
«» Proof left as an exercise




Using Homography -

compute H for each square

(corners - (0,0),(1,0),(0,1),(1,1))

compute the imaged circular
points H(1,=i,0)T

fit a conic to 6 circular points

compute K from w through
Cholesky factorization




Using Other Relationships

+» lmage plane

« Two vanishing
points

% 1 vanishing point
+ 1 vanishing line

<+ Plane

« 3D space

+ Two orthogonal
lines

+» Orthogonal line
and plane

<+ Plane




