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Outline

• Motivation
• Mysteries around deep neural networks
• Probe it from nonparametric regression angle

• Warm-up
• 2-layer NN with weight decay vs LAR Splines

• Main results
• L-layer parallel NN vs Sparse Linear Regression
• Error bound and discussion

• Proof sketch
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AI Machine Learning has
revolutionized almost every aspect of
our daily life
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Deep Neural Networks (DNN) is the main
workhorse behind many breakthroughs.

4Slide / illustration taken from Lecture 5 of my course with Lei Li.

• also known as multilayer 
perceptron (MLP)  

 

 

 
 

Parameters 

x ∈ ℝd

h1 = σ(w1 ⋅ x + b1) ∈ ℝd1

hl = σ(wl ⋅ hl−1 + bl) ∈ ℝdl

o = Softmax(wL ⋅ hL−1 + bL)

θ = {w1, b1, w2, b2, …}
14

Feedforward Neural Net (FFN)

h1

h2



From the statistical point of view,
the success of DNN is a mystery.
• Observe that:
• Way more parameters than you have data to fit them
• Appears to not follow classical Bias-Variance tradeoff

• Highly nonconvex, yet optimization seems to be easy
with SGD
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(Figure from Belkin et al. (2018) “Double Descent”)



Why do Neural Networks work
better?
• Universal function approximation (Hornik et al, 1989)

• But so are kernels and splines!

• Flexible representation and modelling language
• So are graphical models / probabilistic programs

• Overparameterization
• Neural Tangent Kernels (Jacot et al., 2018; Du et al. 2019; etc)

• Interpolation regime / benign overfitting (e.g., Bartlett et al. 2020)
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The “adaptivity” conjecture

• Neural networks aren’t stronger than classical
methods in any specific problem

• But the standard practices of how people develop /
train DNNs enjoy strong adaptivity
• No need to carefully specify the problem
• Automatically choose the right level of abstraction
• Tune only standard hyperparameters.
• They match the best classical methods on each problem
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Nonparametric regression

• 50+ years of associated literature
[Nadaraya, Watson, 1964]

• Kernels, splines, local polynomials
• Gaussian processes and RKHS
• CART, neural networks

• Also known as smoothing, signal denoising /filtering in signal 
processing & control.

●

●
●

●
●
●

●

●
●
●

●
●
●

●

●

●
●

●●
●
●●
●

●

●
●●

●

●

●

●

●
●
●

●

●●●

●
●

●
●

●
●

●●

●●

●

●
●

●

●

●

●
●

●
●

●
●

●

●

●
●
●

●

●

●

●

●

●

●

●

●●

●●

●
●●
●

●

●

●

●
●

●

●

●●

●

●
●

●●

●

●

●

●

●

●●

●

●
●

●●

●
●

●

●

●
●

●●●

●

●

●
●●

●

●

●

●
●

●●

0.0 0.2 0.4 0.6 0.8 1.0

0
2

4
6

8
10

True function

●

●
●

●
●
●

●

●
●
●

●
●
●

●

●

●
●

●●
●
●●
●

●

●
●●

●

●

●

●

●
●
●

●

●●●

●
●

●
●

●
●

●●

●●

●

●
●

●

●

●

●
●

●
●

●
●

●

●

●
●
●

●

●

●

●

●

●

●

●

●●

●●

●
●●
●

●

●

●

●
●

●

●

●●

●

●
●

●●

●

●

●

●

●

●●

●

●
●

●●

●
●

●

●

●
●

●●●

●

●

●
●●

●

●

●

●
●

●●

0.0 0.2 0.4 0.6 0.8 1.0

0
2

4
6

8
10

Trend filtering, df=19
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Smoothing spline, df=30

Figure 4: An example with n = 128 observations drawn from a model where the underlying function
has variable spatial smoothness, as shown in the top left panel. The cubic trend filtering estimate with
19 degrees of freedom, shown in the top right panel, picks up the appropriate level of smoothness at
di↵erent spatial locations: smooth at the left side of the domain, and wiggly at the right side. When
also allowed 19 degrees of freedom, the cubic smoothing spline estimate in the bottom left panel
grossly underestimates the signal on the right side of the domain. The bottom right panel shows the
smooth spline estimate with 30 degrees of freedom, tuned so that it displays the appropriate level of
adaptivity on the right side; but now, it is overly adaptive on the left side.
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Abstract

We study the theory of neural network (NN) from the lens of classical nonparametric regres-

sion problems with a focus on NN’s ability to adaptively estimate functions with heterogeneous
smoothness — a property of functions in Besov or Bounded Variation (BV) classes. Existing

work on this problem requires tuning the NN architecture based on the function spaces and

sample sizes. We consider a “Parallel NN” variant of deep ReLU networks and show that the

standard weight decay is equivalent to promoting the `p-sparsity (0 < p < 1) of the coe�cient

vector of an end-to-end learned function bases, i.e., a dictionary. Using this equivalence, we

further establish that by tuning only the weight decay, such Parallel NN achieves an estimation

error arbitrarily close to the minimax rates for both the Besov and BV classes. Notably, it gets

exponentially closer to minimax optimal as the NN gets deeper. Our research sheds new lights

on why depth matters and how NNs are more powerful than kernel methods.

1 Introduction

Why do deep neural networks (DNNs) work better? They are universal function approximators [Cy-
benko, 1989], but so are splines and kernels. They learn data-driven representations, but so are the
shallower and linear counterparts such as matrix factorization. There is surprisingly little theoretical
understanding on why DNNs are superior to these classical alternatives.

In this paper, we study DNNs in nonparametric regression problems — a classical branch of
statistical theory and methods with more than half a century of associated literature [Nadaraya,
1964, De Boor et al., 1978, Wahba, 1990, Donoho et al., 1998, Mallat, 1999, Scholkopf and Smola,
2001, Rasmussen and Williams, 2006]. Nonparametric regression addresses the following fundamental
problem:
• Let yi = f(xi) + Noise for i = 1, ..., n. How can we estimate a function f using data points

(x1, y1), ..., (xn, yn) in conjunction with the knowledge that f belongs to a function class F?
Function class F typically imposes only weak regularity assumptions such as smoothness, which
makes nonparametric regression widely applicable to real-life applications under weak assumptions.
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Goal: Estimate the function using noisy data

assume that
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Locally adaptive nonparametric
regression

• Some parts smooth, other parts wiggly.
• Wavelets [Donoho&Johnston,1998], adaptive kernel [Lepski,1999],
adaptive splines [Mammen&Van De Geer,2001], Trend filtering
[Steidl,2006; Kim et. al. 2009, Tibshirani, 2013; W.,Smola, Tibshirani,
2014], adaptive online local polynomials [Baby and W., 2018/19]

• a.k.a, multiscale, multi-resolution compression, used in
JPEG2000.

Trend filtering in continuous space

Intuitively, trend filtering solution ✓̂ should exhibit the structure of
kth degree piecewise polynomial (since it penalizes changes in kth
derivatives across inputs)
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This idea can be formalized using falling factorial functions
(W., Smola, Tibshirani. 2014)

16 / 50

298 R. J. TIBSHIRANI

FIG. 5. An example with n = 1000 noisy observations of the Doppler function, f (x) =
sin(4/x) + 1.5, drawn in the top left panel. The top right and bottom left panels show the cubic
trend filtering and smoothing spline estimates, each with 50 degrees of freedom; the former captures
approximately 4 cycles of the Doppler function, and the latter only 3. If we nearly double the model
complexity, namely, we use 90 degrees of freedom, then the smoothing spline estimate is finally able
to capture 4 cycles, but the estimate now becomes very jagged on the right-hand side of the plot.

their integrated products of their ((k+1)/2)nd order derivatives, as in (8). Depend-
ing on exactly which basis we choose, computation of (11) can be fast or slow;
by choosing the B-spline basis functions, which have local support, the matrix
NT N + λ" is banded, and so the smoothing spline fitted values can be computed
in O(n) operations [e.g., see de Boor (1978)]. In practice, these computations are
extremely fast.

By comparison, Kim et al. (2009) suggest a primal–dual interior point method,
as mentioned in Section 1.1, that computes the trend filtering estimate (at any fixed
value of the tuning parameter λ) by iteratively solving a sequence of banded linear

9



NTK are strictly suboptimal for locally
adaptive nonparametric regression
• Observations:

• TV-class:

• Minimax error rate: 
• Best achievable rate for linear smoothers (e.g., any
kernel ridge regression, including NTK)

OP(n
�(2k+1)/(2k+2))
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10(Tibshirani, 2014, Annals of Statistics) (Donoho, Liu, MacGibbon, 1990)



Are DNNs locally adaptive? Can they
achieve optimal rates for TV-classes /
Besov classes?
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E[y|x] = f(x)
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Free knots Splines with adaptive orders  Doppler-like functions

E[y|x] = f(x)
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Can Weight Decayed ReLU DNN estimate such functions with
heterogeneous smoothness optimally (using noisy observations)?

Figure 1: Illustration of a function with heterogeneous smoothness and the problem of locally
adaptive nonparametric regression.

