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Differentially Private Empirical
Risk Minimization
• Originated in [Chaudhuri, Monteleoni, Sarwate, 2011]

• Data:
• Problem: Approximately solve Convex ERM

• Subject to an 𝜖, 𝛿 -differential privacy constraint.

• Utility metric: Excess Empirical Risk

Recap: Convex ERM and
optimality conditions
• Data
• Convex ERM:

• Optimality condition: gradient = 0

• Assumptions: Lipschitzness, Smoothness
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Hierarchy of DP-ERM problems

Convex

Convex
+

𝛽-Smooth

Convex
+

𝛽-Smooth
+

Generalized
Linear

𝜇-strongly convex
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The information-theoretic limit is
known since [KST-12][BST-14]

Lipschitz + Strongly Convex

NoisyGD
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But surprisingly, there is no known
algorithm that achieves the statistical
limit for DP-ERM while runs in nearly
linear time.

• Even if we assume smoothness.
• Even if we assume strong convexity.



Lipschitz + Smooth +
Convex

Lipschitz +
Convex

Lipschitz + Strongly
Convex

NoisyGD

NoisySGD
[BST’14]

Posterior
Sampling

[LST’22] [GLL’22] [GLL’22]

Computational Complexity
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Open problem: Can we obtain nearly linear time algorithm?
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Recent progress: Revisiting
ObjPert
For Convex, Smooth + GLM loss case, there is an O(n \log n) time algorithm 
that achieves the optimal rate. 

The algorithm is a combination of Objective Perturbation, Approximate 
Minima Perturbation, and SVRG with a carefully chosen regularization 
parameter. [Redberg, Honkela, W., 2023]

If one drops the GLM condition, the same algorithm runs in O(n \log n) but
incurs additional dimension-dependence. [Redberg, Honkela, W., 2023]



Recent progress: Posterior sampling
via DP-SGLD
• Strongly convex + smooth case

Excess Empirical Risk Computation

DP-Langevin
Dynamics
[CYS-21]

DP-SGLD
[RBP-22, Thm
4.2]

DP-SGLD
[RBP-22, Thm
5.1]

At least
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�

µ

<latexit sha1_base64="Y++pBXOj1HbXYviBqPU8YjRVpbs=">AAACAnicdVDLSgMxFM34rPU16krcBIsgCGVStI9d0Y0LFxXsAzptyaSZNjSTGZKMUIbixl9x40IRt36FO//GTFtBRQ9cOJxzL/fe40WcKe04H9bC4tLyympmLbu+sbm1be/sNlQYS0LrJOShbHlYUc4ErWumOW1FkuLA47TpjS5Sv3lLpWKhuNHjiHYCPBDMZwRrI/Xs/RPXl5gkV93CJHGDGIqui3k0xJOenXPyjuMghGBKUKnoGFKplAuoDFFqGeTAHLWe/e72QxIHVGjCsVJt5ES6k2CpGeF0knVjRSNMRnhA24YKHFDVSaYvTOCRUfrQD6UpoeFU/T6R4ECpceCZzgDrofrtpeJfXjvWfrmTMBHFmgoyW+THHOoQpnnAPpOUaD42BBPJzK2QDLGJRJvUsiaEr0/h/6RRyKNi/uz6NFc9n8eRAQfgEBwDBEqgCi5BDdQBAXfgATyBZ+veerRerNdZ64I1n9kDP2C9fQI+aJdg</latexit>

+
L2

µn↵

<latexit sha1_base64="iDQBg6TwgKr3aAORmE3dkOYKKDI="></latexit>

�

µ
· n↵ log n for

<latexit sha1_base64="Lm0JUTP5ljB47gBkuLGDVgMxoDs=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFclaRoH9BF0Y3LCvaBbSmZNG1DM5khyQil9C/cuFDErX/jzr8x01ZQ0QMXDufcy733+JEUxmL84a2srq1vbKa20ts7u3v7mYPDhgljzXidhTLULZ8aLoXidSus5K1Icxr4kjf98VXiN++5NiJUt3YS8W5Ah0oMBKPWSXe40qEyGtEK6WWyOIcxJoSghJBiATtSLpfypIRIYjlkYYlaL/Pe6YcsDriyTFJj2gRHtjul2gom+SzdiQ2PKBvTIW87qmjATXc6v3iGTp3SR4NQu1IWzdXvE1MaGDMJfNcZUDsyv71E/Mtrx3ZQ6k6FimLLFVssGsQS2RAl76O+0JxZOXGEMi3crYiNqKbMupDSLoSvT9H/pJHPkULu4uY8W71cxpGCYziBMyBQhCpcQw3qwEDBAzzBs2e8R+/Fe120rnjLmSP4Ae/tE8ENkFk=</latexit>

