
Quantum Algorithm
~ Deutsch-Jozsa problem
Given a functionf:90, 13" -> 50,1],s.t.
13 fix) =0 for all inputx If is a constantfunction)
(2) fix) =0 for half ofthe input x and fixs=/ for others

anitisabalancedrationbalancede
classically, worstcast weneed 24+1 queries to f

Quantumaly: only I query to OF.

Solution:suppose of
is the please made we build for

the function of:(0,13" -> 50, 13.

is+
⑪ & &

From least lecture:
&Auniform superpositionstate ↓E IX)

*XE90,l]"

& rafIx



& Let us compute the reffecient to for 1000--0) state
Recall (x) in ost** IY
y =0 =( +34-3 =1
Iwe only focus on the form for100.0>

184 I
|x ) - Es

100.--07

only for
160 -10)

plug in the result for e

I I

(ES" x13
cysfx (x)- Zoo

100 - -x)

If f(x) =0 for ally, do- n=2 =1

Iffix is balanced, 2o=cD Ecs'sfex=1

=
D G90,1] *EfaII

Thatis to say, after 3, we why need
to measure

all qubits in a basis.

If the results are 0 for all quarts, then f
is instant

Otherwise, I is balanced,
Insight:OIgives two different interferencepatterns for

two different types of7.



Deutsch-Jozsa Algorithm is a very special algorithm with

very special constraints on the function fo

can we do something that is more general?

Let us reviewthe basic computation pattern again,

1--

!no
en

whatif&=csrs <-1)*.V 1x>

Here V 690,15" is a special h-bit number.

whatis the result for ?

Again, recall
Is s**183

=>g*yx
Thus,the result for 30 will justbe IV>



Bemstein-Vazirani Algorithm
Give a function of: 90,19" + 90.13

W

fix) =X: V, where v is a nebit binary number,

For example forV=11,X= 11

↓(x) =1 -1+ 1 -1 =0

=XiV; mod 2

I
notis the phase or

e

for the special function

-,
measurement resultisexactly U.

Remark:I*" can extracthidden variable v fromb

How many different fu franctions are that?2
"

One query can determine the specific value of U.

key insight:Xthat
is different from will have negative

interferences and cancel out with each other

in the final output,
Only x that equals U remains after the interference



Summary so far,
Deatsch-Jozsa

f is constant:fixs =0

E balanced:fixtofor halfthe inputs

fex)=1 for half the inputs.

Bernstein Vaziral:

#(x) =x-V =2xir; mod2

Can we reveal more general patterns in Of I

-> Yes, Simon's algorithm. -> periodizing
-> Quantum Fourier transform over22, 2", andc

-> Show's algorithm



Simon's algorithm:
Given oracle of for functionf:(0,13" ->90,13m with the

promise that forsome unknown period 8 8 90.13", forall

X, X2 = 90, 13", f(xS=f(x2) ifand only ifx =X2 ow

*BS
=X2 here & denotes bitwise XOR · How to

get se (supposes is non-trivial, i.e.,8t0>

Practice:010 & 110

= 40+ mod2, IH mode, to
mida

=> (1,0,0)
= 108

Practice: Function with Simon'sproperty.
X fx) 50,13 -> 90,13-

000 101
Soul I 010010 000

011 117

100 000

i
whatis s here? How many queries did

you ase?



~Guess whatis the worst case amplenty to solve this
problem classially?:O (J5r)

Let us start with aneasy case for n=2., we firstevaluate
③

floo). 2x ful)? =fro) -> (f(i) i
=froo,

f(II)? =f (10)

---A) pairs of amparison

This is exactly the same
as the birthday panerdox.

-> In a set of 23 randomly choosen people, the propabrity
that two will share a birthday is higherthan suf

23-22
-> Intuitively, these are -- 233 parts to consider,

more than half the numberof days in a year.



Nuwosetsweak
outthe simm'ssolutee

-

·his"
②

M e
&In 2 x 10)

x890,13"

&un /* Ix

&Eln,y)Ix>
-5 H3*13> 1fx >

④&now the partial measurement, recall whatweheart

before:
-In 3**,33/

key here is that we combine X that generate thesame fx=C.



Suppose the measurementresults for
the bottom qubits

is C.