Local adaptivity. A subset of nonparametric regression techniques were shown to have the property
of local adaptivity [Mammen and van de Geer, 1997] in both theory and practice. These include
wavelet smoothing [Donoho et al., 1998], locally adaptive regression splines [Mammen and van de
Geer, 1997], trend filtering [Tibshirani, 2014, Wang et al., 2014] and adaptive local polynomials
[Baby and Wang, 2019, 2020]. We say a nonparametric regression technique is locally adaptive if it
can cater to local di↵erences in smoothness, hence allowing more accurate estimation of functions
with varying smoothness and abrupt changes. For example, a locally adaptive method will be
able to estimate a function f whose m-th order derivative f

(m) has bounded total variation (i.e.,
when F is a m-th order bounded variation class) with an optimal mean square error (MSE) of
O(n�(2m+2)/(2m+3)), while linear estimators such as kernel smoothing and smoothing splines have
an MSE of O(n�(2m+1)/(2m+2)).

In light of such a distinction, it is natural to consider the following question.

Are NNs locally adaptive, i.e., optimal in learning functions with heterogeneous smoothness?

This is a timely question to ask, partly because the bulk of recent theory of NN leverages its
asymptotic Reproducing Kernel Hilbert Space (RKHS) in the overparameterized regime [Jacot et al.,
2018, Belkin et al., 2018, Arora et al., 2019]. RKHS-based approaches, e.g., kernel ridge regression
with any fixed kernels are known to be suboptimal in estimating functions with heterogeneous
smoothness [Donoho et al., 1990]. Therefore, existing deep learning theory based on RKHS does not
satisfactorily explain the advantages of neural networks over kernel methods.

We build upon the recent work of Suzuki [2018] and Parhi and Nowak [2021a] who provided
encouraging first answers to the question above about the local adaptivity of NNs. Specifically, Parhi
and Nowak [2021a, Theorem 8] showed that a two-layer truncated power function activated neural
network with more than n neurons and a non-standard regularization is equivalent to the locally
adaptive regression splines (LARS) [Mammen and van de Geer, 1997]. This connection implies that
such non-standard NNs achieve the minimax rate for the (higher order) bounded variation (BV)
classes. Suzuki [2018] showed that multilayer ReLU DNNs can achieve minimax rate for the Besov
class, but requires the width, depth and an artificially imposed sparsity-level of the DNN weights to
be carefully calibrated according to parameters of the Besov class, thus is quite di↵erent from how
DNNs are typically trained in practice.

In this paper, we aim at addressing the same locally adaptivity question for a more commonly
used neural network with standard weight decayed training.
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Are DNNs locally adaptive? Can they
achieve optimal rates for TV-classes /
Besov classes?
• Existing work:

• Suzuki (2019): Specific ReLU NN achieves minimax rate for Besov
classes. (albeit with width, depth, sparsity constraints tailored to each
problem)

• Liu, Chen, Zhao, Liao (2021): ConvResNets works too. No sparsity, but 
similarly requires the number of parameters to be small.

• Parhi and Nowak (2021): 2-layer NN is equivalent to Locally Adaptive
Regression Splines (LAR Splines)

Our results: Parallel Deep NN achieves near-optimal
local adaptive rates, simultaneously for many classes
• Tuning only weight decay / no architecture search.
• Depth is important. Implicit sparsity solves both

representation learning and overparameterization.

12
*Disclaimer: We ignore computation and focus on understanding the statistical
property of the ERM.



Outline

• Motivation
• Mysteries around deep neural networks
• Probe it from nonparametric regression angle

• Warm-up
• 2-layer NN with weight decay vs LAR Splines

• Main results
• L-layer parallel NN vs Sparse Linear Regression
• Error bound and discussion

• Proof sketch
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Background: DNN with “ReLU”
activations and Weight Decays
• ReLU (Rectified Linear Unit activation)

• “Weight decay” == L2 Regularization

• Gradient Descent:
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“Weight decay”



Background: Splines are
piecewise polynomials

• Where to choose knots?
• Smoothing splines: choose n of them, one on each input data
point and do L2 penalty on the coefficients

• LAR splines: select a sparse number of them using L1-
penalty.

• Free-knot splines: fix the number of knots, but optimize over
where to put them.

15

(Illustration from a Stats.Stackexchange contributor)

https://stats.stackexchange.com/questions/517375/splines-relationship-of-knots-degree-and-degrees-of-freedom


Observation: Two-layer NNs are
approximating Free-Knot Splines

• Neural networks

• Splines / truncated power-basis

• Only difference
• Trend filtering / smoothing splines fixed the knots at

input data points
• NN left them freely moving, i.e., free-knot splines (Jupp

1978; Kass et al. 2001)
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truncated power activation function. Let the neural network be

f(x) =
MX

j=1

vj�
m(wjx + bj) + c(x), (2)

where wj , vj denote the weight in the first and second layer respectively, bj denote the bias in the
first layer, c(x) is a polynomial of order up to m, �

m(x) := max(x, 0)m. Parhi and Nowak [2021a,
Theorem 8] showed that when M is large enough, The optimization problem

min
w,v

L̂(f) +
�

2

MX

j=1

(|vj |2 + |wj |2m) (3)

is equivalent to the locally adaptive regression spline:

min
f

L̂(f) + �TV (f (m)(x)), (4)

which optimizes over arbitrary functions that is m-times weakly di↵erentiable. The latter was
studied in Mammen and van de Geer [1997], which leads to the following MSE:

Theorem 1. Let M � n � m, and f̂ be the function (2) parameterized by the minimizer of (3),
then

MSE(f̂) = O(n�(2m+2)(2m+3)).

This indicates that the neural network (2) is minimax optimal for BV (m). In Appendix A, we
show a simpler proof in the univariate case due to Tibshirani [2022].

Let us explain a few the key observations behind this equivalence. (a) The truncated power
functions (together with an mth order polynomial) spans the space of an mth order spline. (b) The
neural network in (2) is equivalent to a free-knot spline with M knots (up to reparameterization).
(c) A solution to (4) is a spline with at most n � m knots [Parhi and Nowak, 2021a, Theorem 8]. (d)
Finally, by the AM-GM inequality

|vj |2 + |wj |2m � 2|vj ||wj |m = 2|cj |

where cj = vj |wj |m is the coe�cient of the corresponding jth truncated power basis. The mth order
total variation of a spline is equal to

P
j |cj |. It is not hard to check that the loss function depends

only on cj , thus the optimal solution will always take “=” in the AM-GM inequality.
One remarkable property of the NN in (2) is that it is a spline, rather than approximates one. It,

however, does not involve representation learning beyond selecting where the knots are for the spline.
Moreover, neither the activation function nor the regularization term is commonly used in practice.
In the next section, we provide a new result using parallel DNN with only ReLU and weight decay.

4 Main Results: Parallel ReLU DNNs

Consider a parallel neural network containing M multi layer perceptrons (MLP) with ReLU activation
functions called subnetworks. Each subnetwork has width w and depth L. The input is fed to all the
subnetworks, and the output of the parallel NN is the summation of the output of each subnetwork.

6

f(x) =
MX

j=1

cj�
m(x� tj) + c̃(x)
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Weight decay = Total Variation
Regularization
• Neural networks

• Weight decay

• AM-GM inequality
• Observed by (Neyshabur et al., 2014), (Parhi and Nowak,

2021), (Tibshirani, 2021) etc…
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This indicates that the neural network (2) is minimax optimal for BV (m). In Appendix A, we
show a simpler proof in the univariate case due to Tibshirani [2022].

Let us explain a few the key observations behind this equivalence. (a) The truncated power
functions (together with an mth order polynomial) spans the space of an mth order spline. (b) The
neural network in (2) is equivalent to a free-knot spline with M knots (up to reparameterization).
(c) A solution to (4) is a spline with at most n � m knots [Parhi and Nowak, 2021a, Theorem 8]. (d)
Finally, by the AM-GM inequality

|vj |2 + |wj |2m � 2|vj ||wj |m = 2|cj |

where cj = vj |wj |m is the coe�cient of the corresponding jth truncated power basis. The mth order
total variation of a spline is equal to

P
j |cj |. It is not hard to check that the loss function depends

only on cj , thus the optimal solution will always take “=” in the AM-GM inequality.
One remarkable property of the NN in (2) is that it is a spline, rather than approximates one. It,

however, does not involve representation learning beyond selecting where the knots are for the spline.
Moreover, neither the activation function nor the regularization term is commonly used in practice.
In the next section, we provide a new result using parallel DNN with only ReLU and weight decay.

4 Main Results: Parallel ReLU DNNs

Consider a parallel neural network containing M multi layer perceptrons (MLP) with ReLU activation
functions called subnetworks. Each subnetwork has width w and depth L. The input is fed to all the
subnetworks, and the output of the parallel NN is the summation of the output of each subnetwork.
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At the optimal solutions



Two-layer Weight-Decayed NN is
equivalent to LAR Splines (Parhi and Nowak,
2021)when mildly overparameterized
• When the number of knots M > n- m
• Banach space representer Thm (Theorem 8 of Parhi and

Nowak, 2021)

• By Mammen and Van De Geer (1997)
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m(x) := max(x, 0)m. Parhi and Nowak [2021a,
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j |cj |. It is not hard to check that the loss function depends

only on cj , thus the optimal solution will always take “=” in the AM-GM inequality.
One remarkable property of the NN in (2) is that it is a spline, rather than approximates one. It,

however, does not involve representation learning beyond selecting where the knots are for the spline.
Moreover, neither the activation function nor the regularization term is commonly used in practice.
In the next section, we provide a new result using parallel DNN with only ReLU and weight decay.