0 < ↵ < 1

<latexit sha1_base64="RU+47fuWvH99j2c4GlomKeqjHs8=">AAACF3icbZDLSgMxFIYzXmu9VV26CRZBN3WmeFsW3bhwUcFeoFNLJnOmDc0kQ5IRytC3cOOruHGhiFvd+Taml4VWfwh8/OccTs4fJJxp47pfztz8wuLScm4lv7q2vrFZ2Nqua5kqCjUquVTNgGjgTEDNMMOhmSggccChEfQvR/XGPSjNpLg1gwTaMekKFjFKjLU6hZIfKUKz8Pqu7HPZPfCO/BC4IYfDDPtxioX1IdGMS0t42CkU3ZI7Fv4L3hSKaKpqp/Dph5KmMQhDOdG65bmJaWdEGUY5DPN+qiEhtE+60LIoSAy6nY3vGuJ964Q4kso+YfDY/TmRkVjrQRzYzpiYnp6tjcz/aq3UROftjIkkNSDoZFGUcmwkHoWEQ6aAGj6wQKhi9q+Y9ogNytgo8zYEb/bkv1Avl7zT0snNcbFyMY0jh3bRHjpAHjpDFXSFqqiGKHpAT+gFvTqPzrPz5rxPWuec6cwO+iXn4xt26J7g</latexit>

dL2 log(1/�)

µn2✏2

<latexit sha1_base64="IZ7srk+3QijWKPaFfe67g9qNIls="></latexit>

�

µ
· n

2✏2

d

[Chourasia, Ye, Shokri, 2021]
[Ryffel, Bach, Pointcheval, 2022]



Recent progress: Noisy Newton
Method [Avella-Medina, Bradshaw, Loh, 2022]

• For the strongly-convex + smooth + self-
concordance loss functions

Excess Empirical Risk Computation

Noisy-
Newton
Method
[ABL22]

<latexit sha1_base64="RU+47fuWvH99j2c4GlomKeqjHs8=">AAACF3icbZDLSgMxFIYzXmu9VV26CRZBN3WmeFsW3bhwUcFeoFNLJnOmDc0kQ5IRytC3cOOruHGhiFvd+Taml4VWfwh8/OccTs4fJJxp47pfztz8wuLScm4lv7q2vrFZ2Nqua5kqCjUquVTNgGjgTEDNMMOhmSggccChEfQvR/XGPSjNpLg1gwTaMekKFjFKjLU6hZIfKUKz8Pqu7HPZPfCO/BC4IYfDDPtxioX1IdGMS0t42CkU3ZI7Fv4L3hSKaKpqp/Dph5KmMQhDOdG65bmJaWdEGUY5DPN+qiEhtE+60LIoSAy6nY3vGuJ964Q4kso+YfDY/TmRkVjrQRzYzpiYnp6tjcz/aq3UROftjIkkNSDoZFGUcmwkHoWEQ6aAGj6wQKhi9q+Y9ogNytgo8zYEb/bkv1Avl7zT0snNcbFyMY0jh3bRHjpAHjpDFXSFqqiGKHpAT+gFvTqPzrPz5rxPWuec6cwO+iXn4xt26J7g</latexit>

dL2 log(1/�)

µn2✏2
<latexit sha1_base64="wmSLc8fWkT7pC2N37Bo07epYEwM=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiTia1l047KCfUBTymQyaYdOZsLMRCghOzf+ihsXirj1F9z5N07SLLT1wIXDOffeuXP8mFGlHefbqiwtr6yuVddrG5tb2zv27l5HiURi0saCCdnzkSKMctLWVDPSiyVBkc9I15/c5H73gUhFBb/X05gMIjTiNKQYaSMN7cPUK5akkgSZx8QoL8gzDwdCQzi0607DKQAXiVuSOijRGtpfXiBwEhGuMUNK9V0n1oMUSU0xI1nNSxSJEZ6gEekbylFE1CAtTsjgsVECGAppimtYqL8nUhQpNY180xkhPVbzXi7+5/UTHV4NUsrjRBOOZw+FCYNawDwUGFBJsGZTQxCW1NwK8RhJhLWJrmZCcOe/vEg6pw33onF+d1ZvXpdxVMEBOAInwAWXoAluQQu0AQaP4Bm8gjfryXqx3q2PWWvFKmf2wR9Ynz9Tu5mX</latexit>

