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Recap: Lecture 7

• Multi-Armed Bandits
• Problem setup
• Regret definition

• No regret learning algorithms
• Exploration first
• Eps-greedy
• Upper Confidence Bound
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Recap:  Regret bounds

• Exploration first / eps-greedy

• UCB
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Recap:  UCB algorithm for MAB
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Recap:  UCB algorithm for MAB
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Note that our algorithm has regret K at the first K rounds.

On the other hand, if for each arm a, the gap �a > 0, then, we must have:
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�2
a

.

which is because after the UCB of an arm a is below µ?, UCB algorithm will never pull this arm a again (the UCB of
the µ? is no smaller than µ?).

Thus for the regret calculation, we get:
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Together with the fact that Inequality 0.1 holds with probability at least 1� �, we conclude the proof.

5.2 Linear Bandits: Handling Large Action Spaces

Let D ⇢ Rd be a compact (but otherwise arbitrary) set of decisions. On each round, we must choose a decision
xt 2 D. Each such choice results in a reward rt 2 [�1, 1].

We assume that, regardless of the history H of decisions and observed rewards, the conditional expectation of rt is a
fixed linear function, i.e. for all x 2 D,

E[rt|xt = x] = µ? · x 2 [�1, 1],

where x 2 D is arbitrary. Here, observe that we have assumed the mean reward for any decision is bounded in [�1, 1].
Under these assumptions, the noise sequence,

⌘t = rt � µ? · xt

is a martingale difference sequence.

The is problem is essentially a bandit version of a fundamental geometric optimization problem, in which the agent’s
feedback on each round t is only the observed reward rt and where the agent does not know µ? apriori.

If x0, . . . xT�1 are the decisions made in the game, then define the cumulative regret by

RT = µ? · x? �
T�1X

t=0

µ? · xt
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Gap-independent analysis:
Sum over all iterations, we get:
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Recap: Linear bandits: problem 
setup
• Action space is a compact set

• Reward is linear + i.i.d. noise.

• Agent chooses a sequence of actions

• The regret is defined similarly

6

Handling Large Actions Spaces

On each round, we must choose a decision xt 2 D ⇢ Rd .
Obtain a reward rt 2 [�1, 1], where

E[rt |xt = x ] = µ? · x 2 [�1, 1],

so the the conditional expectation of rt is linear)
Also, we have the noise sequence,

⌘t = rt � µ? · xt

is i.i.d noise.

model due to Abe & Long ’99
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x1, ..., xT
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Handling Large Actions Spaces

On each round, we must choose a decision xt 2 D ⇢ Rd .
Obtain a reward rt 2 [�1, 1], where

E[rt |xt = x ] = µ? · x 2 [�1, 1],

so the the conditional expectation of rt is linear)
Also, we have the noise sequence,

⌘t = rt � µ? · xt

is i.i.d noise.

model due to Abe & Long ’99
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Our Objective

If x0, . . . xT�1 are our decisions, then our cumulative regret is

RT = µ? · x? �
T�1X

t=0

µ? · xt

where x? 2 D is an optimal decision for µ?, i.e.

x? 2 argmaxx2D µ? · x

S. M. Kakade RL 7 / 21

RegT = T · hµ⇤, x⇤i �
TX

t=1

hµ⇤, x⇤i
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Recap: The LinUCB algorithm:  
Optimism in the Face of Uncertainty.
• Consider the ridge regression at each time t. 

• Construct high probability confidence set of the 
parameter vector

• Choose actions that maximize the UCB.

7



This lecture

• The regret analysis of LinUCB

• Exploration in Tabular RL
• Problem setup

8



Regret bound of LinUCB

9(From this slide onwards mostly taken from Sham Kakade)

LinUCB Regret Bound

Sublinear regret: RT  O?(d
p

T )
poly dependence on d , no dependence on the cardinality |D|.

Theorem
Suppose: bounded noise |⌘t |  �, that kµ?k  W, and that kxk  B

for all x 2 D. Set � = �2/W 2 and
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where c is an absolute constant.

due to Dani, Hayes, K. ’09
S. M. Kakade RL 10 / 21

(Dani, Hayes & Kakde, 2009)
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Two components of the regret analysis

• Uniform (over all t) confidence bound

• Sum of Squares Regret bound

10

Confidence

In establishing the upper bounds there are two main propositions from
which the upper bounds follow. The first is in showing that the
confidence region is valid.

