
complex numbers are essential in quantum theory.
CScH Aaronson's blog).

comember. A complex number xt c is defined by x=a+bi, where
a. bGR and i =F1

comply conjugate:For a complex number x =a+bi,its complyconjugate
-

is it:aubi.

For a vector 2 (eng, a column
vector II in quarter

kel

computing), itscomplexconjugate it is a now
vector,v

where each entry is a complex conjugate ofthatin IV)

(dagger)
For a complex matix A, its conjugate transpose Atis

~obtained by transposing A and apply complexanjugate
on teach entry of the matrix.
-

Examples:IV)
=[eio] -> < vl=[1, e

- 10]

A =[(y ->a =[+]



inner product
#bestspace,camerate forrectoropenbe described as avertere

a 2" dimensional Hilbertspace.

VLet us startwith a simple example.
-ofa qubitcan be a supposition of

"o"and""

Fornally, these "o" and "s"represents two basis states in

team10) =[b] 1P =[6] -Dis
-

1) =210) +B11=[] e c
We can choose either basis states.

eig, H3 =I (10) +11)) =ER!]s
1x =I(0) -1) =5[1]

IVS =y1+) +B1-

Note: superposition is regardingto some basis states

·It is a superposite
state of 10) and it

butnota superpostion of it
and 1->

~For two vector IV) =[5], M) =[E) in a "
their inner productis

<WIVS = [2w, BE]. [] =2.au+

This definition also generalize to car



woonal:(w) and is are orthogonal if (wIc
=0

ColD =[1, 0) .(9) =0

<+1-3 =I(1,)(1) =0

~norm ofa vector
-Is 1I =riv> >0

~Anitrector is a vector (V) such that11(v)11=1

~ qubit statevector
is unit vector.

IV3 =210+ BTK) => If we measure the qubit in 10), IP basic

then 107 -> 22 probability
11) -> B2 probabil

=>2 +2 =1

11N>11 ==1
It still holds ifwe measure in a different basis,engH), I-).

(v) =210 +BIK =a+H52
=

+6
=>lit- probability

1 -s probabling
-> =a

~ Block sphere of a qubit
see slides P



&
N-qubit state.

noprinciple:the state basis of N-qubit state is
the tensor products of all individual quit
state basis.

product:[2)* [B]=[te))
G

~Take a 2-qubitstate as an example.
· A set of basis states can be obtained from the 10), 11) States

of single-qubit state
10x10) =100) =[b] *[d]

=[8]
13 x113 =1013 =[!]8 [9] =[8]
11 *(x) =110) =29] [6] =[8)
11 811 =1113 =

-...
=

[i]
·Any 2-quit state can be whiten as

14ar) =[Eoi) whenmassinthebrebascos.toe2
· If wetsure qubit Adn ios, I basis, the probality of gets0
is 1800+ Het because both loss and 1013 are

compatible with 105 for qubit A.



~productstates US, entangled states.
· The juststate of the separated, unent angled quantum system, A

and is, is the tensor product of 14A) and 14B>

MAB)
=IY-Bi)-tens

Quick check:14AB) is a valid quantum state
10. R+ /Ge, F12, BP-+14)CIP IP

As a product state, there is some constraints of the rooffecients,-
·States that can not be written as productstate are entangled
states.

· Example10 +I 110) =I.K) I
14B)

·III#14 gene
In fact, most states are entangled.(

Bell state, EPR pair
-

Einstain, Idolsky,Rosen
-

I

/Generalize to n-qubitstate in 2-dimensional Hilbertspace.
14 ) =22; 15), where it satisfying the nomaliation
jz [0,B" condition

=1651= 1



Hermitian Matix: For a wrysty matis,ifAt=A, then A
is a hermitian matix.

setyProf Abasicfact for a Huntian matixis thatthe engenvalues areand
engenvalators of distinctengenvalues are orthogonal.

simple proof::Ax =xX
=x

+
AX =x=xt=(xAxst=x

=>X is real.

& suppose X,,X are engenectorsfor two different
enguvalues X,12

(AX,> =xYAXX=A2xX2
x=x2

(Ax1+X2 =(5AX,+ =x,x5xxt=x, xix2)
= or xixc=0

Hermitian matrices-> observables (measurents) in

quantum mechanics, as all observables shall be

real.

Untary matix. For a complex, invertible maths, if At:At
- eine,ATA:AAt=1), then Ais a unitary matix

property form preserving11 Al4I= CYAAI):III) IP
=>A valid quantum state will be mapped to
another valid quantum state.

~Invertible ("Reversible"U=ut

Unitarymaterix-> quantumgates.



Nmatiy:Matix A isnormal E) ATA:AAt

* Unitaryand Hermitian are special types of mornal
matry:UmitryATA=AAT=IE HermitionA:At =>AA-AA:AR

sadecomposition.Amatix A is normality there
exists a diagonal matix 1 and

PT2 proof
a unitary matix U such that
A =Uxut, where the

diagonal entries of 1 are the

eigenvalues of A, and
the

columns of U are the corresponely
eigenvectors of A.

Another common format for spectral decomposition is:

A =zxj(jxj)
where the collemn vectors (5) are orthonormal
eigenvectors of A and x;one the corresponds
eigenvalues.
Applications ofthe therem Coperator function)

A3=(xj135133=2x153351...
/(A)

=yf(xi)(8)<j/