log log n·
<latexit sha1_base64="wmSLc8fWkT7pC2N37Bo07epYEwM=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiTia1l047KCfUBTymQyaYdOZsLMRCghOzf+ihsXirj1F9z5N07SLLT1wIXDOffeuXP8mFGlHefbqiwtr6yuVddrG5tb2zv27l5HiURi0saCCdnzkSKMctLWVDPSiyVBkc9I15/c5H73gUhFBb/X05gMIjTiNKQYaSMN7cPUK5akkgSZx8QoL8gzDwdCQzi0607DKQAXiVuSOijRGtpfXiBwEhGuMUNK9V0n1oMUSU0xI1nNSxSJEZ6gEekbylFE1CAtTsjgsVECGAppimtYqL8nUhQpNY180xkhPVbzXi7+5/UTHV4NUsrjRBOOZw+FCYNawDwUGFBJsGZTQxCW1NwK8RhJhLWJrmZCcOe/vEg6pw33onF+d1ZvXpdxVMEBOAInwAWXoAluQQu0AQaP4Bm8gjfryXqx3q2PWWvFKmf2wR9Ynz9Tu5mX</latexit>

log log n· <latexit sha1_base64="zrAoX5WZl/tVsNb6yPWAMQONjzc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVZa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB2lGM/A==</latexit>n

https://arxiv.org/abs/2103.11003


Other possible leads

• For the Convex+Smooth case
• New analysis of Noisy-SGD by [Altschuler and Talwar, 

2022] , however does not lead to improvements
unless going to the slow SGD regime, at least
quadratic time.

• Other MCMC methods for implementing Posterior
Sampling mechanism.

https://arxiv.org/abs/2205.13710


Wisdom from optimization theory

• Smooth and convex finite sum problems

• Smooth and strongly convex finite sum problems
<latexit sha1_base64="0ycCc8zJd+68mV0+fPZK83mKbNE="></latexit>

n+

s
n�

µ
log(

1

SubOpt
)

<latexit sha1_base64="L/Kui+BaAhcAWl2JB8LeIaXxVLo=">AAACCnicbVDLSgNBEJyNrxhfUY9eRoMgCHFXfB2DXrwZ0UQhG8LspBOHzM6uM71iWHL24q948aCIV7/Am3/j5HHQaEFDUdVNd1cQS2HQdb+czMTk1PRMdjY3N7+wuJRfXqmaKNEcKjySkb4OmAEpFFRQoITrWAMLAwlXQeek71/dgTYiUpfYjaEesrYSLcEZWqmRX1d0m/rmVmOq/ACQ0R3qI9xjepEEZzH2eo18wS26A9C/xBuRAhmh3Mh/+s2IJyEo5JIZU/PcGOsp0yi4hF7OTwzEjHdYG2qWKhaCqaeDV3p00ypN2oq0LYV0oP6cSFloTDcMbGfI8MaMe33xP6+WYOuongoVJwiKDxe1Ekkxov1caFNo4Ci7ljCuhb2V8humGUebXs6G4I2//JdUd4veQXH/fK9QOh7FkSVrZINsEY8ckhI5JWVSIZw8kCfyQl6dR+fZeXPeh60ZZzSzSn7B+fgGm36aQQ==</latexit>

n+

p
n�/SubOpt

[Woodworth and Srebro, 2016] [Zhou and Gu, 2019] [Allen-Zhu, 2017]

<latexit sha1_base64="dOgjB2ilpidYT96FnCvIh2t5k2U=">AAACB3icbVA9SwNBEN3z2/h1ainIYhC0iXfiVyMEbeyiaBIhCWFvM0kW9/aO3TkxHOls/Cs2ForY+hfs/Ddu4hVqfDDweG+GmXlBLIVBz/t0xsYnJqemZ2Zzc/MLi0vu8krFRInmUOaRjPR1wAxIoaCMAiVcxxpYGEioBjenA796C9qISF1hL4ZGyDpKtAVnaKWmu15HuMP0MglKMfbpMS1t+TuqDrERMlLbTTfvFbwh6CjxM5InGc6b7ke9FfEkBIVcMmNqvhdjI2UaBZfQz9UTAzHjN6wDNUsVC8E00uEffbpplRZtR9qWQjpUf06kLDSmFwa2M2TYNX+9gfifV0uwfdRIhYoTBMW/F7UTSTGig1BoS2jgKHuWMK6FvZXyLtOMo40uZ0Pw/748Siq7Bf+gsH+xly+eZHHMkDWyQbaITw5JkZyRc1ImnNyTR/JMXpwH58l5dd6+W8ecbGaV/ILz/gW9vpiY</latexit>