Proposition

(Confidence) Let � > 0. We have that

Pr(8t , µ? 2 BALLt) � 1 � �.

S. M. Kakade RL 11 / 21

Sum of Squares Regret Bound

Assuming the confidence event holds, the following controls on the
growth of the regret.

Proposition

(Sum of Squares Regret Bound) Define:

regrett = µ? · x⇤ � µ? · xt

Suppose kxk  B for x 2 D. Suppose �t is increasing and larger than
1. Suppose µ? 2 BALLt for all t , then
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regret2t  4�T d log
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Proof of the main regret bound

• By Cauchy-Schwarz
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Completing the Proof

Proof:[Proof of Theorem 1] With the two previous Propositions, along
with the Cauchy-Schwarz inequality, we have, with probability at least
1 � �,

RT =
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vuutT
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s
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The remainder of the proof follows from using our chosen value of �T
and algebraic manipulations.
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Plan of the proof

1. First prove the Proposition that bounds the sum 
of square regret
• By bounding instantaneous regret
• And then bounding the sum of squares with 

“Information Gain”

2. Prove the uniform confidence bound 
• Basically show that the choice of βt “works".

12



“Width” of Confidence Ball

13

“Width” of Confidence Ball

Lemma

Let x 2 D. If µ 2 BALLt and x 2 D. Then
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t x | = |(⌃1/2
t (µ� bµt))

>⌃�1/2
t x |

 k⌃1/2
t (µ� bµt)kk⌃�1/2

t xk = k⌃1/2
t (µ� bµt)k

q
x>⌃�1

t x 
q
�t x>⌃�1

t x

where the last inequality holds since µ 2 BALLt .
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Instantaneous Regret is bounded 
by the width of the ellipsoid.

14

Instantaneous Regret Lemma
Define

wt :=
q

x>
t ⌃�1

t xt

which is the “normalized width” at time t in the direction of our decision.
Lemma

Fix t  T . If µ? 2 BALLt , then

regrett  2min (
p

�twt , 1)  2
p
�T min (wt , 1)

Proof: Let eµ 2 BALLt denote the vector which minimizes the dot
product eµ>xt . By choice of xt , we have

eµ>xt = max
µ2BALLt

max
x2D

µ>x � (µ?)>x⇤,

where the inequality used the hypothesis µ? 2 BALLt . Hence,

regrett = (µ?)>x⇤ � (µ?)>xt  (eµ� µ?)>xt

= (eµ� bµt)
>xt + (bµt � µ?)>xt  2

p
�twt

where the last step follows from Lemma 4 since eµ and µ? are in BALLt .
Since rt 2 [�1, 1], regrett is always at most 2 and the first inequality
follows. The final inequality is due to that �t is increasing and larger
than 1.
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“Geometric potential” argument: 
Converting summation to product

15

Geometric Argument: Part 1

The next two lemmas give us ’geometric’ potential function argument,
where can bound the sum of widths independently of the choices
made by the algorithm.

Lemma

We have:

det⌃T = det⌃0

T�1Y

t=0

(1 + w2
t ).

Proof: By the definition of ⌃t+1, we have

det⌃t+1 = det(⌃t + xtx>
t ) = det(⌃1/2

t (I + ⌃�1/2
t xtx>

t ⌃�1/2
t )⌃1/2

t )

= det(⌃t) det(I + ⌃�1/2
t xt(⌃

�1/2
t xt)

>) = det(⌃t) det(I + vtv>
t ),

where vt := ⌃�1/2
t xt . Now observe that v>

t vt = w2
t and . . .
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Taking logarithm (get information gain), then 
bounding it with data-independent terms.

16

Geometric Argument: Part 2

Lemma

For any sequence x0, . . . xT�1 such that, for t < T , kxtk2  B, we have:

log
⇣
det⌃T�1/ det⌃0

⌘
= log det

 
I +

1
�

T�1X

t=0

xtx>
t

!
 d log

✓
1 +

TB2

d�

◆
.

Proof: Denote the eigenvalues of
PT�1

t=0 xtx>
t as �1, . . .�d , and note:

dX

i=1

�i = Trace
⇣ T�1X

t=0

xtx>
t

⌘
=

T�1X

t=0

kxtk2  TB2.

