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Recap: Lecture 5

• Model-free RL that combines MC and DP
• Temporal Difference methods and their variants
• Function approximation
• TD methods (TD prediction / policy evaluation) as one 

that minimizes the square Bellman error a semi-gradient 
update.
• LSTD and its fast computation

• Policy gradients methods
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Recap: TD-method in a nutshell ---
attempting to simulate Bellman 
equations  with roll-out data
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TD-methods: what I did not cover

• n-step TD 
• TD(λ) / Eligible traces
• Off-policy methods and the “deadly triad”
• Semi-gradient vs actual SGD?
• Projected Bellman error and Gradient-TD
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(A large body of associated work on these.
Read Sutton and Barto Ch 7, CH 11-12 and the references therein.)



This lecture

• Continue with policy gradient methods

• Start exploration
• Multi-armed bandits
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Recap: Policy class and policy 
gradient methods
• Policy

• Parametric policy class:

• Goal: optimize the value 

• Policy gradient methods
• aim at learning the policy parameter by SGD.
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How to estimate the gradient?

• Policy gradient theorem: 
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Proof of Policy Gradient Theorem
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Proof of Policy Gradient Theorem
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REINFORCE Algorithm
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13.3. REINFORCE: MONTE CARLO POLICY GRADIENT 271

REINFORCE, A Monte-Carlo Policy-Gradient Method (episodic)

Input: a di↵erentiable policy parameterization ⇡(a|s, ✓)
Initialize policy parameter ✓ 2 Rd

0

Repeat forever:
Generate an episode S0, A0, R1, . . . , ST�1, AT�1, RT , following ⇡(·|·, ✓)
For each step of the episode t = 0, . . . , T � 1:

G return from step t
✓  ✓ + ↵�tGr✓ ln ⇡(At|St, ✓)

Figure 13.1 shows the performance of REINFORCE, averaged over 100 runs, on the gridworld from
Example 13.1.

The vector r✓⇡(At|St,✓t)
⇡(At|St,✓t)

in the REINFORCE update is the only place the policy parameterization
appears in the algorithm. This vector has been given several names and notations in the literature;
we will refer to it simply as the eligibility vector. The eligibility vector is often written in the compact
form r✓ ln ⇡(At|St, ✓t), using the identity r ln x = rx

x
. This form is used in all the boxed pseudocode

in this chapter. In earlier examples in this chapter we considered exponential softmax policies (13.2)
with linear action preferences (13.3). For this parameterization, the eligibility vector is

r✓ ln ⇡(a|s, ✓) = x(s, a)�
X

b

⇡(b|s, ✓)x(s, b). (13.7)

As a stochastic gradient method, REINFORCE has good theoretical convergence properties. By
construction, the expected update over an episode is in the same direction as the performance gradient.2

This assures an improvement in expected performance for su�ciently small ↵, and convergence to a

2
Technically, this is only true if each episode’s updates are done o↵-line, meaning they are accumulated on the side

during the episode and only used to change ✓ by their sum at the episode’s end. However, this would probably be a

worse algorithm in practice, and its desirable theoretical properties would probably be shared by the algorithm as given

(although this has not been proved).

↵ = 2�13

↵ = 2�12
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↵ = 2�14

Figure 13.1: REINFORCE on the short-corridor gridworld (Example 13.1). With a good step size, the total
reward per episode approaches the optimal value of the start state.



Variance of the gradient estimate 
and convergence
• This is a non-convex optimization problem

• Convergence to a stationary point.
• Choice of learning rate:
• Then (Lemma 9.8 AJKS)

• Does it converge to the global optimal solution?
• Yes, sometimes (under additional assumptions, see Ch 

10 AJKS).
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REINFORCE with a baseline

• REINFORCE with a given (arbitrary) baseline

• Choose it to approximate the value function.
• Why does it work?

12Exercise: Calculate the variance when the baseline is chosen to be the correct value function. 



Actor-Critic:  Learn the baseline and 
use the baseline for “bootstrapping”
• Actor:  The policy that performs actions.
• Critic: A value function approximation that 

evaluates the “actor”
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What I did not talk about

• Natural Policy Gradient
• Extension of Natural Gradient (i.e., Fisher-Scoring)
• Multiplicative form in updating the policy
• Function approximation

• Global convergence of PG / NPG

• KL-divergence regularization / imitation learning / 
conservative policy iteration / trust-region policy 
iteration
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Recap: Let us tackle different aspects 
of the RL problem one at a time

• Markov Decision Processes: (Lecture 1-3)
• Dynamics are given no need to learn. planning only.