4 Main Results: Parallel ReLU DNNs

Consider a parallel neural network containing M multi layer perceptrons (MLP) with ReLU activation
functions called subnetworks. Each subnetwork has width w and depth L. The input is fed to all the
subnetworks, and the output of the parallel NN is the summation of the output of each subnetwork.
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first layer, c(x) is a polynomial of order up to m, �
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Theorem 8] showed that when M is large enough, The optimization problem
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MX
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(|vj |2 + |wj |2m) (3)

is equivalent to the locally adaptive regression spline:

min
f

L̂(f) + �TV (f (m)(x)), (4)

which optimizes over arbitrary functions that is m-times weakly di↵erentiable. The latter was
studied in Mammen and van de Geer [1997], which leads to the following MSE:

Theorem 1. Let M � n � m, and f̂ be the function (2) parameterized by the minimizer of (3),
then

MSE(f̂) = O(n�(2m+2)(2m+3)).

This indicates that the neural network (2) is minimax optimal for BV (m). In Appendix A, we
show a simpler proof in the univariate case due to Tibshirani [2022].

Let us explain a few the key observations behind this equivalence. (a) The truncated power
functions (together with an mth order polynomial) spans the space of an mth order spline. (b) The
neural network in (2) is equivalent to a free-knot spline with M knots (up to reparameterization).
(c) A solution to (4) is a spline with at most n � m knots [Parhi and Nowak, 2021a, Theorem 8]. (d)
Finally, by the AM-GM inequality

|vj |2 + |wj |2m � 2|vj ||wj |m = 2|cj |

where cj = vj |wj |m is the coe�cient of the corresponding jth truncated power basis. The mth order
total variation of a spline is equal to

P
j |cj |. It is not hard to check that the loss function depends

only on cj , thus the optimal solution will always take “=” in the AM-GM inequality.
One remarkable property of the NN in (2) is that it is a spline, rather than approximates one. It,

however, does not involve representation learning beyond selecting where the knots are for the spline.
Moreover, neither the activation function nor the regularization term is commonly used in practice.
In the next section, we provide a new result using parallel DNN with only ReLU and weight decay.

4 Main Results: Parallel ReLU DNNs

Consider a parallel neural network containing M multi layer perceptrons (MLP) with ReLU activation
functions called subnetworks. Each subnetwork has width w and depth L. The input is fed to all the
subnetworks, and the output of the parallel NN is the summation of the output of each subnetwork.

6

over all functions!



The equivalence is also valid empirically.
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Weight
decayed
ReLU NN

L1-trend
filtering

(Example for  2 layer ReLU NN + weight decay from Fig 6 of our paper)



Still slightly unsatisfactory,
because…

• Non-typical activation functions / regularization
• Choice tied to a particular function class

• (Almost) no representation learning
• Except learning where the knots are

• Not stable when made deeper
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Outline

• Motivation
• Mysteries around deep neural networks
• Probe it from nonparametric regression angle

• Warm-up
• 2-layer NN with weight decay vs LAR Splines

• Main results
• L-layer parallel NN vs Sparse Linear Regression
• Error bound and discussion

• Proof sketch
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L-Layer Parallel Neural Networks
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Figure 1: Parallel neural network and the equivalent sparse regression model we discovered.

The more general definition is given in Section C.2. Bounded variation class is tightly connected to109

Besov classes. Specifically [8]:110

B
m+1
1,1 ⇢ BV (m) ⇢ B

m+1
1,1 (1)

This allows the results derived for the Besov space to be easily applied to BV space.111

Minimax MSE It is well known that minimax rate for Besov and 1D BV classes are O(n� 2↵
2↵+d )112

and O(n�(2m+2)/(2m+3)) respectively . The minimax rate for linear estimators in 1D BV classes is113

known to be O(n�(2m+1)/(2m+2)) [22, 10].114

3 Main Results: Parallel ReLU DNNs115

Consider a parallel neural network containing M multi layer perceptrons (MLP) with ReLU acti-116

vation functions called subnetworks. Each subnetwork has width w and depth L. The input is fed117

to all the subnetworks, and the output of the parallel NN is the summation of the output of each118

subnetwork. The architecture of a parallel neural network is shown in Figure 1a. Let W(`)
j and b(`)j119

denote the weight and bias in the `-th layer in the j-th subnetwork respectively. Training this model120

with weight decay returns:121

argmin
{W(`)

j ,b(`)
j }

L̂(f) + �

MX

j=1

LX

`=1

��W(`)
j

��2
F
, (2)

where f(x) =
PM

j=1 fk(x) denotes the parallel neural network, fj(·) denotes the j-th subnetwork,122

and � > 0 is a fixed scaling factor.123

Theorem 1. For any fixed ↵ � d/p > 1, r > 0, L � 3, given an L-layer parallel neural network124

satisfying125

• The width of each subnetwork is fixed and large enough: w & d. See Theorem 8 for the126

detail.127

• The number of subnetworks is large enough: M & m
d
n

1�2/L
2↵/d+1�2/(pL) .128

With proper choice of the parameter of weight decay �, the solution f̂ parameterized by (2) satisfies129

130

MSE(f̂) = Õ
�
n
� 2↵/d(1�2/L)

2↵/d+1�2/(pL)
�
+ Const. (3)

where Õ shows the scale up to a logarithmic factor, and the trailing constant term decreases expo-131

nentially with L.132

4

(Ergen&Pilanci, 2021; Haeffele & Vidal, 2017). Also, SqueezeNet, ResNeXT etc.



Weight decayed L-Layer PNN is
equivalent to Sparse Linear Regression
with learned basis functions

23

x
W(1)

W(2)

. . .
W(L�1)

W(L)

W(2)
1 W(2)

M
. . .

W(L�1)
1 W(L�1)

M
. . .

W(L)
1 W(L)

M

y

minfj L(
P

j fj) + �
PL

`=1

PM
j=1 kW

(`)
j k2F .

(a) Parallel NN with Weight Decay

x
W̄(1)

W̄(2)

. . .
W̄(L�1)

W̄(L)

W̄(2)
1 W̄(2)

M
. . .

W̄(L�1)
1 W̄(L�1)

M
. . .

W̄(L)
1 W̄(L)

M
. . .

. . .a1 aM

y

min{aj ,f̄j} L(
P

j aj f̄j) s.t.
PM

j=1 |aj |2/L  P 0.

(b) Sparse Regression with Learned Representation

Figure 1: Parallel neural network and the equivalent sparse regression model we discovered.

The more general definition is given in Section C.2. Bounded variation class is tightly connected to109

Besov classes. Specifically [8]:110

B
m+1
1,1 ⇢ BV (m) ⇢ B

m+1
1,1 (1)

This allows the results derived for the Besov space to be easily applied to BV space.111

Minimax MSE It is well known that minimax rate for Besov and 1D BV classes are O(n� 2↵
2↵+d )112

and O(n�(2m+2)/(2m+3)) respectively . The minimax rate for linear estimators in 1D BV classes is113

known to be O(n�(2m+1)/(2m+2)) [22, 10].114

3 Main Results: Parallel ReLU DNNs115

Consider a parallel neural network containing M multi layer perceptrons (MLP) with ReLU acti-116

vation functions called subnetworks. Each subnetwork has width w and depth L. The input is fed117

to all the subnetworks, and the output of the parallel NN is the summation of the output of each118

subnetwork. The architecture of a parallel neural network is shown in Figure 1a. Let W(`)
j and b(`)j119

denote the weight and bias in the `-th layer in the j-th subnetwork respectively. Training this model120

with weight decay returns:121

argmin
{W(`)

j ,b(`)
j }

L̂(f) + �

MX

j=1

LX

`=1

��W(`)
j

��2
F
, (2)

where f(x) =
PM

j=1 fk(x) denotes the parallel neural network, fj(·) denotes the j-th subnetwork,122

and � > 0 is a fixed scaling factor.123

Theorem 1. For any fixed ↵ � d/p > 1, r > 0, L � 3, given an L-layer parallel neural network124

satisfying125

• The width of each subnetwork is fixed and large enough: w & d. See Theorem 8 for the126

detail.127

• The number of subnetworks is large enough: M & m
d
n

1�2/L
2↵/d+1�2/(pL) .128

With proper choice of the parameter of weight decay �, the solution f̂ parameterized by (2) satisfies129

130

MSE(f̂) = Õ
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• The width of each subnetwork is fixed and large enough: w & d. See Theorem 8 for the126

detail.127

• The number of subnetworks is large enough: M & m
d
n

1�2/L
2↵/d+1�2/(pL) .128

With proper choice of the parameter of weight decay �, the solution f̂ parameterized by (2) satisfies129

130

MSE(f̂) = Õ
�
n
� 2↵/d(1�2/L)

2↵/d+1�2/(pL)
�
+ Const. (3)

where Õ shows the scale up to a logarithmic factor, and the trailing constant term decreases expo-131

nentially with L.132
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MSE into an estimation error and approxmation error. Then we bound the two terms in Section 4.2182

and Section 4.3 respectively.183

4.1 Equivalence to `p sparse regression with a learned feature representation184

It is widely known that ReLU function is 1-homogeneous:185

�(ax) = a�(x), 8a � 0, x 2 R.
In any consecutive two layers in a neural network (or a subnetwork), one can multiply the weight186

and bias in one layer with a positive constant, and divide the weight in another layer with the same187

constant. The neural network after such transformation is equivalent to the original one:188