Using the AM-GM inequality,

log det
⇣

I +
1
�

T�1X

t=0

xtx>
t

⌘
= log

⇣ dY

i=1

(1 + �i/�)
⌘

= d log
⇣ dY

i=1

⇣
1 + �i/�

⌘⌘1/d
 d log

⇣ 1
d

dX

i=1

(1 + �i/�)
⌘
 d log

⇣
1 +

TB2

d�

⌘

which concludes the proof.S. M. Kakade RL 17 / 21



Bounding the Sum of Square 
Instantaneous Regret

17

which concludes the proof.

Finally, we are ready to prove that if µ? always stays within the evolving confidence region, then our regret is under
control.

Proof:[Proof of Proposition 5.6] Assume that µ? 2 BALLt for all t. We have that:

T�1X

t=0

regret2
t


T�1X

t=0

4�t min(w2
t
, 1)  4�T

T�1X

t=0

min(w2
t
, 1)

 4�T

T�1X

t=0

ln(1 + w2
t
)  4�T log

⇣
det⌃T�1/ det⌃0

⌘
= 4�T d log

✓
1 +

TB2

d�

◆

where the first inequality follow from By Lemma 5.8; the second from that �t is an increasing function of t; the third
uses that for 0  y  1, ln(1 + y) � y/2; the final two inequalities follow by Lemmas 5.9 and 5.10.

5.3.2 Confidence Analysis

Proof:[Proof of Proposition 5.5] Since r⌧ = x⌧ · µ? + ⌘⌧ , we have:

bµt � µ? = ⌃�1
t

t�1X

⌧=0

r⌧x⌧ � µ? = ⌃�1
t

t�1X

⌧=0

x⌧ (x⌧ · µ? + ⌘⌧ )� µ?

= ⌃�1
t

 
t�1X

⌧=0

x⌧ (x⌧ )
>

!
µ? � µ? + ⌃�1

t

t�1X

⌧=0

⌘⌧x⌧ = �⌃�1
t

µ? + ⌃�1
t

t�1X

⌧=0

⌘⌧x⌧

For any 0 < �t < 1, using Lemma A.5, it holds with probability at least 1� �t,
q

(bµt � µ?)>⌃t(bµt � µ?) = k(⌃t)
1/2(bµt � µ?)k


����⌃�1/2

t
µ?

���+

�����⌃
�1/2
t

t�1X

⌧=0

⌘⌧x⌧

�����


p
�kµ?k+

p
2�2 log (det(⌃t) det(⌃0)�1/�t).

where we have also used the triangle inequality and that k⌃�1
t

k  1/�.

We seek to lower bound Pr(8t, µ? 2 BALLt). Note that at t = 0, by our choice of �, we have that BALL0 contains
W ?, so Pr(µ? /2 BALL0) = 0. For t � 1, let us assign failure probability �t = (3/⇡2)/t2 for the t-th event, which,
using the above, gives us an upper bound on the sum failure probability as

1� Pr(8t, µ? 2 BALLt) = Pr(9t, µ? /2 BALLt) 
1X

t=1

Pr(µ? /2 BALLt) <
1X

t=1

(1/t2)(3/⇡2) = 1/2.

This along with Lemma 5.10 completes the proof.

5.4 Bibliographic Remarks and Further Readings

The orignal multi-armed bandit model goes to back to [Robbins, 1952]. The linear bandit model was first introduced
in [Abe and Long, 1999]. Our analysis of the LinUCB algorithm follows from the original proof in [Dani et al., 2008],
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Plan of the proof

1. First prove the Proposition that bounds the sum 
of square regret
• By bounding instantaneous regret
• And then bounding the sum of squares with 

“Information Gain”

2. Prove the uniform confidence bound 
• Basically show that the choice of βt “works".

18



We need to prove that the true 
parameter is in the version space w.h.p.
• Recall the version space is:

19

Confidence [Proof of Proposition 2]
Proof: Since r⌧ = x⌧ · µ? + ⌘⌧ , we have:

bµt � µ? = ⌃�1
t

t�1X

⌧=0

r⌧x⌧ � µ? = ⌃�1
t

t�1X

⌧=0

x⌧ (x⌧ · µ? + ⌘⌧ )� µ?