• RL algorithms: (Lecture 4-5)
• Ideas on how to use “sampled” transitions / trials-and-errors

to learn and plan at the same time (without touching upon
exploration).

• Strategic exploration: (Lecture 6- 9)
• Bandits:  Explore-Exploit in simple settings
• RL: Explore-Exploit in Learning MDPs
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Slot machines and Multi-arm
bandits
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Multi-arm bandits: Problem setup

• No state. k-actions

• You decide which arm to pull in every iteration

• You collect a cumulative payoff of

• The goal of the agent is to maximize the expected
payoff.
• For future payoffs?
• For the expected cumulative payoff?
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a 2 A = {1, 2, ..., k}
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How do we measure the performance 
of an online learning agent?
• The notion of “Regret”:
• I wish I have done things differently.
• Comparing to the best actions in the hindsight, how 

much worse did I do.

• For MAB, the regret is defined as follow

18

T max
a2[k]

E[Rt|a]�
TX

t=1

Ea⇠⇡ [E[Rt|a]]
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Greedy strategy

• Expected reward

• Estimate the expected reward

• Choose
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2.2. Action-value Methods 27

However, most of these methods make strong assumptions about stationarity and prior
knowledge that are either violated or impossible to verify in applications and in the full
reinforcement learning problem that we consider in subsequent chapters. The guarantees
of optimality or bounded loss for these methods are of little comfort when the assumptions
of their theory do not apply.

In this book we do not worry about balancing exploration and exploitation in a
sophisticated way; we worry only about balancing them at all. In this chapter we present
several simple balancing methods for the k-armed bandit problem and show that they
work much better than methods that always exploit. The need to balance exploration
and exploitation is a distinctive challenge that arises in reinforcement learning; the
simplicity of our version of the k-armed bandit problem enables us to show this in a
particularly clear form.

2.2 Action-value Methods

We begin by looking more closely at methods for estimating the values of actions and
for using the estimates to make action selection decisions, which we collectively call
action-value methods. Recall that the true value of an action is the mean reward when
that action is selected. One natural way to estimate this is by averaging the rewards
actually received:

Qt(a)
.
=

sum of rewards when a taken prior to t

number of times a taken prior to t
=

P
t�1

i=1
Ri · Ai=aP

t�1

i=1 Ai=a

, (2.1)

where predicate denotes the random variable that is 1 if predicate is true and 0 if it is not.
If the denominator is zero, then we instead define Qt(a) as some default value, such as
0. As the denominator goes to infinity, by the law of large numbers, Qt(a) converges to
q⇤(a). We call this the sample-average method for estimating action values because each
estimate is an average of the sample of relevant rewards. Of course this is just one way
to estimate action values, and not necessarily the best one. Nevertheless, for now let us
stay with this simple estimation method and turn to the question of how the estimates
might be used to select actions.

The simplest action selection rule is to select one of the actions with the highest
estimated value, that is, one of the greedy actions as defined in the previous section.
If there is more than one greedy action, then a selection is made among them in some
arbitrary way, perhaps randomly. We write this greedy action selection method as

At

.
= argmax

a

Qt(a), (2.2)

where argmax
a

denotes the action a for which the expression that follows is maximized
(again, with ties broken arbitrarily). Greedy action selection always exploits current
knowledge to maximize immediate reward; it spends no time at all sampling apparently
inferior actions to see if they might really be better. A simple alternative is to behave
greedily most of the time, but every once in a while, say with small probability ", instead
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26 Chapter 2: Multi-armed Bandits

objective is to maximize the expected total reward over some time period, for example,
over 1000 action selections, or time steps.

This is the original form of the k-armed bandit problem, so named by analogy to a slot
machine, or “one-armed bandit,” except that it has k levers instead of one. Each action
selection is like a play of one of the slot machine’s levers, and the rewards are the payo↵s
for hitting the jackpot. Through repeated action selections you are to maximize your
winnings by concentrating your actions on the best levers. Another analogy is that of
a doctor choosing between experimental treatments for a series of seriously ill patients.
Each action is the selection of a treatment, and each reward is the survival or well-being
of the patient. Today the term “bandit problem” is sometimes used for a generalization
of the problem described above, but in this book we use it to refer just to this simple
case.