W(2)
�(W(1)x+ b(1) =

1

c
W(2)

�(cW(1)x+ cb(1)), 8c > 0,x. (4)

This property allows us to reformulate (2) to an `p sparsity constraint problem:189

Proposition 3. Fix the input dataset Dn and a constant c1 > 0. For every �, there exists P 0
> 0190

such that (2) is equivalent to the following problem:191

argmin
{W̄(`)

j ,b̄(`)
j ,aj}

L̂

⇣ MX

j=1

aj f̄j

⌘
=

1

n

X

i

(yi � f̄1:M (xi)
Ta)2

s.t. kW̄(1)
j kF  c1

p
d, 8j 2 [M ],

kW̄(`)
j kF  c1

p
w, 8j 2 [M ], 2  `  L, k{aj}k2/L2/L  P

0

(5)

where f̄j(·) is a subnetwork with parameters W̄(`)
j , b̄

(`)
j .192

This equivalent model is demonstated in Figure 1b. The proof can be found in Section D.1. The193

constraint kW̄(1)
j kF .

p
d, kW̄(`)

j kF . p
w, 8` > 1 is typical in deep learning for better numerical194

stability. The equivalent model in Proposition 3 is also a parallel neural network, but it appends one195

layer with parameters {ak} at the end of the neural network and the constraint on the Frobenius196

norm is converted to the 2/L norm on the factors {ak}. Since L � 2 in a typical application,197

2/L ⌧ 1 and this constraint can enforce a sparser model than that in Section B.198

There are two useful implications of Proposition 3. First, it gives an intuitive explanation on how199

a weight decayed Parallel NN works. Specifically, it can be viewed as a sparse linear regression200

with representation learning. Second, the conversion into the constrained form allows us to adapt201

generic statistical learning machinery (a self-bounding argument) from Suzuki [36, Proposition 4]202

for studying this constrained ERM problem.203

The adaptation is nontrivial because (1) our regression problem has a fixed design (so data points are204

not iid); (2) there is an unconstrained subspace with no bounded metric entropy. Specifically, our205

Proposition 14 shows that the MSE of the regression problem can be bounded by206

MSE(f̂) =O

✓
inf
f2F

MSE(f)
| {z }
approximation error

+
logN (Fk, �, k · k1) + d(F?)

n
+ �

| {z }
estimation error

◆

in which F decomposes into Fk⇥F?, where F? is an unconstrained subspace with finite dimension,207

and Fk is a compact set in the orthogonal complement with a �-covering number of N (Fk, �, k ·k1)208

in k·k1-norm. This decomposes MSE into an approximation errorand an estimation error. The novel209

analysis of these two represents the major technical contribution of this paper.210

4.2 Estimation Error Analysis211

The decomposition above reveals that to bound the estimation error, it suffices to compute the cov-212

ering number of the constraint set in the sup-norm of the function it represents.213

Previous results that bound the covering number of neural networks [46, 36] depends on the width214

of the neural networks explicitly, which cannot be applied when analysing a potentially infinitely215

wide neural network. In this section, we leverage the `p-norm bounded coefficients to avoid the216

dependence in M in the covering number bound.217
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• Function classes
• Bounded Variation class:
• Besov class d-dimensional
• Connections:

• Metric

• Problem setting:
• Fixed design, subgaussian noise

25

2 Preliminary

In this section, we introduce the notations and definitions needed for understanding the rest of the
paper.

2.1 Notation and problem setup.

We denote regular font letters as scalars, bold lower case letters as vectors and bold upper case
letters as matrices. a . b means a  C1b + C2 for some constant C1, C2 that does not depend on a

or b, and a h b denotes a . b and b . a. See Table 1 for the full list of symbols used.
Let f0 be the target function to be estimated. The training dataset {(xi, yi), i 2 [n]} := Dn

satisfies that
yi = f0(xi) + ✏i, for i = 1, 2..., n,

where xi are fixed and ✏i are zero-mean, independent Gaussian noises with variance �
2. In the

following discussion, we assume xi 2 [0, 1]d, f0(xi) 2 [�1, 1], 8i.
We will be comparing estimators under the mean square error (MSE), defined as

MSE(f̂) := EDn

1

n

nX

i=1

(f̂(xi) � f0(xi))
2
.

The optimal worst-case MSE is described by R(F) := minf̂ maxf02F MSE(f̂), we say that f̂ is

optimal if MSE(f̂) h R(F).
The empirical (square error) loss is defined as L̂(f̂) := 1

n

Pn
i=1(f̂(xi) � yi)2. The corresponding

population loss is L(f̂) := E[ 1n
Pn

i=1(f̂(xi) � y
0
i)

2|f̂ ] where y
0
i are new data points. It is clear that

E[L(f̂)] = MSE[f̂ ] + �
2.

2.2 Besov Spaces and Bound Variation Space

Besov space, denoted as B
↵
p,q, is a flexible function class parameterized by ↵, p, q whose definition is

deferred to Section B.1. Here ↵ � 0 determines the smoothness of functions, 1  p  1 determines
the averaging (quasi-)norm over locations, 1  q  1 determines the averaging (quasi-)norm
over scale which plays a relatively minor role. Smaller p is more forgiving to inhomogeneity and
loosely speaking, when the function domain is bounded, smaller p induces a larger function space.
On the other hand, it is easy to see from definition that B

↵
p,q ⇢ B

↵
p,q0 , if q < q

0
. Without loss of

generalizability, in the following discussion we will only focus on B
↵
p,1.

The Besov space is closely connected to other function spaces including the Hölder space (C↵)
and the Sobolev space (W↵

p ). Specifically, if the domain of the functions is d-dimensional [Suzuki,
2018, Sadhanala et al., 2021],

• 8↵ 2 N, B
↵
p,1 ⇢ W

↵
p ⇢ B

↵
p,1, and B

↵
2,2 = W

↵
2 .

• For 0 < ↵ < 1 and ↵ 2 N , C↵ = B
↵
1,1.

• If ↵ > d/p, B
↵
p,q ⇢ C0.

When p = 1, the Besov space allows higher inhomogeneity, and it is more general than the Sobolev
or Hölder space.

4

Table 1: Symbols used in this paper
symbol Meaning
a/a/A scalars / vectors / matrices.
B

↵
p,q Besov space.

| · |B↵
p,q

Besov quasi-norm .
k · kB↵

p,q
Besov norm.

d Dimension of input.
Mm(·) m

th order Cardinal B-spline bases.
Mm,k,s(·) m

th order Cardinal B-spline basis function of resolution k at position s.
M # subnetworks in a parallel NN.
L # layers in a (parallel) NN.
n # samples.
w Width of a subnetwork.

W
(`)
j , b(`)j Weight and bias in the `-th layer in the j-th subnetwork.

R, Z, N Set of real numbers, integers, and nonnegative integers.
[a, b] {x 2 R : a  x  b}
[n] {x 2 N : 1  x  n}.

k · kF Frobenius norm.
k · kp `p-norm.
�(·) max(·, 0), ReLU activation function.

Bounded variation (BV) space is a more interpretable class of functions with spatially
heterogeneous smoothness [Donoho et al., 1998]. It is defined through the total variation (TV) of
a function. For (m + 1)th di↵erentiable function f : [0, 1] ! R, the mth order total variation is
defined as

TV
(m)(f) := TV (f (m+1)) =

Z

[0,1]
|f (m+1)(x)|dx,

and the corresponding mth order Bounded Variation class

BV (m) := {f : TV (f (m)) < 1}.

The more general definition is given in Appendix B.2.
Bounded variation class is tightly connected to Besov classes. Specifically [DeVore and Lorentz,

1993]:
B

m+1
1,1 ⇢ BV (m) ⇢ B

m+1
1,1 (1)

This allows the results derived for the Besov space to be easily applied to BV space.
Minimax MSE It is well known that minimax rate for Besov and 1D BV classes are O(n� 2↵

2↵+d )
and O(n�(2m+2)/(2m+3)) respectively [Mammen and van de Geer, 1997, Donoho et al., 1998].

3 Warm-up: Two-layer Neural Network

We start by recapping the result of Parhi and Nowak [2021a] and formalizing its implication in
estimating BV functions. Parhi and Nowak [2021a] considered a two layer neural network with
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Main theorem: Parallel ReLU DNN approaches
the minimax rates as it gets deeper.

• Theorem 2: Besov space

• Corollary 3 for BV(m) class:
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Figure 2: Parallel neural network and the equivalent sparse regression model we discovered.

The architecture of a parallel neural network is shown in Figure 2(a). Let W
(`)
j and b(`)j denote

the weight and bias in the `-th layer in the j-th subnetwork respectively. Training this model with
weight decay returns:

arg min
{W(`)

j ,b(`)
j }

L̂(f) + �

MX

j=1

LX

`=1

��W(`)
j

��2
F
, (5)

where f(x) =
PM

j=1 fk(x) denotes the parallel neural network, fj(·) denotes the subnetwork with

parameters {W(`)
j , b(`)j }, and � > 0 is a fixed scaling factor.

Theorem 2. Let ↵ � d/p > 1, r > 0, given a parallel neural network satisfying

• The depth of this neural network L � 3.

• The width of each subnetwork is fixed and large enough: w � wm,d h dm where wm,d is a
constant that depends only on m and d, m = d↵e. See Theorem 9 for the detail.

• The number of subnetworks is large enough: M & n
1�2/L

2↵/d+1�2/(pL) .