= ⌃�1
t

 t�1X

⌧=0

x⌧ (x⌧ )>
!
µ? � µ? + ⌃�1

t

t�1X

⌧=0

⌘⌧x⌧

= �⌃�1
t µ? + ⌃�1

t

t�1X

⌧=0

⌘⌧x⌧

By the triangle inequality,
q

(bµt � µ?)>⌃t(bµt � µ?) 
����⌃�1/2

t µ?
���+

�����⌃
�1/2
t

t�1X

⌧=0

⌘⌧x⌧

�����


p
�kµ?k + ??.

How can we bound “??” To be continued...
S. M. Kakade RL 19 / 21



Self-normalized Martingale 
concentration bound.

20



Continue the proof by applying 
concentration, and the bound for 
information-gain

21

which concludes the proof.

Finally, we are ready to prove that if µ? always stays within the evolving confidence region, then our regret is under
control.

Proof:[Proof of Proposition 5.6] Assume that µ? 2 BALLt for all t. We have that:

T�1X

t=0

regret2
t


T�1X

t=0

4�t min(w2
t
, 1)  4�T

T�1X

t=0

min(w2
t
, 1)

 4�T

T�1X

t=0

ln(1 + w2
t
)  4�T log

⇣
det⌃T�1/ det⌃0

⌘
= 4�T d log

✓
1 +

TB2

d�

◆

where the first inequality follow from By Lemma 5.8; the second from that �t is an increasing function of t; the third
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t�1X
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t

 
t�1X
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x⌧ (x⌧ )
>
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µ? � µ? + ⌃�1

t

t�1X
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t
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t

t�1X

⌧=0

⌘⌧x⌧

For any 0 < �t < 1, using Lemma A.5, it holds with probability at least 1� �t,
q

(bµt � µ?)>⌃t(bµt � µ?) = k(⌃t)
1/2(bµt � µ?)k


����⌃�1/2

t
µ?

���+

�����⌃
�1/2
t

t�1X

⌧=0

⌘⌧x⌧

�����


p
�kµ?k+

p
2�2 log (det(⌃t) det(⌃0)�1/�t).

where we have also used the triangle inequality and that k⌃�1
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k  1/�.

We seek to lower bound Pr(8t, µ? 2 BALLt). Note that at t = 0, by our choice of �, we have that BALL0 contains
W ?, so Pr(µ? /2 BALL0) = 0. For t � 1, let us assign failure probability �t = (3/⇡2)/t2 for the t-th event, which,
using the above, gives us an upper bound on the sum failure probability as
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1X
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Pr(µ? /2 BALLt) <
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t=1

(1/t2)(3/⇡2) = 1/2.

This along with Lemma 5.10 completes the proof.
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Final remarks on Linear Bandits

• The regret of LinUCB is optimal up to 

• Strong assumption on realizability.
• Agnostic linear bandits?

• Contextual version: a finite list of available actions 
are given at each t.

22



Exploration in Reinforcement 
Learning
• Why is it challenging?
• The reward depends on both s, a
• Unlike the generative model setting, we cannot just 

choose any s to explore.
• The data needs to be actively collected

• We will study
• Tabular MDP
• Linear MDPs
• Both in the finite horizon episodic setting.
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Recap: Finite horizon MDPs

• Parameterization / Setup

• Additional notations
• Q functions
• V functions
• Policies

24

This allows us to rewrite the Bellman optimality equation in the concise form:

Q = T Q,

and, so, the previous theorem states that Q = Q? if and only if Q is a fixed point of the operator T .

Proof: We first show sufficiency, i.e. that Q? (the state-action value of an optimal policy) satisfies Q? = T Q?. Let
⇡? be an optimal stationary and deterministic policy, which exists by Theorem 1.7. First let us show that V ?(s) =
maxa Q?(s, a). We have that V ?(s) = V ⇡

?

(s) = Q⇡
?

(s,⇡?(a)) = Q?(s,⇡?(a)), by Lemma 1.4 and Theorem 1.7.
Also,

max
a

Q?(s, a) � Q?(s,⇡?(a)) = V ?(s) � max
a

max
⇡

Q⇡(s, a) � max
a

Q⇡
?

(s, a) = max
a

Q?(s, a),

which proves the claim. Now for all actions a 2 A, we have:

Q?(s, a) = max
⇡

Q⇡(s, a) = r(s, a) + �max
⇡

Es0⇠P (·|s,a)[V
⇡(s0)]

(a)
= r(s, a) + �Es0⇠P (·|s,a)[V

?(s0)]

= r(s, a) + �Es0⇠P (·|s,a)[max
a0

Q?(s0, a0)].