In our k-armed bandit problem, each of the k actions has an expected or mean reward
given that that action is selected; let us call this the value of that action. We denote the
action selected on time step t as At, and the corresponding reward as Rt. The value then
of an arbitrary action a, denoted q⇤(a), is the expected reward given that a is selected:

q⇤(a)
.
= E[Rt | At =a] .

If you knew the value of each action, then it would be trivial to solve the k-armed bandit
problem: you would always select the action with highest value. We assume that you do
not know the action values with certainty, although you may have estimates. We denote
the estimated value of action a at time step t as Qt(a). We would like Qt(a) to be close
to q⇤(a).

If you maintain estimates of the action values, then at any time step there is at least
one action whose estimated value is greatest. We call these the greedy actions. When you
select one of these actions, we say that you are exploiting your current knowledge of the
values of the actions. If instead you select one of the nongreedy actions, then we say you
are exploring, because this enables you to improve your estimate of the nongreedy action’s
value. Exploitation is the right thing to do to maximize the expected reward on the one
step, but exploration may produce the greater total reward in the long run. For example,
suppose a greedy action’s value is known with certainty, while several other actions are
estimated to be nearly as good but with substantial uncertainty. The uncertainty is
such that at least one of these other actions probably is actually better than the greedy
action, but you don’t know which one. If you have many time steps ahead on which
to make action selections, then it may be better to explore the nongreedy actions and
discover which of them are better than the greedy action. Reward is lower in the short
run, during exploration, but higher in the long run because after you have discovered
the better actions, you can exploit them many times. Because it is not possible both to
explore and to exploit with any single action selection, one often refers to the “conflict”
between exploration and exploitation.

In any specific case, whether it is better to explore or exploit depends in a complex
way on the precise values of the estimates, uncertainties, and the number of remaining
steps. There are many sophisticated methods for balancing exploration and exploitation
for particular mathematical formulations of the k-armed bandit and related problems.

What is the issue with this strategy?

r(s, a) = Q(s, a) =
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Exploration vs. Exploitation
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(Illustration from Dan Klein and Pieter Abbeel’s course in UC Berkeley)



Exploration first strategy

• Let’s spend the first N step exploring.
• Play each action for  N / k times.

• For t = N +1, N+2, …, T:
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2.2. Action-value Methods 27

However, most of these methods make strong assumptions about stationarity and prior
knowledge that are either violated or impossible to verify in applications and in the full
reinforcement learning problem that we consider in subsequent chapters. The guarantees
of optimality or bounded loss for these methods are of little comfort when the assumptions
of their theory do not apply.

In this book we do not worry about balancing exploration and exploitation in a
sophisticated way; we worry only about balancing them at all. In this chapter we present
several simple balancing methods for the k-armed bandit problem and show that they
work much better than methods that always exploit. The need to balance exploration
and exploitation is a distinctive challenge that arises in reinforcement learning; the
simplicity of our version of the k-armed bandit problem enables us to show this in a
particularly clear form.

2.2 Action-value Methods

We begin by looking more closely at methods for estimating the values of actions and
for using the estimates to make action selection decisions, which we collectively call
action-value methods. Recall that the true value of an action is the mean reward when
that action is selected. One natural way to estimate this is by averaging the rewards
actually received:

Qt(a)
.
=

sum of rewards when a taken prior to t

number of times a taken prior to t
=

P
t�1

i=1
Ri · Ai=aP

t�1

i=1 Ai=a

, (2.1)

where predicate denotes the random variable that is 1 if predicate is true and 0 if it is not.
If the denominator is zero, then we instead define Qt(a) as some default value, such as
0. As the denominator goes to infinity, by the law of large numbers, Qt(a) converges to
q⇤(a). We call this the sample-average method for estimating action values because each
estimate is an average of the sample of relevant rewards. Of course this is just one way
to estimate action values, and not necessarily the best one. Nevertheless, for now let us
stay with this simple estimation method and turn to the question of how the estimates
might be used to select actions.