With proper choice of the parameter of weight decay �, the solution f̂ parameterized by (5) satisfies

MSE(f̂) = Õ
�
n
� 2↵/d(1�2/L)

2↵/d+1�2/(pL)
�

+ O(e�c6L) (6)

where Õ shows the scale up to a logarithmic factor, c6 > 0 is a numerical constant from Theorem 9.

We explain the proof idea in the next section but defer the full proof to Appendix E. Before
that, we comment on a few interesting aspects of the result.
Near optimal rates and the e↵ect of depth. The first term in the MSE bound is the estimation
error and the second term is (part of) the approximation error of this NN. Recall that the minimax

rate of a Besov class is O(n� 2↵
2↵+d ) thus as the depth parameter L increases it can get arbitrarily

7

close to the minimax rate. The e
�c6L would be a negligible O(1/n) factor if we choose L > c

�1
6 log n.

This result says that with only weight decay, deeper parallel neural networks achieves lower error
and gets closer to the statistical limit.
Overparameterization and sparsity. We also note that the result does not depend on M as
long as M > M̄ where M̄ increases sublinearly with n. This means that the neural network can
be arbitrarily overparameterized while not overfitting. The underlying reason is sparsity. As it
will become clearer in the proof sketch, weight decayed training of a parallel L-layer ReLU NNs is
equivalent to a sparse regression problem with an `p penalty assigned to the coe�cient vector of a
learned dictionary. Here p = 2/L which promotes even sparser solutions than an `1 penalty.
Bounded Variation classes. Thanks to the Besov space embedding of the BV class (1), our
theorem also implies the result for the BV class in 1D.

Corollary 3. If the target function is in bounded variation class f0 2 BV (m), For a neural network
satisfying the requirements in Theorem 2 with d = 1 and with proper choice of the parameter of
weight decay �, the NN f̂ parameterized by (8) satisfies

MSE(f̂) = Õ(n� (2m+2)(1�2/L)
2m+3�2/L ) + O(e�c6L),

where Õ shows the scale up to a logarithmic factor, c6 is the same constant.

It is known that any linear estimators such as kernel smoothing and smoothing splines cannot
have an error lower than O(n�(2m+1)/(2m+2)) for BV (m) [Donoho et al., 1998]. This partly explains
the advantage of DNNs over kernels.
Representation learning and adaptivity. The results also shed a light on the role of representa-
tion learning in DNN’s ability to adapt. Specifically, di↵erent from the two-layer NN we explained in
Section 3, which achieves the minimax rate of BV (m) by choosing appropriate activation functions
using each m, each subnetwork of a parallel NN can learn to approximate the spline basis of an
arbitrary order, which means that if we choose L to be su�ciently large, such Parallel NN with
optimally tuned � is simultaneously near optimal for m = 1, 2, 3, . . . . In fact, even if di↵erent regions
of the space has di↵erent orders of smoothness like in the example we gave in Figure 1, the NN will
still be able to learn appropriate basis functions in each local region. To the best of our knowledge,
this is a property that none of the classical nonparametric regression methods possess.
Synthesis vs Analysis methods. Our result could also inspire new ideas in estimator design.
There are two families of methods in non-parametric estimation. One called synthesis framework
which focuses on constructing appropriate basis functions to encode the contemplated structures
and regress the data to such basis, e.g., wavelets [Donoho et al., 1998]. The other is called analysis
framework which uses analysis regularization on the data directly (see, e.g., RKHS methods [Scholkopf
and Smola, 2001] or trend filtering [Tibshirani, 2014]). It appears to us that parallel NN is doing
both simultaneously. It has a parametric family capable to synthesizing an O(n) subset of an
exponentially large family of basis, then implicitly use sparsity-inducing analysis regularization to
select the relevant basis functions. In this way the estimator does not actually have to explicitly
represent that exponentially large set of basis functions, thus computationally more e�cient.

5 Proof Overview

We start by first proving that a parallel neural network trained with weight decay is equivalent to an
`p-sparse regression problem with representation learning (Section 5.1); which helps decompose its

8

Arbitrarily close to the minimax rates when we choose L = C log n.
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<latexit sha1_base64="UnLAYaJK/eMjVXR0xoHhOk2kG8Y=">AAACAXicbZDLSgMxFIbPeK31VnUjuAkWQSiWmUHQZdGNywr2Am0tmTTThiaZIckIZRg3voobF4q49S3c+Taml4W2/hD4+M85nJw/iDnTxnW/naXlldW19dxGfnNre2e3sLdf11GiCK2RiEeqGWBNOZO0ZpjhtBkrikXAaSMYXo/rjQeqNIvknRnFtCNwX7KQEWys1S0cyvv0rB0qTFJfoJKXpcgXJT/LuoWiW3YnQovgzaAIM1W7ha92LyKJoNIQjrVueW5sOilWhhFOs3w70TTGZIj7tGVRYkF1J51ckKET6/RQGCn7pEET9/dEioXWIxHYToHNQM/XxuZ/tVZiwstOymScGCrJdFGYcGQiNI4D9ZiixPCRBUwUs39FZIBtHMaGlrchePMnL0LdL3uWb8+LlatZHDk4gmM4BQ8uoAI3UIUaEHiEZ3iFN+fJeXHenY9p65IzmzmAP3I+fwCVCZWr</latexit><latexit sha1_base64="UnLAYaJK/eMjVXR0xoHhOk2kG8Y=">AAACAXicbZDLSgMxFIbPeK31VnUjuAkWQSiWmUHQZdGNywr2Am0tmTTThiaZIckIZRg3voobF4q49S3c+Taml4W2/hD4+M85nJw/iDnTxnW/naXlldW19dxGfnNre2e3sLdf11GiCK2RiEeqGWBNOZO0ZpjhtBkrikXAaSMYXo/rjQeqNIvknRnFtCNwX7KQEWys1S0cyvv0rB0qTFJfoJKXpcgXJT/LuoWiW3YnQovgzaAIM1W7ha92LyKJoNIQjrVueW5sOilWhhFOs3w70TTGZIj7tGVRYkF1J51ckKET6/RQGCn7pEET9/dEioXWIxHYToHNQM/XxuZ/tVZiwstOymScGCrJdFGYcGQiNI4D9ZiixPCRBUwUs39FZIBtHMaGlrchePMnL0LdL3uWb8+LlatZHDk4gmM4BQ8uoAI3UIUaEHiEZ3iFN+fJeXHenY9p65IzmzmAP3I+fwCVCZWr</latexit><latexit sha1_base64="UnLAYaJK/eMjVXR0xoHhOk2kG8Y=">AAACAXicbZDLSgMxFIbPeK31VnUjuAkWQSiWmUHQZdGNywr2Am0tmTTThiaZIckIZRg3voobF4q49S3c+Taml4W2/hD4+M85nJw/iDnTxnW/naXlldW19dxGfnNre2e3sLdf11GiCK2RiEeqGWBNOZO0ZpjhtBkrikXAaSMYXo/rjQeqNIvknRnFtCNwX7KQEWys1S0cyvv0rB0qTFJfoJKXpcgXJT/LuoWiW3YnQovgzaAIM1W7ha92LyKJoNIQjrVueW5sOilWhhFOs3w70TTGZIj7tGVRYkF1J51ckKET6/RQGCn7pEET9/dEioXWIxHYToHNQM/XxuZ/tVZiwstOymScGCrJdFGYcGQiNI4D9ZiixPCRBUwUs39FZIBtHMaGlrchePMnL0LdL3uWb8+LlatZHDk4gmM4BQ8uoAI3UIUaEHiEZ3iFN+fJeXHenY9p65IzmzmAP3I+fwCVCZWr</latexit><latexit sha1_base64="UnLAYaJK/eMjVXR0xoHhOk2kG8Y=">AAACAXicbZDLSgMxFIbPeK31VnUjuAkWQSiWmUHQZdGNywr2Am0tmTTThiaZIckIZRg3voobF4q49S3c+Taml4W2/hD4+M85nJw/iDnTxnW/naXlldW19dxGfnNre2e3sLdf11GiCK2RiEeqGWBNOZO0ZpjhtBkrikXAaSMYXo/rjQeqNIvknRnFtCNwX7KQEWys1S0cyvv0rB0qTFJfoJKXpcgXJT/LuoWiW3YnQovgzaAIM1W7ha92LyKJoNIQjrVueW5sOilWhhFOs3w70TTGZIj7tGVRYkF1J51ckKET6/RQGCn7pEET9/dEioXWIxHYToHNQM/XxuZ/tVZiwstOymScGCrJdFGYcGQiNI4D9ZiixPCRBUwUs39FZIBtHMaGlrchePMnL0LdL3uWb8+LlatZHDk4gmM4BQ8uoAI3UIUaEHiEZ3iFN+fJeXHenY9p65IzmzmAP3I+fwCVCZWr</latexit>