SubOpt = O(1/n✏)

<latexit sha1_base64="zsgB0T3hVX1kJXiaYwgbgptgOUk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBFKIr6WRTfurGAf0IQymU7aoZOZODMRSsjGX3HjQhG3foY7/8Zpm4W2HrhwOOde7r0niBlV2nG+rcLC4tLySnG1tLa+sbllb+80lUgkJg0smJDtACnCKCcNTTUj7VgSFAWMtILh9dhvPRKpqOD3ehQTP0J9TkOKkTZS1967rXB4DLmnHqROPRIrygTPjrp22ak6E8B54uakDHLUu/aX1xM4iQjXmCGlOq4Taz9FUlPMSFbyEkVihIeoTzqGchQR5aeTBzJ4aJQeDIU0xTWcqL8nUhQpNYoC0xkhPVCz3lj8z+skOrz0U8rjRBOOp4vChEEt4DgN2KOSYM1GhiAsqbkV4gGSCGuTWcmE4M6+PE+aJ1X3vHp2d1quXeVxFME+OAAV4IILUAM3oA4aAIMMPINX8GY9WS/Wu/UxbS1Y+cwu+APr8wfYrpX2</latexit>

O(n+ n
p
✏)

<latexit sha1_base64="sG/c/8nhZpceJ/8botSN9cfG/GU=">AAACD3icbZC7SgNBFIZn4z3eopY2g0GJTdwN3hpBtLFT0SRCNobZyYkOmZ1dZs6KYckb2PgqNhaK2Nra+TZOLoUafxj4+M85nDl/EEth0HW/nMzY+MTk1PRMdnZufmExt7RcMVGiOZR5JCN9FTADUigoo0AJV7EGFgYSqkH7uFev3oE2IlKX2ImhHrIbJVqCM7RWI7fhI9xjepEEpzF26QE9LXhbfphQdV3yITZCRpY2G7m8W3T7oqPgDSFPhjpr5D79ZsSTEBRyyYypeW6M9ZRpFFxCN+snBmLG2+wGahYVC8HU0/49XbpunSZtRdo+hbTv/pxIWWhMJwxsZ8jw1vyt9cz/arUEW/v1VKg4QVB8sKiVSIoR7YVDm0IDR9mxwLgW9q+U3zLNONoIszYE7+/Jo1ApFb3d4s75dv7waBjHNFkla6RAPLJHDskJOSNlwskDeSIv5NV5dJ6dN+d90JpxhjMr5Jecj28K55tm</latexit>

SubOpt = O(1/µn
2
✏
2
)

<latexit sha1_base64="C95VYXq0pU9Wd5ZfRhwSJmWpYAc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyURv45FL96sYD+gCWWzmbZLN5uwuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgoQzpR3n2yqsrK6tbxQ3S1vbO7t75f2DlopTSbFJYx7LTkAUciawqZnm2Ekkkijg2A5Gt1O//YRSsVg86nGCfkQGgvUZJdpInqcZDzG7n1TFaa9ccWrODPYycXNSgRyNXvnLC2OaRig05USprusk2s+I1IxynJS8VGFC6IgMsGuoIBEqP5vdPLFPjBLa/ViaEtqeqb8nMhIpNY4C0xkRPVSL3lT8z+umun/tZ0wkqUZB54v6Kbd1bE8DsEMmkWo+NoRQycytNh0SSag2MZVMCO7iy8ukdVZzL2sXD+eV+k0eRxGO4Biq4MIV1OEOGtAECgk8wyu8Wan1Yr1bH/PWgpXPHMIfWJ8/pJqRcA==</latexit>