The simplest action selection rule is to select one of the actions with the highest
estimated value, that is, one of the greedy actions as defined in the previous section.
If there is more than one greedy action, then a selection is made among them in some
arbitrary way, perhaps randomly. We write this greedy action selection method as

At

.
= argmax

a

Qt(a), (2.2)

where argmax
a

denotes the action a for which the expression that follows is maximized
(again, with ties broken arbitrarily). Greedy action selection always exploits current
knowledge to maximize immediate reward; it spends no time at all sampling apparently
inferior actions to see if they might really be better. A simple alternative is to behave
greedily most of the time, but every once in a while, say with small probability ", instead
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At

.
= argmax

a

Qt(a), (2.2)

where argmax
a

denotes the action a for which the expression that follows is maximized
(again, with ties broken arbitrarily). Greedy action selection always exploits current
knowledge to maximize immediate reward; it spends no time at all sampling apparently
inferior actions to see if they might really be better. A simple alternative is to behave
greedily most of the time, but every once in a while, say with small probability ", instead



Recap: Concentration inequalities ---
finite-sample bounds of LLN and CLT
• Hoeffding’s inequality:  Assume X1, …, Xn are 

independent and their support bounded:

• Easy version, if 0<Xi<B, with probability 1-δ:
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Regret analysis of Exploration First
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Regret analysis of Exploration First
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ε-Greedy strategy: one way to
balance exploration and exploitation
• You choose with probability 1- ε

• With probability ε, choose an action uniformly at
random!
• Including the argmax.

• Carefully choose ε parameter.
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However, most of these methods make strong assumptions about stationarity and prior
knowledge that are either violated or impossible to verify in applications and in the full
reinforcement learning problem that we consider in subsequent chapters. The guarantees
of optimality or bounded loss for these methods are of little comfort when the assumptions
of their theory do not apply.

In this book we do not worry about balancing exploration and exploitation in a
sophisticated way; we worry only about balancing them at all. In this chapter we present
several simple balancing methods for the k-armed bandit problem and show that they
work much better than methods that always exploit. The need to balance exploration
and exploitation is a distinctive challenge that arises in reinforcement learning; the
simplicity of our version of the k-armed bandit problem enables us to show this in a
particularly clear form.

2.2 Action-value Methods

We begin by looking more closely at methods for estimating the values of actions and
for using the estimates to make action selection decisions, which we collectively call
action-value methods. Recall that the true value of an action is the mean reward when
that action is selected. One natural way to estimate this is by averaging the rewards
actually received:

Qt(a)
.
=

sum of rewards when a taken prior to t

number of times a taken prior to t
=

P
t�1

i=1
Ri · Ai=aP

t�1

i=1 Ai=a

, (2.1)

where predicate denotes the random variable that is 1 if predicate is true and 0 if it is not.
If the denominator is zero, then we instead define Qt(a) as some default value, such as
0. As the denominator goes to infinity, by the law of large numbers, Qt(a) converges to
q⇤(a). We call this the sample-average method for estimating action values because each
estimate is an average of the sample of relevant rewards. Of course this is just one way
to estimate action values, and not necessarily the best one. Nevertheless, for now let us
stay with this simple estimation method and turn to the question of how the estimates
might be used to select actions.

The simplest action selection rule is to select one of the actions with the highest
estimated value, that is, one of the greedy actions as defined in the previous section.
If there is more than one greedy action, then a selection is made among them in some
arbitrary way, perhaps randomly. We write this greedy action selection method as

At

.
= argmax

a

Qt(a), (2.2)

where argmax
a

denotes the action a for which the expression that follows is maximized
(again, with ties broken arbitrarily). Greedy action selection always exploits current
knowledge to maximize immediate reward; it spends no time at all sampling apparently
inferior actions to see if they might really be better. A simple alternative is to behave
greedily most of the time, but every once in a while, say with small probability ", instead



A sketch of the analysis for ε-greedy

• In expectation, each arm is chosen for at least εt 
times.

• Condition on the number of times, apply
Hoeffding’s inequality / union bound for all t and a

• Regret bound is

26
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Optimism-in-the-face of uncertainty: 
Upper Confidence Bound algorithm
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Martingale

• We say that a sequence of r.v. X1,…,Xn,… is a 
Martingale if for any n

• Example:
• Random-walk: Total number of heads minus tails in n 

coin tosses
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Azuma-Hoeffding’s inequality

• Azuma-Hoeffding’s inequality:  Assume X1, …, Xn
are Martingale differences  

• Apply Azuma-Hoeffding’s inequality to our problem

29
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Regret analysis of UCB
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Regret analysis of UCB
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Summary of Exploration in Multi-
Armed Bandits
• Explore-First

• eps-greedy

• UCB
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