n� 2↵
2↵+d

<latexit sha1_base64="bFlC/Z78bAQrxlLihzb+BA8q5YM=">AAACCXicbZDLSsNAFIZPvNZ6i7p0M1gEQSxJEXRZdOOygr1AG8tkMmmHTiZhZiKUkK0bX8WNC0Xc+gbufBunbRba+sPAx3/O4cz5/YQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWHR8rypmgTc00p51EUhz5nLb90fWk3n6gUrFY3OlxQr0IDwQLGcHaWH0bifvsrBdKTLJaD/NkiPMMFYROgzzv2xWn6kyFFsEtoAKFGn37qxfEJI2o0IRjpbquk2gvw1Izwmle7qWKJpiM8IB2DQocUeVl00tydGycAIWxNE9oNHV/T2Q4Umoc+aYzwnqo5msT879aN9XhpZcxkaSaCjJbFKYc6RhNYkEBk5RoPjaAiWTmr4gMsYlFm/DKJgR3/uRFaNWqruHb80r9qoijBIdwBCfgwgXU4QYa0AQCj/AMr/BmPVkv1rv1MWtdsoqZA/gj6/MHx2OZuw==</latexit><latexit sha1_base64="bFlC/Z78bAQrxlLihzb+BA8q5YM=">AAACCXicbZDLSsNAFIZPvNZ6i7p0M1gEQSxJEXRZdOOygr1AG8tkMmmHTiZhZiKUkK0bX8WNC0Xc+gbufBunbRba+sPAx3/O4cz5/YQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWHR8rypmgTc00p51EUhz5nLb90fWk3n6gUrFY3OlxQr0IDwQLGcHaWH0bifvsrBdKTLJaD/NkiPMMFYROgzzv2xWn6kyFFsEtoAKFGn37qxfEJI2o0IRjpbquk2gvw1Izwmle7qWKJpiM8IB2DQocUeVl00tydGycAIWxNE9oNHV/T2Q4Umoc+aYzwnqo5msT879aN9XhpZcxkaSaCjJbFKYc6RhNYkEBk5RoPjaAiWTmr4gMsYlFm/DKJgR3/uRFaNWqruHb80r9qoijBIdwBCfgwgXU4QYa0AQCj/AMr/BmPVkv1rv1MWtdsoqZA/gj6/MHx2OZuw==</latexit><latexit sha1_base64="bFlC/Z78bAQrxlLihzb+BA8q5YM=">AAACCXicbZDLSsNAFIZPvNZ6i7p0M1gEQSxJEXRZdOOygr1AG8tkMmmHTiZhZiKUkK0bX8WNC0Xc+gbufBunbRba+sPAx3/O4cz5/YQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWHR8rypmgTc00p51EUhz5nLb90fWk3n6gUrFY3OlxQr0IDwQLGcHaWH0bifvsrBdKTLJaD/NkiPMMFYROgzzv2xWn6kyFFsEtoAKFGn37qxfEJI2o0IRjpbquk2gvw1Izwmle7qWKJpiM8IB2DQocUeVl00tydGycAIWxNE9oNHV/T2Q4Umoc+aYzwnqo5msT879aN9XhpZcxkaSaCjJbFKYc6RhNYkEBk5RoPjaAiWTmr4gMsYlFm/DKJgR3/uRFaNWqruHb80r9qoijBIdwBCfgwgXU4QYa0AQCj/AMr/BmPVkv1rv1MWtdsoqZA/gj6/MHx2OZuw==</latexit><latexit sha1_base64="bFlC/Z78bAQrxlLihzb+BA8q5YM=">AAACCXicbZDLSsNAFIZPvNZ6i7p0M1gEQSxJEXRZdOOygr1AG8tkMmmHTiZhZiKUkK0bX8WNC0Xc+gbufBunbRba+sPAx3/O4cz5/YQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWHR8rypmgTc00p51EUhz5nLb90fWk3n6gUrFY3OlxQr0IDwQLGcHaWH0bifvsrBdKTLJaD/NkiPMMFYROgzzv2xWn6kyFFsEtoAKFGn37qxfEJI2o0IRjpbquk2gvw1Izwmle7qWKJpiM8IB2DQocUeVl00tydGycAIWxNE9oNHV/T2Q4Umoc+aYzwnqo5msT879aN9XhpZcxkaSaCjJbFKYc6RhNYkEBk5RoPjaAiWTmr4gMsYlFm/DKJgR3/uRFaNWqruHb80r9qoijBIdwBCfgwgXU4QYa0AQCj/AMr/BmPVkv1rv1MWtdsoqZA/gj6/MHx2OZuw==</latexit>

n� 2↵�1
2↵+d�1

<latexit sha1_base64="jJkXuCYCxNWmdyhaOMy6rvDHMJ4=">AAACDXicbZDLSgMxFIbPeK31NurSTbAKgrTMFEGXRTcuK9gLdMaSSTNtaCYzJBmhDH0BN76KGxeKuHXvzrcxbWehrT8EvvznHJLzBwlnSjvOt7W0vLK6tl7YKG5ube/s2nv7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw+tJvfVApWKxuNOjhPoR7gsWMoK1sbr2sbjPyl4oMcmqHubJAJfdcYZyRmc9cx137ZJTcaZCi+DmUIJc9a795fVikkZUaMKxUh3XSbSfYakZ4XRc9FJFE0yGuE87BgWOqPKz6TZjdGKcHgpjaY7QaOr+nshwpNQoCkxnhPVAzdcm5n+1TqrDSz9jIkk1FWT2UJhypGM0iQb1mKRE85EBTCQzf0VkgE002gRYNCG48ysvQrNacQ3fnpdqV3kcBTiEIzgFFy6gBjdQhwYQeIRneIU368l6sd6tj1nrkpXPHMAfWZ8/o3eanw==</latexit><latexit sha1_base64="jJkXuCYCxNWmdyhaOMy6rvDHMJ4=">AAACDXicbZDLSgMxFIbPeK31NurSTbAKgrTMFEGXRTcuK9gLdMaSSTNtaCYzJBmhDH0BN76KGxeKuHXvzrcxbWehrT8EvvznHJLzBwlnSjvOt7W0vLK6tl7YKG5ube/s2nv7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw+tJvfVApWKxuNOjhPoR7gsWMoK1sbr2sbjPyl4oMcmqHubJAJfdcYZyRmc9cx137ZJTcaZCi+DmUIJc9a795fVikkZUaMKxUh3XSbSfYakZ4XRc9FJFE0yGuE87BgWOqPKz6TZjdGKcHgpjaY7QaOr+nshwpNQoCkxnhPVAzdcm5n+1TqrDSz9jIkk1FWT2UJhypGM0iQb1mKRE85EBTCQzf0VkgE002gRYNCG48ysvQrNacQ3fnpdqV3kcBTiEIzgFFy6gBjdQhwYQeIRneIU368l6sd6tj1nrkpXPHMAfWZ8/o3eanw==</latexit><latexit sha1_base64="jJkXuCYCxNWmdyhaOMy6rvDHMJ4=">AAACDXicbZDLSgMxFIbPeK31NurSTbAKgrTMFEGXRTcuK9gLdMaSSTNtaCYzJBmhDH0BN76KGxeKuHXvzrcxbWehrT8EvvznHJLzBwlnSjvOt7W0vLK6tl7YKG5ube/s2nv7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw+tJvfVApWKxuNOjhPoR7gsWMoK1sbr2sbjPyl4oMcmqHubJAJfdcYZyRmc9cx137ZJTcaZCi+DmUIJc9a795fVikkZUaMKxUh3XSbSfYakZ4XRc9FJFE0yGuE87BgWOqPKz6TZjdGKcHgpjaY7QaOr+nshwpNQoCkxnhPVAzdcm5n+1TqrDSz9jIkk1FWT2UJhypGM0iQb1mKRE85EBTCQzf0VkgE002gRYNCG48ysvQrNacQ3fnpdqV3kcBTiEIzgFFy6gBjdQhwYQeIRneIU368l6sd6tj1nrkpXPHMAfWZ8/o3eanw==</latexit><latexit sha1_base64="jJkXuCYCxNWmdyhaOMy6rvDHMJ4=">AAACDXicbZDLSgMxFIbPeK31NurSTbAKgrTMFEGXRTcuK9gLdMaSSTNtaCYzJBmhDH0BN76KGxeKuHXvzrcxbWehrT8EvvznHJLzBwlnSjvOt7W0vLK6tl7YKG5ube/s2nv7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw+tJvfVApWKxuNOjhPoR7gsWMoK1sbr2sbjPyl4oMcmqHubJAJfdcYZyRmc9cx137ZJTcaZCi+DmUIJc9a795fVikkZUaMKxUh3XSbSfYakZ4XRc9FJFE0yGuE87BgWOqPKz6TZjdGKcHgpjaY7QaOr+nshwpNQoCkxnhPVAzdcm5n+1TqrDSz9jIkk1FWT2UJhypGM0iQb1mKRE85EBTCQzf0VkgE002gRYNCG48ysvQrNacQ3fnpdqV3kcBTiEIzgFFy6gBjdQhwYQeIRneIU368l6sd6tj1nrkpXPHMAfWZ8/o3eanw==</latexit>



Many interesting insights we can
read off from the theorem
1. Formal separation from kernels (NTK or other

kernel ridge regressions)
• Our upper bound + Donoho, Liu, MacGibbon (1990)’s linear

smoother lower bound.

2. Deep NNs achieve smaller error than shallow NNs

3. Overparameterization does not cause overfitting
• Number of params p >> n in this problem
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Comparing to classical nonparametric
regression methods

• DNNs adapt to different function classes
• By overparameterizing / learning representation and

tuning regularization weight via cross-validation
(implicitly selecting a few basis functions!)
• Paying almost no statistical price!
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LAR Splines /
Trend filtering

Wavelet
smoothing

Parallel DNN

Basis
functions

Hard-coded for
each order of
smoothness

Hard-coded to
the chosen
wavelets

Parametric and
learned from
data.