Here the equality (a) follows from Theorem 1.7. This proves sufficiency.

For the converse, suppose Q = T Q for some Q. We now show that Q = Q?. Let ⇡ = ⇡Q. That Q = T Q implies
that Q = r + �P⇡QQ, and so:

Q = (I � �P⇡Q)�1r = Q⇡

using Equation 0.2 in the last step. In other words, Q is the action value of the policy ⇡Q. Now observe for any other
deterministic and stationary policy ⇡0:

Q�Q⇡
0

= Q⇡ �Q⇡
0

= Q⇡ � (I � �P⇡
0
)�1r

= (I � �P⇡
0
)�1((I � �P⇡

0
)� (I � �P⇡))Q⇡

= �(I � �P⇡
0
)�1(P⇡ � P⇡

0
)Q⇡ .

The proof is completed by noting that (P⇡ � P⇡
0
)Q⇡ � 0. To see this, recall that (1 � �)(I � �P⇡

0
)�1 is a matrix

with all positive entries (see Lemma 1.6), and now we can observe that:

[(P⇡ � P⇡
0
)Q⇡]s,a = Es0⇠P (·|s,a)[Q

⇡(s0,⇡(s0))�Q⇡(s0,⇡0(s0))] � 0

where the last step uses that ⇡ = ⇡Q. Thus we have that Q � Q⇡
0

for all deterministic and stationary ⇡0 which shows
Q = Q?, using Theorem 1.7. This completes the proof.

1.2 (Episodic) Markov Decision Processes

It will also be natural for us to work with episodic Markov decision Processes. In reinforcement learning, the inter-
actions between the agent and the environment are often described by an episodic time-dependent Markov Decision
Process (MDP) M = (S,A, {P}h, {r}h, H, µ), specified by:

• A state space S , which may be finite or infinite.

• An action space A, which also may be discrete or infinite.

10



Problem setup: online learning of 
Finite horizon MDPs
• Agent decides on a policy

• Collect a trajectory

• Agent updates the policy.

• Regret definition

25



Recap: The need for strategic 
exploration

26



UCB-VI: model-based learning by 
optimistic value Iterations
• Construct estimates of the transition kernels

• Design exploration bonuses

• Idea: based on the uncertainty in the transition kernel 
estimates

• Update the policy by optimistic value iteration

27



How do we estimate the model 
parameters (P and r)?
• Simple plug-in estimator

• What happens if we observe no state-action pairs?

28



What does value iteration does in 
finite horizion?

• Remark:
• It converges in H steps
• It produces a non-stationary policy indexed by h

29

Algorithm 3 UCBVI
Input: reward function r (assumed to be known), confidence parameters

1: for k = 0 . . .K do
2: Compute bP k

h
as the empirical estimates, for all h (Eq. 0.1)

3: Compute reward bonus bk
h

for all h (Eq. 0.2)
4: Run Value-Iteration on { bP k

h
, r + bk

h
}H�1
h=0 (Eq. 0.3)

5: Set ⇡k as the returned policy of VI.
6: end for

we define:

Nk

h
(s, a, s0) =

k�1X

i=1

1{(si
h
, ai

h
, si

h+1) = (s, a, s0)},

Nk

h
(s, a) =

k�1X

i=1

1{(si
h
, ai

h
) = (s, a)}, 8h, s, a.

Namely, we maintain counts of how many times s, a, s0 and s, a are visited at time step h from the beginning of the
learning process to the end of the episode k � 1. We use these statistics to form an empirical model:

bP k

h
(s0|s, a) = Nk

h
(s, a, s0)

Nk

h
(s, a)

, 8h, s, a, s0. (0.1)

We will also use the counts to define a reward bonus, denoted as bh(s, a) for all h, s, a. Denote L := ln (SAHK/�)
(� as usual represents the failure probability which we will define later). We define reward bonus as follows:

bk
h
(s, a) = H

s
L

Nk

h
(s, a)

. (0.2)

With reward bonus and the empirical model, the learner uses Value Iteration on the empirical transition bP k
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and the

combined reward rh + bk
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. Starting at H (note that H is a fictitious extra step as an episode terminates at H � 1), we
perform dynamic programming all the way to h = 0:
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, we truncate the value by H . This is because we know that due to the

assumption that r(s, a) 2 [0, 1], no policy’s Q value will ever be larger than H .

