
Classical CircutUS. Quantum Circut.

Any bookan function of:90,13m-90,13 "can be

computed by a reversible quantum circuit.
& The NAND gate isuniversal for classical circuts
and acts as below.

BD-a

NANDgate is mean

thegate,
wheat

we do not know whatexact values for input
A and B =

↑

② We can perform the same operation using a

toffollgate. (CCNOT gates.

itis #S

11 I

Tottoli gate is known as universal for classical
·
civauts, not yet for quantumcircuts,

Recall:Toffol:can be constructed with2H+T*+6NOT



③ we can convertany classical algorithm into
a quantum

algorithm, replacing the NANDgates
with tofolis

and keeping the extra qubits.
=>Keymessage:Quantum can do classical work.

classical circuts look like a special case of quantum
circuits.

Any boolean function 8:90,13* -> S0,13"can be
effeciently computed by a reversible quantum circut.

Efficiently:#Gates:I NAND -> I Totoli

#inputs -4*1 # gates + liputs
*

Theoretically, the minimum number of extrainputs
we need to use indeed is 1.

&Athow many different binary functions
are there

thatcan take n-bit inputs and give n-bit output?
n

A =(2)2 #rows=2

Think of the truth tableXI interenoutput-2row



&B =how many differentreversible, boolean functions
are there that can take n-bit iputs and

give n-bit output?

B =(2")!

⑳Ef
#input #output

ky:1 If x+y => fexs # fIG)

in usher words, faxs= f(y) implies x=y.
Otherwise, I will not be reversible.

&Given #input-Ioutput
I

Ijustworks as a permutation of the input.

=>B =#5 =(2")!

Compare A and B:As B

n =1 A =2
2
=2 - 2

B=31!=2- 1

n
=R A =Rb,2 =2...a

k

B =(2"! =2e).... I
-

2k



&C= how many reversible
bookan functions are there

that can map a hil-bit input to a (n+1-bit output
8in other words, I (n+Is notreversible

boolean functions.

2 =(2n+1)!

compare A andc

n =1 A =2
=
2 - 2

c =(4! =4.3.2-1

k

n =k A =1RB2* =2R.2k...- z
ne

2k

i
=(2k

+1)) =2....*t:2
2k 2

2A

=>key message:Reversibility
will hurtthe

expressiveness, but not a lot.

Theoretically, we only need one extra guloit.--

But practically, it may be hard and would also

incrs lots of extra gates.



some common tricks to reduce extra qubits Cancilla qubitsy

Example:o-AND (X,, X2, XIS

-i &impressiandgetoutput
Idea:&Divide and conquer

&clean up garbage frequently

key:we can not directly reuse the garbage qubits,
& osition

because of the entanglement, and supop.

~ IX,Y2Xs>100-> (X,X2X3$(X,Me) It>

It seems that we can simply measure, and setit

t lo) and reuse it for follow-up computation.
It work like there is no gabage qubit
IX,X2Xs > 10s -> (X, X2X3) It

~Now take (X) as a special superpositim state

-I110>
52

The circutwill take it to 10)(4) +11 10)
Ifwe measure the garage quit, the other gutbits will also
be affected becauseofthe entanglement. In this case, we can

only keep the result for part of the superposition state.



Highlevel solution:Uncomputation.

Example. **se, always
key:Toffolgate cancels each other. >=I

or (X, 1X2) & (X, 1X2) =0

In general, we can perform uncomputation as follows,

,! >

we only need to directthose outputrelated output
information from the ancilla qubits.

Better strategy for uncomputation? Research problem



Practice:Let's see how to do thatfor general fo

6:90,13M-90,13"

&"Bit orach"LXOR oracle):Of

afte
key:storingfix out-of-place,

bitwise POR

When 1b>= 10), then 1b4fixs ) =1fxs)

=>(x)10>> (x) 1f(x>

Remark:with superposition

=2x1x> 10) ,
2x1x) /fixs>

Example:f>AND:90, 132
-501

***nxus
=>(x,1X2)

classical us. Quanture

~classical:Each time, we only evaluate some parts of
Xc2 =100), 1017, 110). (11>

~Quantum:With superposition, wemay evaluate all of
them once.