Coefficient
vector

L1-sparsity L1 or L0-
sparsity

Lp sparsity
(p=2/L)

f̂(x) =
MX

i=1

gi(x)ci
<latexit sha1_base64="2Tszp/WVfTfhASGiNT1MZhq8YQ8=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxK3ZREBN0Uim7cCBXsBZoYJtNJO3QmCTMTsYS8gRtfxY0LRdy6defbOGmz0NYfBj7+cw5nzu/HjEplWd/GwuLS8spqaa28vrG5tW3u7LZllAhMWjhikej6SBJGQ9JSVDHSjQVB3Gek448u83rnnghJo/BWjWPicjQIaUAxUtryzCNniFQaZNWHY1iHjky4l9K6nd1dQzjwaG5D7FHPrFg1ayI4D3YBFVCo6ZlfTj/CCSehwgxJ2bOtWLkpEopiRrKyk0gSIzxCA9LTGCJOpJtO7sngoXb6MIiEfqGCE/f3RIq4lGPu606O1FDO1nLzv1ovUcG5m9IwThQJ8XRRkDCoIpiHA/tUEKzYWAPCguq/QjxEAmGlIyzrEOzZk+ehfVKzNd+cVhoXRRwlsA8OQBXY4Aw0wBVoghbA4BE8g1fwZjwZL8a78TFtXTCKmT3wR8bnD8iKmpE=</latexit><latexit sha1_base64="2Tszp/WVfTfhASGiNT1MZhq8YQ8=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxK3ZREBN0Uim7cCBXsBZoYJtNJO3QmCTMTsYS8gRtfxY0LRdy6defbOGmz0NYfBj7+cw5nzu/HjEplWd/GwuLS8spqaa28vrG5tW3u7LZllAhMWjhikej6SBJGQ9JSVDHSjQVB3Gek448u83rnnghJo/BWjWPicjQIaUAxUtryzCNniFQaZNWHY1iHjky4l9K6nd1dQzjwaG5D7FHPrFg1ayI4D3YBFVCo6ZlfTj/CCSehwgxJ2bOtWLkpEopiRrKyk0gSIzxCA9LTGCJOpJtO7sngoXb6MIiEfqGCE/f3RIq4lGPu606O1FDO1nLzv1ovUcG5m9IwThQJ8XRRkDCoIpiHA/tUEKzYWAPCguq/QjxEAmGlIyzrEOzZk+ehfVKzNd+cVhoXRRwlsA8OQBXY4Aw0wBVoghbA4BE8g1fwZjwZL8a78TFtXTCKmT3wR8bnD8iKmpE=</latexit><latexit sha1_base64="2Tszp/WVfTfhASGiNT1MZhq8YQ8=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxK3ZREBN0Uim7cCBXsBZoYJtNJO3QmCTMTsYS8gRtfxY0LRdy6defbOGmz0NYfBj7+cw5nzu/HjEplWd/GwuLS8spqaa28vrG5tW3u7LZllAhMWjhikej6SBJGQ9JSVDHSjQVB3Gek448u83rnnghJo/BWjWPicjQIaUAxUtryzCNniFQaZNWHY1iHjky4l9K6nd1dQzjwaG5D7FHPrFg1ayI4D3YBFVCo6ZlfTj/CCSehwgxJ2bOtWLkpEopiRrKyk0gSIzxCA9LTGCJOpJtO7sngoXb6MIiEfqGCE/f3RIq4lGPu606O1FDO1nLzv1ovUcG5m9IwThQJ8XRRkDCoIpiHA/tUEKzYWAPCguq/QjxEAmGlIyzrEOzZk+ehfVKzNd+cVhoXRRwlsA8OQBXY4Aw0wBVoghbA4BE8g1fwZjwZL8a78TFtXTCKmT3wR8bnD8iKmpE=</latexit><latexit sha1_base64="2Tszp/WVfTfhASGiNT1MZhq8YQ8=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxK3ZREBN0Uim7cCBXsBZoYJtNJO3QmCTMTsYS8gRtfxY0LRdy6defbOGmz0NYfBj7+cw5nzu/HjEplWd/GwuLS8spqaa28vrG5tW3u7LZllAhMWjhikej6SBJGQ9JSVDHSjQVB3Gek448u83rnnghJo/BWjWPicjQIaUAxUtryzCNniFQaZNWHY1iHjky4l9K6nd1dQzjwaG5D7FHPrFg1ayI4D3YBFVCo6ZlfTj/CCSehwgxJ2bOtWLkpEopiRrKyk0gSIzxCA9LTGCJOpJtO7sngoXb6MIiEfqGCE/f3RIq4lGPu606O1FDO1nLzv1ovUcG5m9IwThQJ8XRRkDCoIpiHA/tUEKzYWAPCguq/QjxEAmGlIyzrEOzZk+ehfVKzNd+cVhoXRRwlsA8OQBXY4Aw0wBVoghbA4BE8g1fwZjwZL8a78TFtXTCKmT3wR8bnD8iKmpE=</latexit>

[g1, ..., gM ]
<latexit sha1_base64="zNr9nLkvcqyPCwAOGtBnAbwdk/A=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiuCghEUGXRTduhAr2AmkIk+kkHTqZxJlJoZQ+hxsXirj1Ydz5Nk7bLLT1h4GP/5zDOfOHGWdKO863VVpb39jcKm9Xdnb39g+qh0dtleaS0BZJeSq7IVaUM0FbmmlOu5mkOAk57YTD21m9M6JSsVQ86nFG/QTHgkWMYG0s34sDt27bdj0O7v2gWnNsZy60Cm4BNSjUDKpfvX5K8oQKTThWynOdTPsTLDUjnE4rvVzRDJMhjqlnUOCEKn8yP3qKzozTR1EqzRMazd3fExOcKDVOQtOZYD1Qy7WZ+V/Ny3V07U+YyHJNBVksinKOdIpmCaA+k5RoPjaAiWTmVkQGWGKiTU4VE4K7/OVVaF/YruGHy1rjpoijDCdwCufgwhU04A6a0AICT/AMr/BmjawX6936WLSWrGLmGP7I+vwBhjSQ oA==</latexit><latexit sha1_base64="zNr9nLkvcqyPCwAOGtBnAbwdk/A=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiuCghEUGXRTduhAr2AmkIk+kkHTqZxJlJoZQ+hxsXirj1Ydz5Nk7bLLT1h4GP/5zDOfOHGWdKO863VVpb39jcKm9Xdnb39g+qh0dtleaS0BZJeSq7IVaUM0FbmmlOu5mkOAk57YTD21m9M6JSsVQ86nFG/QTHgkWMYG0s34sDt27bdj0O7v2gWnNsZy60Cm4BNSjUDKpfvX5K8oQKTThWynOdTPsTLDUjnE4rvVzRDJMhjqlnUOCEKn8yP3qKzozTR1EqzRMazd3fExOcKDVOQtOZYD1Qy7WZ+V/Ny3V07U+YyHJNBVksinKOdIpmCaA+k5RoPjaAiWTmVkQGWGKiTU4VE4K7/OVVaF/YruGHy1rjpoijDCdwCufgwhU04A6a0AICT/AMr/BmjawX6936WLSWrGLmGP7I+vwBhjSQ oA==</latexit><latexit sha1_base64="zNr9nLkvcqyPCwAOGtBnAbwdk/A=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiuCghEUGXRTduhAr2AmkIk+kkHTqZxJlJoZQ+hxsXirj1Ydz5Nk7bLLT1h4GP/5zDOfOHGWdKO863VVpb39jcKm9Xdnb39g+qh0dtleaS0BZJeSq7IVaUM0FbmmlOu5mkOAk57YTD21m9M6JSsVQ86nFG/QTHgkWMYG0s34sDt27bdj0O7v2gWnNsZy60Cm4BNSjUDKpfvX5K8oQKTThWynOdTPsTLDUjnE4rvVzRDJMhjqlnUOCEKn8yP3qKzozTR1EqzRMazd3fExOcKDVOQtOZYD1Qy7WZ+V/Ny3V07U+YyHJNBVksinKOdIpmCaA+k5RoPjaAiWTmVkQGWGKiTU4VE4K7/OVVaF/YruGHy1rjpoijDCdwCufgwhU04A6a0AICT/AMr/BmjawX6936WLSWrGLmGP7I+vwBhjSQ oA==</latexit><latexit sha1_base64="zNr9nLkvcqyPCwAOGtBnAbwdk/A=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiuCghEUGXRTduhAr2AmkIk+kkHTqZxJlJoZQ+hxsXirj1Ydz5Nk7bLLT1h4GP/5zDOfOHGWdKO863VVpb39jcKm9Xdnb39g+qh0dtleaS0BZJeSq7IVaUM0FbmmlOu5mkOAk57YTD21m9M6JSsVQ86nFG/QTHgkWMYG0s34sDt27bdj0O7v2gWnNsZy60Cm4BNSjUDKpfvX5K8oQKTThWynOdTPsTLDUjnE4rvVzRDJMhjqlnUOCEKn8yP3qKzozTR1EqzRMazd3fExOcKDVOQtOZYD1Qy7WZ+V/Ny3V07U+YyHJNBVksinKOdIpmCaA+k5RoPjaAiWTmVkQGWGKiTU4VE4K7/OVVaF/YruGHy1rjpoijDCdwCufgwhU04A6a0AICT/AMr/BmjawX6936WLSWrGLmGP7I+vwBhjSQ oA==</latexit>

c1:M 2 RM
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Examples of Functions with
Heterogeneous Smoothness
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Learned basis functions.
Only a handful that are
active, i.e. sparsity.
Lottery ticket?