Denote ⇡k = {⇡k

0 , . . . ,⇡
k

H�1}. Learner then executes ⇡k in the MDP to get a new trajectory ⌧k.

UCBVI repeats the above procedure for K episodes.

6.2 Analysis

We will prove the following theorem.
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How do we design exploration 
bonuses?

• Intuitively, this encourages exploring new state-
action pairs.
• Idea: propagate errors from the estimated 

transitions over to the rewards.
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Algorithm 3 UCBVI
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3: Compute reward bonus bk
h
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4: Run Value-Iteration on { bP k

h
, r + bk

h
}H�1
h=0 (Eq. 0.3)

5: Set ⇡k as the returned policy of VI.
6: end for
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The regret of UCB-VI  

• Theorem (AJKS Thm 6.1):

• This is not optimal in H, S, but a simple analysis to 
start.
• We will talk about the proof next Monday.
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Theorem 6.1 (Regret Bound of UCBVI). UCBVI achieves the following regret bound:

Regret := E
"
K�1X

k=0

⇣
V ? � V ⇡

k
⌘#

 2H2S
p
AK · ln(SAH2K2) = eO

⇣
H2S

p
AK

⌘

Remark While the above regret is sub-optimal, the algorithm we presented here indeed achieves a sharper bound
in the leading term eO(H2

p
SAK) [Azar et al., 2017], which gives the tight dependency bound on S,A,K. The

dependency on H is not tight and tightening the dependency on H requires modifications to the reward bonus (use
Bernstein inequality rather than Hoeffding’s inequality for reward bonus design).

We prove the above theorem in this section.

We start with bounding the error from the learned model bP k

h
.

Lemma 6.2 (State-action wise `1 model error). Fix � 2 (0, 1). For all k 2 [0, . . . ,K � 1], s 2 S, a 2 A, h 2
[0, . . . , H � 1], with probability at least 1� �, we have:

��� bP k

h
(·|s, a)� P ?

h
(·|s, a)

���
1


s
S ln(SAHK/�)

Nk

h
(s, a)

.

The proof of the above lemma uses Proposition A.4 and a union bound over all s, a, n, h.

The following lemma is still about model error, but this time we consider an average model error.

Lemma 6.3 (State-action wise average model error). Fix � 2 (0, 1). For all k 2 [1, . . . ,K � 1], s 2 S, a 2 A, h 2
[0, . . . , H � 1], and consider V ?

h
: S ! [0, H], with probability at least 1� �, we have:

��� bP k

h
(·|s, a) · V ?

h+1 � P ?

h
(·|s, a) · V ?

h+1

���  H

s
ln(SAHN/�)

Nk

h
(s, a)

.

Proof: We provide a proof sketch. Consider a fixed s, a, k, h. We have:

bP k

h
(·|s, a) · V ?

h+1 =
1

Nk

h
(s, a)

k�1X

i=1

1{(si
h
, ak

h
) = (s, a)}V ?

h+1(s
i

h+1).

Note that for any (si
h
, ai

h
) = (s, a), we have E

⇥
V ?

h+1(s
i

h+1)|sih, aih
⇤
= Ph(·|s, a) · V ?

h+1. Thus, we can apply

Hoeffding’s inequality here to bound
��� bP k

h
(·|s, a) · V ?

h+1 � Ph(·|s, a) · V ?

h+1

���. With a union bound over all s, a, k, h,
we conclude the proof.

We denote the two inequalities in Lemma 6.2 and Lemma 6.3 as event Emodel. Note that the failure probability of
Emodel is at most 2�. Below we condition on Emodel being true (we deal with failure event at the very end).

Now we study the effect of reward bonus. Similar to the idea in multi-armed bandits, we want to pick a policy ⇡k,
such that the value of ⇡k in under the combined reward rh+ bk

h
and the empirical model bP k

h
is optimistic, i.e., we want

bV k

0 (s0) � V ?

0 (s0) for all s0. The following lemma shows that via reward bonus, we are able to achieve this optimism.

Lemma 6.4 (Optimism). Assume Emodel is true. For all episode k, we have:

bV k

0 (s0) � V ?

0 (s0), 8s0 2 S;

where bV k

h
is computed based on VI in Eq. 0.3.
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