Õ(n) for all

<latexit sha1_base64="ZH9Qj4/vrCr/ooemX80wpQJ2Q7k=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiTiayVFNy4r2Ac0oUymk3boPMLMRCghuPFX3LhQxK1f4c6/cdpmoa0HLhzOuZd774kSRrXxvG9nYXFpeWW1tFZe39jc2nZ3dptapgqTBpZMqnaENGFUkIahhpF2ogjiESOtaHgz9lsPRGkqxb0ZJSTkqC9oTDEyVuq6+wFP4RUMYoVw5ueZCEiiKZMi77oVr+pNAOeJX5AKKFDvul9BT+KUE2EwQ1p3fC8xYYaUoZiRvBykmiQID1GfdCwViBMdZpMXcnhklR6MpbIlDJyovycyxLUe8ch2cmQGetYbi/95ndTEl2FGRZIaIvB0UZwyaCQc5wF7VBFs2MgShBW1t0I8QDYNY1Mr2xD82ZfnSfOk6p9Xz+5OK7XrIo4SOACH4Bj44ALUwC2ogwbA4BE8g1fw5jw5L8678zFtXXCKmT3wB87nDxwhl0g=</latexit>

µ >
1

n✏



One possible way to resolve the
open problem
• [Lee, Shen, Tian, 2020] Finite-sum Log-concave
sampling --- convergence takes the following
number of steps

• Can we derive “Accelerated” version of finite sum
log-concave sampling, improve from

<latexit sha1_base64="0YijWS4eFoxyjzVsV88IxeYqwhE="></latexit>

n+

s
�

µ

p
n log

✓
1

TV-dist

◆

<latexit sha1_base64="02Ij6tdR53pTfFOe3R9/n//6pok="></latexit>

n+
�

µ

p
n log

✓
1

TV-dist

◆

<latexit sha1_base64="Ga1Zwkg1qJvB+4hjFaP8LnbiRhk=">AAACB3icbVC7SgNBFJ31GeMrainIYBCs4q74aoSgjWUEE4XsIrOTm2RwdnaZuauGJZ2Nv2JjoYitv2Dn3zhJttDogYHDOedy554wkcKg6345E5NT0zOzhbni/MLi0nJpZbVh4lRzqPNYxvoqZAakUFBHgRKuEg0sCiVchjenA//yFrQRsbrAXgJBxDpKtAVnaKXr0oaPcI/ZXRcU7VM/Sukx9XaUD4kRchAouxV3CPqXeDkpkxy169Kn34p5GoFCLpkxTc9NMMiYRsEl9It+aiBh/IZ1oGmpYhGYIBve0adbVmnRdqztU0iH6s+JjEXG9KLQJiOGXTPuDcT/vGaK7aMgEypJERQfLWqnkmJMB6XQltDAUfYsYVwL+1fKu0wzjra6oi3BGz/5L2nsVryDyv75Xrl6ktdRIOtkk2wTjxySKjkjNVInnDyQJ/JCXp1H59l5c95H0Qknn1kjv+B8fAMLcpjL</latexit>

when µ = 1/n✏

<latexit sha1_base64="lZMT5O518sXd3ot5BLIhxIPyoBU=">AAAB+3icbVC5TsNAEF2HK4TLhJLGIkIKTbDDWUbQ0BEkckiJidbrdbLKem3tjhGR5V+hoQAhWn6Ejr9hcxSQ8KSRnt6b0cw8L+ZMgW1/G7ml5ZXVtfx6YWNza3vH3C02VZRIQhsk4pFse1hRzgRtAANO27GkOPQ4bXnD67HfeqRSsUjcwyimboj7ggWMYNBSzyx2gXGfprdZWTykJ8fV7KhnluyKPYG1SJwZKaEZ6j3zq+tHJAmpAMKxUh3HjsFNsQRGOM0K3UTRGJMh7tOOpgKHVLnp5PbMOtSKbwWR1CXAmqi/J1IcKjUKPd0ZYhioeW8s/ud1Eggu3ZSJOAEqyHRRkHALImschOUzSQnwkSaYSKZvtcgAS0xAx1XQITjzLy+SZrXinFfO7k5LtatZHHm0jw5QGTnoAtXQDaqjBiLoCT2jV/RmZMaL8W58TFtzxmxmD/2B8fkDAjCTxw==</latexit>

Õ(n3/2)



Summary

• Surprisingly challenging to get optimal privacy-
utility tradeoff in subquadratic time

• Nearly linear time in specific settings:
• Convex, Smooth GLM --- ObjPert-AMP with SVRG
[Redberg, Honkela, W., 2023]

• Strongly convex, Smooth, with condition number< 𝑛
[Lee, Shen, Tian, 2020]

• Open in all other cases!