MSE comparison over
effective degree of
freedom

Fitted functions with
optimally tuned
parameter



Examples of Functions with even
more Heterogeneous Smoothness

30

Learned basis functions.
Only a handful that are
active, i.e. sparsity.
Lottery ticket?

MSE comparison over
effective degree of
freedom

Fitted functions with
optimally tuned
parameter

Piecewise Linear Piecewise Cubic



Outline

• Motivation
• Mysteries around deep neural networks
• Probe it from nonparametric regression angle

• Warm-up
• 2-layer NN with weight decay vs LAR Splines

• Main results
• L-layer parallel NN vs Sparse Linear Regression
• Error bound and discussion

• Proof sketch
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Proof sketch

• Step 1: Proposition 14: Fast rate in Fixed Design
with an unregularized Nullspace

• Standard self-bounding arguments
• But need to handle various technical issues
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problem can be bounded by

MSE(f̂) =O

✓
inf
f2F

MSE(f)
| {z }

approximation error

+
log N (Fk, �, k · k1) + d(F?)

n
+ �

| {z }
estimation error

◆

in which F decomposes into Fk ⇥F?, where F? is an unconstrained subspace with finite dimension,
and Fk is a compact set in the orthogonal complement with a �-covering number of N (Fk, �, k · k1)
in k · k1-norm. This decomposes MSE into an approximation error and an estimation error. The
novel analysis of these two represents the major technical contribution of this paper.

5.2 Estimation Error Analysis

The decomposition above reveals that to bound the estimation error, it su�ces to compute the
covering number of the constraint set in the sup-norm of the function it represents.

Previous results that bound the covering number of neural networks [Yarotsky, 2017, Suzuki,
2018] depends on the width of the neural networks explicitly, which cannot be applied when analysing
a potentially infinitely wide neural network. In this section, we leverage the `p-norm bounded
coe�cients to avoid the dependence in M in the covering number bound.

Theorem 5. The covering number of the model defined in (8) apart from the bias in the last layer
satisfies

log N (F , �) . P
0 1
1�2/L �

� 2/L
1�2/L log(P 0

/�). (9)

The proof can be found in Section C.2. It requires the following lemma:

Lemma 6. Let G ✓ {Rd ! [�c3, c3]} be a set with covering number satisfying N (G, �) . �
�k log(1/�)

for some finite c3, and for any g 2 G, |a|  1, we have ag 2 G. The covering number of F =nPM
i=1 aigi

���gi 2 G, kakpp  P, 0 < p < 1
o

for any P > 0 satisfies

log N (F , ✏) . kP
1

1�p (�/c3)
� p

1�p log(c3P/�)

up to a double logarithmic factor.

See Section C.3 for the proof of Lemma 6. The covering number in Theorem 5 does not depend
on the number of subnetworks M . In other words, it provides a bound of estimation error for an
arbitrarily wide parallel neural network as long as the total Frobenius norm is bounded.

5.3 Approximation Error Analysis

The approximation error analysis involves two steps. In Section 5.3.1, we analyse how a subnetwork
can approximate a B-spline basis. Then in Section 5.3.2 we show that a sparse linear combination
of B-spline bases approximates Besov functions. Both add up to the total error in approximating
Besov functions with a parallel neural network.
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Step 2: Approximation Error Bound

• Proposition 7: Each subnetwork can approximate a cardinal
B-spline basis for all orders, with scaling / shift
• Techniques of Yarotsky [2017] with some extensions

• Proposition 8: Sparse combination of cardinal B-spline
wavelets approximates all functions in Besov space.
• Techniques from (Dung, 2011) and (Suzuki, 2019)

33



ReLU NN’s approximation of x^2
as it gets deeper
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ReLU NN’s approximation of x^2
as it gets deeper



Step 3: Metric Entropy of the Lp norm
bounded combinations of ReLU NN
• Lemma 6. Bounding covering number of Lp sparse

combinations

• Then

38

x. In either cases, one can replace the bias b(`) with another one with smaller norm while keeping
the model equivalent except the bias in the last layer.

Taking this result into Lemma 6, and noting that scaling of weights by c1 results that the covering
number is multiplied by a constant depending on c1, one can easily finish the proof.

C.3 Covering Number of p-Norm Constrained Linear Combination

Lemma 6. Let G ✓ {Rd ! [�c3, c3]} be a set with covering number satisfying N (G, �) . �
�k log(1/�)

for some finite c3, and for any g 2 G, |a|  1, we have ag 2 G. The covering number of F =nPM
i=1 aigi

���gi 2 G, kakpp  P, 0 < p < 1
o

for any P > 0 satisfies

log N (F , ✏) . kP
1

1�p (�/c3)
� p

1�p log(c3P/�)

up to a double logarithmic factor.

Proof. Let ✏ be a positive constant. Without the loss of generality, we can sort the coe�cients in
descending order in terms of their absolute values. There exists a positive integer M (as a function
of ✏), such that |ai| � ✏ for i  M, and |ai| < ✏ for i > M.

By definition, M✏
p 

PM
i=1 |ai|p  P so M  P/✏

p, and |ai|p  P, |ai|  P
1/p for all i.

Furthermore, X

i>m

|ai| =
X

i>M
|ai|p|ai|1�p

<

X

i>M
|ai|p✏1�p  P ✏

1�p

Let g̃i = arg ming2G̃ kg � ai

P 1/p gik1 where G̃ is the �
0-convering set of G. By definition of the

covering set,

���
MX

i=1

aigi(x) �
MX

i=1

P
1/p

g̃i(x)
���
1


���

MX

i=1

(aigi(x) � P
1/p

g̃i(x))
���
1

+
���

MX

i=M+1

aigi(x)
���
1

 MP
1/p

�
0 + c3P ✏

1�p
.

(16)

Choosing

✏ = (�/2c3P )
1

1�p , �
0 h P

� 1
p(1�p) (�/2c3)

1
1�p /2, (17)

we have M  P
1

1�p (�/2c3)
� p

1�p , MP
1/p

�
0  �/2, c3P ✏

1�p  �/2, so (16)  �. One can compute
the covering number of F by

log N (F , �)  M log N (G, �
0) . kM log(1/�

0) � M log log(1/�
0). (18)

Taking (17) into (18) finishes the proof.

D Proof of Approximation Error

D.1 Approximation of Neural Networks to B-spline Basis Functions

Proposition 7. There exists a neural network with d-dimensional input and one output, with width
wd,m h dm and depth L . log(cd,m/✏) for some constant wd,m, cd,m that depends only on m and d,
denoted as M̃m,k,s(x),x 2 Rd, approximates the B spline basis function Mm,k,s(x) := Mm(2k(x�s))
as defined in Section B.1, and it satisfies
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- Note the independence to the number of subnetworks.
It can be arbitrarily overparameterized!
- But our bound requires only M to be mildly over-parameterized.



Summary of take-home messages

• Separation from kernel methods

• Depth advantage

• Adaptivity advantage
• Tuning weight decay is all that is needed

• Implicit sparsity in a learned dictionary space
• Computational benefits in deployment time?
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Future work

• Formalizing the sub-region local adaptivity

• Non-parallel NNs with weight decay

• Locally adaptivity in transformed space, e.g., Fourier
domain (CNNs?)

• Multi-task setting ó Dictionary learning?

• Biological neural science interpretation (Michael
Beyeler has some thoughts)
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Supplementary slide: Comparing
to Wavelets
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(a) Dopler, DoF=30. (b) MSE versus DoF. (c) Active subnetworks.

(d) “Vary”, DoF=50. (e) MSE versus DoF (f) Active subnetworks.

(g) Zoom in to (a)(d) (h) MSE versis n, Dopler (i) MSE versis n, “Vary”

Figure 3: Numerical experiment results of the Doppler function (a-c,h), and “vary” function (d-f,g).
All the “active” subnetworks are plotted in (c)(f). The horizontal axis in (b) is not linear.

3. The scaling factors have bounded 2/L-norm: P : = k{aj}k2/L2/L . M̄
1�2/(pL)

.

4. The approximation error is bounded by

kf̃ � f0kr  (c4M̄
�↵/d + c5e

�c6L)kfkB↵
p,q

where c4, c5, c6 are constants that depend only on m, d and p.

Here M̄ is the number of “active” subnetworks, which is not to be confused with the number of
subnetworks at initialization. The proof can be found in Section E.3.

Using the estimation error in Theorem 5 and approximation error in Theorem 8, by choosing M̄ to
minimax the total error, we can conclude the sample complexity of parallel neural networks using
`2 regularization, which is the main result (Theorem 1) of this paper. See Section F for the detail.

5 EXPERIMENT

We empirically compare a parallel neural network (PNN) and a vanilla ReLU neural network (NN)
with smoothing spline, trend filtering (TF) (Tibshirani, 2014), and wavelet denoising. Trend filtering
can be viewed as a more efficient discrete spline version of locally adaptive regression spline and
enjoys the same optimal rates for the BV classes. Wavelet denoising is also known to be minimax-
optimal for the BV classes. The results are shown in Figure 3. We use two target functions: a

8