The state will collapse to

normalit x =

-** 1Y< 1c>
term

Now, let us think about what I can lead to

f=C. Given the assuption of the simon's

algorithm, there shall be apair ofX, X,
andXI,

and Xc=x, 4 S, sit, f(x) = fix2) = 2.

Thus, we can rewrite the state:

Ernstxee
I ↓

if soy =0 ->2

E if s-y = 1 -> 0

⑤Now we measure the top a quibit, suppose
the

result is W.



what we have learned from this result?
SiW = 0

Simon's algorithm tells us to
run the quantum circut

O(n) times,

S.W, =0 -

S: W=0

S. WI =

0 []ljnodz="

S:Wnt = 0

we can solve effeciently using
classical methods, for example,

Gaussian elimination. This is
the sound step of

Simon's

algorith, classical post-processing

Example:If we measure
and get w,=100, what do

we know?

[1.Sp
+0-52 +0.53) mod2 =

0

=>So =0

Repeat, if we get WI= I II

<1.S0 + 1.32 + 1S3) mode =
0

=>s2
=

5 =1why



Why ocus, not exactly n-1, or is

&-> in - 1

S is has a trival answer
that is s ="

Ifwe have a independent equations for s.V =3

then,we will only have one unique
answer 850

&n-1 -> 0(n)

Now the question
is how to get not independent

equations.
First try:as long

as with. Aworks

P=L)
- En)

2) Second try. Wet

W2= WI

Pc =(1 - En)
3)Third day w3!=0,W,Was W, W2

Y =11 -2)
4) ---th try

Pr= 11 -2I
some inquatlywell-know↑...P2-Pat e



Classical Fourier Transform -> Quantum Formier Tranform

(classical) Discrete Forier Transform (DFT)

Asequence of complex numbers:A =G0,d,,---, 2Nt

Another sequence of complexrembers:B =Bo, ,, ---, Parl

A-) Es B =FrA= [a
Fr:Fourier matrix

-itwiththeI
FitRijS:win, where wee4"Nth root of unity"
B =FNA =>[Rewin
Note:Fa is a untay matrix-



Quantum Fourier Transform
14x =A =

24] = Eilis
14)

=B =

[) =ks
Fourier matrixFi =E,

wi(k> <j1

Example:N= 2 for qubit, W =2"*YN= +

Fz =E's!) = Hadamard gate.
jk

&x =E wi.dj =5dj(-S

Seethe from I basis to

Xbasis

Bookan Quatum Formier Transform (H**)
N =2

I

E
H*nix) == cs" lyc butfor

n qubits
#(zj(+)*3,y>) = (X) x.y =Ixiy;

erd2



Now, let us look at the most general case that matches

exactly the classical setting,
Let us set N = 2

"

for i qubits

W =ei222

Far = wsik (rsj)

Take n=4 as an example, for a inputstately
whatis Fri: 15)

ij-4(10) +ws l1> + wi,2>

+....
+WS-131153 S

=Illowo + ws1000K +
wis 1000

+...
+WI, III)

We know It is a untary matix, but can we

find a simple circuitwith just 1-qubit
and 2equbit

gate to implement it?In this case, we just
consider F16 for 4 qubits.



key observation:
The outputstate

is dis-entangled.

1j)
=> (18) +w8(1)) x 110)+wii)

& 210)
+w4 (1)) $5 (10) +WIKS

Rerovite yjs as Isgjc;,jo>

wherey =8js +4c + 25,+j0(j =285s)
Notice W =e"**/10, so wi=eize=1

wi
=

ei* =ei(85s +42+2j, +j0)
=einjo = (-1)50

First

anzig job-i (10) +W8 11) =I (10) +(-1)5°11)

E
10) ->40) + 1K) >

=>It gate
11-> j <103-11>s

150 - ()- (10) +(-30,1)



Next qubit 1j,3

1j,x -> I (10) +wis,ik>
=>

i(10) +e*4 ,K)

=>I(10) +e; 8s+42
+ 25,+j03,p)

=>I (10) +(ex. +ijo ()

We have seen
this before

15)# (10)
+eixY:11>)

150-
150x

--1/1 +elisitiojocis)
Set0=, we are done

more on
slides and book PST