&phase oracle":*(only for n=1)

)stx
key:storing the result in the phase.

Remark:Superposition 24x1X:
* dx(-D**,x>

Example:Again for AND:

x3 H) **1x,42)E
1003 ->100
101> -> 1017Recall=(') * S
1113 ->- 1107

(10) ->(10)



& We can use of to implementOf. Accutally, we

can take ofas a special case of of

"at
~ f(x) is only bit / setib> to 1-=

Input=(X) 1-) =55(1*< 10c

o*"
Output =

I (IX)/0*fix) - (x) (14fxs))
=>E((X) /f(x)- (x) (fixs >)

if f(x) =0
=((X)10) - (x>/1)I =>(x)) = (X)1

if f(x) =1I =I (1x) (1) - (x) 1D >S
L = (x)= -1X)1-)

=1- 13+x (x>1-)
Remark:If we take IX) in a superposition state

E =>ax1X3) 1-> #(2x1)+*,x)1-X

Ifwe measure measure (b) in X basis after of, then Of
works exactly as a PI, and the output is22xHAIXX.



Example:still the AND example

Recall or:

***nxe
-> XI1X

5*dxx
It seems thatwe have changedthe control bits.

Phase kickback
&Take both 1A> iB> in &bass's

i 12.22s 18,8,472)
1007 -> 100)
101 > -> 101-

110> -> 111 >
177) -> (10)

&Take both (AS IB> in X basis

1x,x2>> 1X4X2, X2)
1 + +> -> 1++D

1 -
+3 -1 - +)

1 +-- - - - --

1 - - - -1+ - 3

A easy way to rememberthese rules is
to takedesi



itsTake
IAS in basis and setID Not.

CNOT1231- - ?

CNT

[ 1031 -> -> 10) 1->

111 -2-1131-)

=>(>1- ESY1SK
control bit gets a phase,



Quantum Speedup:
every model classical x -(5) -> f(x)

E Quanture ixx --I fix >
superpositions
&2x1x

-> E,GxPfy)
classically, you can only query oney

at a time, but

with quantum, you can
have such an parallelism

with superposition.
&How to

create superposition?
ye

%- 1000...0] #> in Esaisn*

-

1940) =(103 +11x)(10) + 11) =(5)(100 +10 +110) +11K)

-isess IXS

we have uniform distribution ofall these "classical"

states, but are they useful?
Measurement is how we interact with a quantum

system. -> randomly collapse to some If(x)).



& Instead ofrandom collapse, can we create some
interference so

that we can extract more information
from the results.

From an interference perspective to look atthe H transformation

VIos-LI-I)-10)

losispositeintegereventis
⑪: go,Is

1x>

VisitBiefromthe interferewe

⑰ perspective
a

0:Ix F?
where XtS0. 1S

"

1013 =Es (10) +11) (10) - 113)
ExampleS =

i5 (1003 - 1013 +1103-1113)

103 - -(103-11>.(10) + 11>)
(5)

=>1555 (100) + 101-1103-11K3
They havethe sameterms, but different sign.



Define X. y =x,y, * XzYz 0--*XnYn

For example XyI,, =>X-Y =0E

SY
=

8! =>x,y =1

↓E↑*401 =152)2 ye90,3n7*187
H*" IX) =i5 Eesas

-1x 1y>

Now, we are ready to calculate B with interferenceM
isx) -> Z2y11>

y=90/34

we firstcalculate the reffecientby for y
=1000-07

y =0.0...0
=>x.y

=0 for whateverX =>(BY-y =1

As such 2y="E"sr= I

we can calculate the refferents by for othery

for example y =10--01>

61 =E2Esws -2
- 1)*-7

2- 15
-8
=0

=

In so
You can prove that

the amplitude for other ix) are
all 0.



③

tee
The phase fordifferent (x> could disturb the

orignial interference pattern.


